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associated with an integral operator

ABSTRACT. In this paper we investigate some applications of the differential
subordination and superordination of classes of admissible functions associ-
ated with an integral operator. Additionally, differential sandwich-type results
are obtained.

1. Introduction. Let 7 (U) be the class of functions analytic in the disk
U ={z € C:|z| < 1} and H[a, n| be the subclass of H (U) consisting of func-
tions of the form:

f(z)=a+apnz" + an12" 4

Let f and F' be members of H(U), the function f(z) is said to be subordinate
to F'(z), or F'(z) is said to be superordinate to f(z), if there exists a function
w(z) analytic in U with w(0) = 0 and |w(z)| < 1, z € U, such that f(z) =
F(w(z)). In such a case we write f(z) < F(z). If F is univalent, then
f(z) < F(z) if and only if f(0) = F(0) and f(U) C F(U) (see [7, 10] and
1))

Let ¢ : C3 x U — C and h(z) be univalent in U. If p(z) is analytic in U
and satisfies the second order differential subordination:

(1.1) ¢ (p(2).29' (2). 2% (2):2) < h(2),
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then p(z) is a solution of the differential subordination (1.1). The univalent
function ¢(z) is called a dominant of the solutions of (1.1) if p(z) < ¢(z) for
all p (z) satisfying (1.1). A univalent dominant ¢ that satisfies § < ¢ for all
dominants of (1.1) is called the best dominant.

If p(z) and ¢(p(2), 2p (2), 220" (2); z) are univalent in U and if p(z) satis-
fies second order differential superordination:

(L2) h(z) < 6 (p(=), 20 (2), 22" (2); %)

then p(z) is a solution of the differential superordination (1.2). An analytic
function ¢(z) is called a subordinant of the solutions of (1.2) if ¢(z) < p(2)
for all p(z) satisfying (1.2). A univalent subordinant ¢ that satisfies ¢ < ¢
for all subordinants of (1.2) is called the best subordinant.

Let A(p) denote the class of all analytic functions and p-valent of the
form:

(13)  flz)=2"+ ) anz" (peN={1,2,3,...}; z€D).
n=p+1
Motivated essentially by Jung et al. [9], Shams et al. [12] introduced the
integral operator I : A(p) — A(p) as follows:
< rz 2ya—1
Ty Jo (og3)" f(B)dt (> 0)
f(z2) (@=0).
For f € A(p) given by (1.3), then from (1.4), we deduce that

(1.4) I3 f(z) = {

(1.5) I3 f(z) = 2P + i <p+1>aanz” (a>0; peN).

It is easily verified from (1.5) that

(1.6) 2(I0f(2) = (p+ 1) I f(2) — I f(2).

We note that the integral operator I{* = I was defined by Jung et al. [9].
To prove our results, we need the following definitions and lemmas.
Denote by F the set of all functions ¢ that are analytic and injective on

U\ E(q), where

E(q) = {C €U : ;QQ(Z) = OO} :

and are such that ¢ (¢) # 0 for ¢ € U\ E(q). Further let the subclass of
F for which ¢(0) = a be denoted by F(a) and F(0) = Fp.

In order to prove our results, we shall make use of the following classes
of admissible functions.
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Definition 1.1 ([10, Definition 2.3a, p. 27]). Let Q be aset in C, ¢ € F and
n be a positive integer. The class of admissible functions ¥, [, ¢, consists
of those functions 1) : C3 x U — C that satisfy the admissibility condition

U(r,s,t;z) ¢ Q

whenever

r=q(¢), s =k¢q (C), 8%{2+1} > ké}%{1+ Cj(g)},

where z € U, ( € OU \ E(q) and k > n. We write ¥;[€2, ¢] as VY[, ¢].

In particular, if

Mz+a
M +az
then q(U) = Uy = {w: |w| < M}, ¢(0) = a, E(q) = 0 and ¢ € F (a). In
this case, we set U, [Q, M,a] = ¥,[Q, ¢], and in the special case when the
set Q = Uyy, the class is simply denoted by ¥, [M, al.

Definition 1.2 ([11, Definition 3, p. 817]). Let 2 be a set in C, ¢ € H[a, n]

with ¢ (z) # 0. The class of admissible functions W' [€2, ¢] consists of those
functions 1 : C3 x U — C that satisfy the admissibility condition

Y(r,s,t;¢) € Q

q(z) =M (M >0, |a] < M),

whenever
r=q(z), N LGS L Y S HORY
" s m q(2)

where z € U, ( € U and m > n > 1. In particular, we write \I/;[Q,q] as
T'[Q, q].

In our investigation we need the following lemmas which are proved by
Miller and Mocanu [10] and [11].

Lemma 1.3 ([10, Theorem 2.3b, p. 28]). Let ¢ € ¥, [, q] with ¢(0) = a.
If the analytic function g(z) = a + apz™ + ani 12" + ... satisfies
W(g(2),29 (2), 2% (2);2) € Q,
then g < q.
Lemma 1.4 ([11, Theorem 1, p. 818]). Let ¢ € ¥, [Q, q] with ¢(0) = a. If
g € F(a) and
¥(9(2), 29 (2),2%g (2); 2)
is univalent in U, then
@ {ulg(2),29'(2), 2% (2);2) : 2 € U},

implies q < g.
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In particular, Aouf and Seoudy [6] investigated a subordination and su-
perordination problems for multivalent functions defined by the integral
operator I, they have determined classes of admissible functions so that

() < I2(2) < ()
0o < 2 ),

where g1 and g9 are given univalent functions in U.
In this paper, we determine the sufficient conditions for certain classes of
admissible functions of multivalent functions associated with [* so that

0(z) < [ f(2)]" < a2(2)

and

and
I3 f(2)

zp—1

0@ < [EL2] <o),

where p > 0 and g1 and ¢o are given univalent functions in U. Additionally,
differential sandwich-type results are obtained. A similar problem for ana-
lytic functions was studied by Aghalary et al. [1], Ali et al. 2], Aouf et al.
[4], and Kim and Srivastava [8] and others (see [3, 5] and [6]).

2. Subordination results involving II‘;‘. Unless otherwise mentioned,
we assume throughout this paper that « > 2, 4 > 0, p € N, 2z € U and all
powers are principal ones.

Definition 2.1. Let © be a set in C and ¢ € Fo N H[0, up]. The class of
admissible functions ®1 [$2, ¢, u] consists of those functions ¢ : C3 x U — C
that satisfy the admissibility condition

P(u,v, w; z) ¢ Q
whenever .
B L kCa (¢) + nq(<)
u=q((), v= Tt
(p+1)%w—2u(p+1)v+pu ¢qd" Q)
%{ Gt Dv—u }Zk%%*'¢«>}

where z € U, ¢ € dU \ E(q) and k > pup.

Theorem 2.2. Let ¢ € ®1[Q,q,pu]. If f € A(p) satisfies

{o (s s B ) ) 15721()
(=) [I0F ) e (2] z) ze U} c 0

then
12 £(2)" < al2).
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Proof. Define the analytic function g(z) in U by
(2.2) 9(2) = [I f(2)]".
In view of the relation (1.6), from (2.2) we get

« p=1 yo—1 o zg/(z) —|—,U,g(2)
(2.3) I fE) T 1) = 2 AR

Further computations show that
I F@ T L@ + = D) [ @) [ )
(24) _ 2% (2) + 2ut 1) 29 (2) + pPg(2)
N pip+1)° '
Define the transformations from C? to C by
S+ ur w:t+(2u+1)s+u2r'

(2.5) uzrﬂ:i,u(p—l—l)’ ,u(p—i-l)2
Let
W(r, s, t;2) = ¢(u, v, w; z)
(2.6) :¢<7“ S+ pr t+(2/~0+1)8—|—,u27",z)
Tu(p+1) w(p—+1)> )

Using (2.2)—(2.6), we obtain
¥ (92,29 (2).2%" (20 2) = o ([I2 £ [ ()" I3 (),
L f " 72 )+ (= 1) [ ) [ ()5 2)

Hence (2.1) becomes

v (900,20 (). 2" (2):2) €

The proof is completed if it can be shown that the admissibility condition
for ¢ € ®1[Q,q, p] is equivalent to the admissibility condition for ¢ given
in Definition 1.1. Note that

(p+1)%w—2pu(p+1)v+ pu
p+1)v—u
and hence ¢ € ¥,,, (€2, ¢]. By Lemma 1.3,

9(2) =a(z) or [Ipf(2)]" <q(2).

i

t
,_i_l:
S

O

If Q = C is a simply connected domain, then Q = h(U) for some confor-
mal mapping h of U onto Q. In this case the class ®1[h(U), ¢, u| is written
as ®1]h,q, u]. The following result is an immediate consequence of Theo-
rem 2.2.
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Theorem 2.3. Let ¢ € ®1]h,q,pu]. If f € A(p) satisfies
o (5N 5 F @) 13 1), I3 £ )] 1372 (2)

(2.8)
(=) [ F@)" 2 7 (2] 52) < h(2),

then
12 ()" < a(2).
Our next result is an extension of Theorem 2.2 to the case where the

behavior of ¢ on U is not known.

Corollary 2.4. Let Q@ C C and let q be univalent in U, ¢q(0) = 0. Let
¢ € 1, qp, p] for some p € (0,1), where q,(2) = q(pz). If f € A(p) and

o (1@ [T 107 ), [T () 12720 (2)

(=) [IF@) 7 7 2)52) € @
then
15 £(2))" < a(2).

Proof. Theorem 2.2 yields [Igf(z)]“ < @p(2). The result is now deduced
from ¢,(2) < q(%). O
Theorem 2.5. Let h and q be univalent in U, with q(0) = 0 and set q,(2) =
q(pz)and h,(z) = h(pz). Let ¢ : C> x U — C satisfy one of the following
conditions:
(1) d) € (I)l[ha pru]a fOT’ some p € (O? 1); or
(2) there exists po € (0,1) such that ¢ € ®1[hy,qp, 1], for all p € (po,1).
If f € A(p) satisfies (2.8), then
[ f(2)]" < al2).
Proof. The proof is similar to the proof of [10, Theorem 2.3d, p. 30] and is
therefore omitted. 0
The next theorem yields the best dominant of the differential subordina-
tion (2.8).

Theorem 2.6. Let h be univalent in U. Let ¢ : C3 x U — C. Suppose that
the differential equation

(2.9) $(a(2), 24 (2), 2¢ (2); 2) = h(2)
has a solution q such that q(0) = 0 and satisfies one of the following condi-
tions:

(1) q€ Foand g€ @1[h7q”u];
(2) q is univalent in U and ¢ € ®1[h, qp, 1], for some p € (0,1), or
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(3) q is univalent in U and there exists pyg € (0,1) such that ¢ €
(bl[hpaqpnu’]; fO’I" all p e (p07 1)
If f € A(p) satisfies (2.8), then
[ f(2)]" < a(2),
and q is the best dominant.

Proof. Following the same arguments in [10, Theorem 2.3e, p. 31], we de-
duce that ¢ is a dominant from Theorems 2.3 and 2.5. Since ¢ satisfies
(2.9) it is also a solution of (2.8) and therefore ¢ will be dominated by all
dominants. Hence ¢ is the best dominant. O

In the particular case ¢(z) = Mz, M > 0, and in view of the Defini-
tion 2.1, the class of admissible functions ®1[€2, ¢, u], denoted by ®1[2, M, u],
is described below.

Definition 2.7. Let € be a set in C and M > 0. The class of admissible
functions ®[§2, M, 1] consists of those functions ¢ : C3 x U — C such that

o L+ [(2u+ 1) k4 p?] Me?
i oo + [(2n+1) +2u] ) ea
(p+1) plp+1)

whenever z € U, 0 € R, R (Le™®) > (k — 1) kM for all real § and k > up.
Corollary 2.8. Let ¢ € ©1[Q, M, pu]. If f € A(p) satisfies
¢ ([Iﬁ“f(zﬂ” IS F) T IS ), IS F ()] T ISR A (2)

+ (=) [ F@) 7 [ R)2) e

2.10 M

then
‘Ig‘f(z)‘” <M (z€l).

In the special case Q = ¢(U) = {w : |w| < M}, the class ®1[Q, M, p] is
simply denoted by ®1[M, u].

Corollary 2.9. Let ¢ € ®1[M, u). If f € A(p) satisfies
o ([ )" @) = ), I f @) 172 )
+ (=) [ )7 I )]s 2) | <

then
115 f(2)]" < M.

Remark 2.10. Putting 4 = M = 1 in the Corollary 2.9, we obtain the
result obtained by Aouf [3, Theorem 1].
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Corollary 2.11. If k > up and f € A(p) satisfies

o .
s )| <
then
115 f(2)]" < M.
Proof. This follows from Corollary 2.9 by taking
d(u,v,w;z) =v = MMeie.
pp+1)

0

Remark 2.12. For y = M = 1, Corollary 2.11 yields the result obtained
by Aouf [3, Corollary 1].

Definition 2.13. Let  be a set in C and ¢ € Fo NH [0, p]. The class of
admissible functions @5 [$2, ¢, u] consists of those functions ¢ : C* x U — C
that satisfy the admissibility condition

o (u,v,w; z) ¢ O
whenever
B k¢4 (€) + ppa(C)
u=q((), v= 1)
%{@%%UZw—2mﬂp+1ﬁw+mﬁU}zk%{1+4{10}’
(p+1)v—pu q (€)

where z € U, ( € OU \ E(q) and k > p.
Theorem 2.14. Let ¢ € o [Q, q,pu]. If f € A(p) satisfies

¢<[@f@q“{%ﬁwq“@fvw)[Wﬂ@]u¢2f@)

2p—1 2p—1 Ief(z) 7| 2p71 Ief(2)
2 IO (1))
+(u—1)[z;p_1] [plaf(z)] 2| 2€eUy CQ,
then [Igf(z)]“
a1 | <a2)

Proof. Define an analytic function ¢ in U by

maz[mﬂ”

zp—1

(2.12)

]u (z€ ).

By making use of (1.6) and (2.12), we get
(2.13) [Igf(z)]ulglf(z) 29 () + 1pg(2)

2p~1 I f(2) T ubp+ 1)
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Further computations show that
[Igﬂz)} CEE) L [I;;’“f(Z)]“ )
2p—1 I f(2) a 2p—1 Ief(2)
_ 29" (2) + (L4 2up) 2 (2) + 1 (2).
pulp+1)?

Define the transformations from C3 to C by

(2.14)

S + upr
u=r, v=——-—,
pp+1)
(2.15) 2,2
_t+ (14 2up) s+ ppr
pip+1)°
Let
¥(r, 5,15 2) = ¢(u, v, w; 2)
(2.16) ng(r s + ppr t+(1—|—2,up)s+,u2p27“.z>
Tp(p+1) w(p+1)° ’

Using (2.12)—(2.16), we obtain
¥ (9(2), 29 (2), 2% (2); 2)
IV [ f()] I (2)
(2.17) :¢<[ ]’[ ]

2p—1 2p—1 Ief(z) ’
LIV G ) [ e
[] e T ”[ } !I;}f(z)] -

Hence (2.11) becomes

v (9(2).20 (). 2" (2):2) €

The proof is completed if it can be shown that the admissibility condition
for ¢ € ®2[Q,q, u| is equivalent to the admissibility condition for i given
in Definition 1.1. Note that

t (p+1)*w—2up(p+1) v+ ppu

S41=
s (p+1)v—pu

and hence ¢ € ¥, [Q, ¢]. By Lemma 1.3,

o <o) o [EO]" <o

)
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If Q # C is a simply connected domain, then Q = h(U), for some confor-
mal mapping h of U onto 2. In this case the class @ [h(U), g, ] is written as
®y [h, q, p]. In the particular case q(z) = Mz, M > 0, the class of admissible
functions @9 [2, q, u], denoted by P9 [, M, p].

Proceeding similarly as in the previous section, the following result is an
immediate consequence of Theorem 2.14.

Theorem 2.15. Let ¢ € @y [h,q,u]. If f € A(p) satisfies

& ([Iz?‘f(z)]“7 {Iﬁf(Z)]“ 1971 f(z) {Iﬁf(z)]“ 152 f(2)

2p~1 2p~1 Ief(z) 7| zp7t Iof(2)
1 A [
e [ 57) [];“f(z)] e
then
e f()"
B <t

Definition 2.16. Let € be a set in C and M > 0. The class of admissible
functions @, [Q2, M, ] consists of those functions ¢ : C* x U — C such that

k+ up

M€i9,
p(p+1)

i0
219) ¢ (Me"", L+ [(1+ 2up) k + p?p?] Me ;Z> ‘0

pip+1)>°

whenever z € U, # € R, R (Le*w) > (k—1)kM for all real 8, p € N and
k> p.

Corollary 2.17. Let ¢ € o [Q, M, pu]. If f € A(p) satisfies

i’ ([Iﬁﬂz)r’ [Igf(Z)r 1971 f(2) [1;; f(z)]“ 12-24(2)

2Pt 2Pt Iof(z) 7| 2Pt Ief(2)
+U“‘D[€Z%WM[?;;Z?]iZ €,
then
BIOF

In the special case Q = {w:|w| < M}, the class @9 [Q, M, ] is simply
denoted by ®9 [M, .
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Corollary 2.18. Let ¢ € @ [M, pu]. If f € A(p) satisfies
‘ i’ ({Igf(z)]“ [Iﬁf(Z)]“ o= f(2) [I;i‘f(z)]“ I5=2f(2)

2p~1 2Pl Iof(z) " 2p71 Iof(2)
21" [ o151 ()]
+(/L—1)|:I;p_1 :| [I}I?f(Z) ] 3R <M7
then
(o 1
L 7(z) <M.
zp—1

Corollary 2.19. If k > p and f € A(p) satisfies

I I f(2)
[{;pl] b <M >,
then
« 1
I‘T;}{(lz) <M (z€U).

Proof. This follows from Corollary 2.18 by taking

k .
d(u,v,w;z) =v = ﬂMew
p(p+1)

O

3. Superordination and sandwich results involving I. The dual
problem of differential subordination, that is, differential superordination of
the integral operator I} is investigated in this section. For this purpose the
class of admissible functions is given in the following definition.

Definition 3.1. Let Q be a set in C and ¢ € H[0, up] with z¢'(z) # 0.
The class of admissible functions <I>/1 [©2, ¢, ] consists of those functions ¢ :
C3 x U — C that satisfy the admissibility condition:

P(u,v,w; () € Q
whenever
B _2q (2) + mpqg(2)
w=alz), v = mp(p+1) 7
pl @+t w2+ Dot 1o [ Q)
(p+1v—u ~m 7 ()

where z € U, ( € 90U and m > pup.
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Theorem 3.2. Let ¢ € Oy [Q,q,p). If f € Alp), [ISf(2)]" € Fo and
o ([ r@) s ) I ), [ £ 12 (2)
(=) [EF@) 7 [ (2] )
is univalent in U, then
o OC {o (s I re)" = ), ) 1572 ()
+ (=) [ [T ()] 2) 2 e U,

implies
a(2) < [I; f(2)]"
Proof. From (2.7) and (3.1), we have

QC {¢(g(z),zg/(z),229”(z); 2):iz € U} )

From (2.5), we see that the admissibility condition for ¢ € <I>/1 [Q,q,u] is
equivalent to the admissibility condition for ¢ as given in Definition 1.2.
Hence ¢ € \I/;Jp [©2, ¢], and by Lemma 1.4,

q(z) < g(2) or q(z) < [I5f(2)]".
O

If Q # Cis a simply connected domain, then Q = h(U) for some conformal
mapping h of U onto 2. In this case the class (IDII [h(U),q, ] is written as

®, [h, g, 4.
Proceeding similarly as in the previous section, the following result is an
immediate consequence of Theorem 3.2.

Theorem 3.3. Let h be analytic on U and ¢ € ) [h,q,pu]. If f € A(p),
[Ig‘f(z)}u € Fo and

o ([ @) B f ) I @), [ F()" T 12 (2)
+ (=1 [ )7 [R5 2)
is univalent in U, then
n(z) =<6 ([ FN" [ F@) T 1 ), e ()] 2 ()

(3.2)
+ (=) @) 7 [ R))

implies

0 (2) < [12F(=)]".
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Theorems 3.2 and 3.3 can only be used to obtain subordinants of dif-
ferential superordination of the form (3.1) or (3.2). The following theorem
proves the existence of the best subordinant of (3.2) for certain ¢.

Theorem 3.4. Let h be analytic in U and ¢ : C3 x U — C. Suppose that
the differential equation

¢ (a(2).24 (). 5% (2):2) = h(2)
has a solution q € Fo. If ¢ € ® [h,q,ul, f € Alp), [I$f(2)]" € Fo and
o ([ f )" (I F @) 17 @), [ ) 1725 ()

(=) [F@) 7 [ ) )

is univalent in U, then

h(z) < o ([ F)" () 7 @), [ )] 2 ()

(=) [F@) 7 [ ) )

implies

q(z) =< [I5f(2)]"

and q is the best subordinant.

Proof. The proof is similar to the proof of Theorem 2.6 and is therefore
omitted. 0

Combining Theorems 2.3 and 3.3, we obtain the following sandwich-type
theorem.

Corollary 3.5. Let hy and q1 be analytic functions in U, ho be univalent
function in U, qa € Fo with q1(0) = ¢2(0) = 0 and ¢ € Py [ho,qo, x| N
@) [hi,qu p. If f € AWp), [I5f(2)]" € H[0, up] N Fo and

o ([ r@) s ) @), [T F ()" 12 (2)
(=) [ )7 I ()5 %)
is univalent in U, then
m(2) <6 ([ @) s ) @), [T )" 172 (2)
=1 [P @) 52) <he (),

implies
q1(z) < [Ig‘f(z)]u < q2(2).
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Definition 3.6. Let Q be a set in C and ¢ € H [0, u] with zq/(z) # 0.
The class of admissible functions <I>/2 [©2, ¢, ] consists of those functions ¢ :
C3 x U — C that satisfy the admissibility condition:

whenever

W= gz, v = 24 (2) +mupg(z)

mu (p+1)
(p+1)*w—2up(p+ Hv+ppPul _ 1 ¢q"(¢)
%{ b+ 1)v—pu }> m%{” 7 (0) }

where z € U, ¢ € OU and m > p.

Now we will give the dual result of Theorem 2.14 for differential superor-
dination.

Theorem 3.7. Let ¢ € &, [Q,q, . If f € A(p), [Igf(z)}/‘ € Fo and

o[ [ B, () e
vy (B B ),

is univalent in U, then

Qc {¢ ([I;‘f(z)r’ [Iﬁf(Z)r I7lf(2) [I;‘f(z)]“ 152 (2)

zp—1 2p—1 Iof(z) 7| 2Pt Ie f(2)
o4 e (e
+(u—1)[’;p_1 } [Z};f(z) ] 2| :2€eUyp,
implies

zp—1

e f)"
q(2) < [ 2L )} :
Proof. From (2.17) and (3.4), we have

QC {w (g(z),zg/(z),z2g”(z); z) 1z € U} .

From (2.15), we see that the admissibility condition for ¢ € @, [Q, ¢, ] is
equivalent to the admissibility condition for v as given in Definition 1.2.
Hence ¢ € ¥' [0, q], and by Lemma 1.4,

I]?‘f(Z)r.

) <9 or a(:) < |5
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If Q # C is a simply connected domain and € = h(U) for some conformal
mapping h of U onto €2, then the class q)lz [h(U), g, p] is written as <I>/2 [h, q, 1.

Proceeding similarly as in the previous section, the following result is an
immediate consequence of Theorem 3.7.

Theorem 3.8. Let g € H[0, ], h is analytic on U and ¢ € @, [h,q,p). If
IS f(2)H
f e Ap), [ ‘;pf,(l)] € Fo and

qb([fﬁf(Z)]“’ [Iﬁf(Z)]“I}?lf(z) [Iﬁf(Z)]“IEQf(Z)

2P~ 2p~1 Iof(z) 7| 2p71 I f(2)
f))" [ @)
+<:U’_1)|:Zp_1 :| [pfpaf(z) ] 32 ’
1s univalent in U, then

hz) <6 ({Iﬁf@)rv [Iaf( )r 1971 f () [Iaf( )r 19-27(2)

2p—1 zp—1 Ief(z) 7| 2Pt Ief(z)

Jo Ia 1
““‘”Bfl [faff ]

implies

zp—1

o) < [ELE]"

Combining Theorems 2.15 and 3.8, we obtain the following sandwich-type
theorem.

Corollary 3.9. Let hy and ¢q1 be analytic functions in U, ho be univalent
function in U, qo € Fy with ¢1(0) = ¢2(0) = 0 and ¢ € Pg[ha, g2, pu] N

’ a )M
o, [, qu, . If f € Ap), [Igpffl)} e H[0, 4] N Fo and

& ({Iﬁf(z)]“’ {Iﬁf(Z)]“ 1971 f(z) {I;}f(z)]“ 12 f(2)

2p~1 2p~1 Iof(z) " 2p71 Iof(2)
12f(:)]" [12714(2)]
e 5] [ I51C) ] N

is univalent in U, then
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I f()7" I f)" I f(2) [I5F ()" L2 f(2)
me<e(|5] [ 5] e 5] e

L [ =]
+(p—1) { pzp,l ] I}ﬁf(z) ] ;2] < ha(2)
implies
Jo 14
q (2) < {Zj(f)] < q2(2).

Remark 3.10. Putting 1 = 1 in our results, we obtain the results of Aouf
and Seoudy [6, Theorems 1 and 2, Corollary 1, Theorems 3 and 4, Corollaries
2, 3, and 4, Theorems 5 and 6, Corollaries 5, 6, and 7, Theorems 9, 10, and
11, Corollary 10, Theorem 12 and 13 and Corollary 11, respectively].

(1]

2]

3

(4]

[5

(10]
(11]

(12]
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