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On split r-Jacobsthal quaternions

ABSTRACT. In this paper we introduce a one-parameter generalization of the
split Jacobsthal quaternions, namely the split r-Jacobsthal quaternions. We
give a generating function, Binet formula for these numbers. Moreover, we ob-
tain some identities, among others Catalan, Cassini identities and convolution
identity for the split r-Jacobsthal quaternions.

1. Introduction. A quaternion p is a hyper-complex number represented
by an equation

p=a+ bi+cj+ dk,
where a,b,c,d € R and {1,1i,j,k} is an orthonormal basis in R* which
satisfies the quaternion multiplication rules:

iZ =i =k?=ijk=—1,
ij=k=—ji, jk=1i= —-kj, ki=j=—ik.
The quaternions were discovered in 1843 by W. R. Hamilton. In 1849 ([3]),
J. Cockle introduced split quaternions, which were called coquaternions.
A split quaternion ¢ with real components ag, ai, as, asz and basis {1,1, j, k}
has the form

(1) q = ap + a1i + azj + ask,
where the imaginary units satisfy the non-commutative multiplication rules:
(2) iP=—1, 2=k =ijk=1,
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(3) iy =k=—ji, jk=—i=—kj, ki=j = —ik.
The scalar and vector parts of a split quaternion g = ag + a1? + aoj + ask
are denoted by S, = ag, Vy; = a17 + azj + ask, respectively. Hence we get
q= 2954+ ‘_/;1. The conjugate of the split quaternion denoted by g, is given
by

q=ag— a1t — azj — ask.
The norm of ¢ is defined as
(4) N(q) = q7 = ag + ai — a3 — a3.

The split quaternions are elements of a 4-dimensional associative algebra.
They form a 4-dimensional real vector space equipped with a multiplicative
operation. The split quaternions contain nontrivial zero divisors, nilpotent
elements and idempotents, for example 1% is an idempotent zero divisor,
and ¢ — j is nilpotent.

Let q1,¢2 be any two split quaternions, g1 = ag + a1t + asj + ask, g2 =
bo + b1t + baj + bsk. Then addition and subtraction of the split quaternions
are defined as follows:

¢1+q2 = (ag £ bg) + (a1 £ b1)i+ (ag = b2)j + (a3 £ bs)k.
Multiplication of the split quaternions is defined by
q1 - g2 = (apbo — a1by + azbz + azbz) + (aobr + a1by — azbs + azbz)i
+ (apba + a2by — a1bs + asgb1)j + (apbs + aszby — azbi + a1b2)k.

2. The r-Jacobsthal numbers. In [6], A. F. Horadam introduced a sec-
ond order linear recurrence sequence {wy} by the relations

(5) wo = a, w1 = b, wy = PpWn_1 — qQWy_2

for n > 2 and arbitrary integers a,b,p,q. This sequence is a certain gen-
eralization of famous sequences such as Fibonacci sequence (a = 0, b = 1,
p=1,q=—1), Lucas sequence (a =2,b=1,p =1, ¢ = —1), Pell sequence
(a=0,b=1,p=2, qg=—1). Hence sequences defined by (5) are called
sequences of the Fibonacci type. Numbers of the Fibonacci type appear in
many subjects of mathematics. In [7], A. F. Horadam defined the Fibonacci
and Lucas quaternions. In [1], the split Fibonacci quaternions @,, and the
split Lucas quaternions T,, were introduced as follows:

Qn :Fn+iFn+1 +an+2+an+3a

T, =L, + iLn—I—l + jLn+2 + kLn+3;
where F), is the nth Fibonacci number, L,, is the nth Lucas number and
i, J, k are split quaternions units which satisfy the rules (2) and (3).
A generalization of the split Fibonacci quaternions split k-Fibonacci
quaternions was investigated in [9]. The authors used a generalization of
the Fibonacci numbers and the Lucas numbers: k-Fibonacci numbers and
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k-Lucas numbers. Some interesting results for the split Pell quaternions
and the split Pell-Lucas quaternions can be found in [10]. In [11], the split
Jacobsthal quaternions and the split Jacobsthal-Lucas quaternions were
considered.

The Jacobsthal sequence {J,,} is defined by the recurrence

(6) Jp = Jp—1+2Jp_o for n > 2

with initial conditions Jy = 0, J; = 1. The first ten terms of the sequence
are 0,1,1,3,5,11,21,43,85,171. This sequence is also given by the Binet-
type formula

2n _ (_1)n

Iy = for n > 0.

Many authors introduced and studied some generalizations of the recurrence
of the Jacobsthal sequence, see [4, 5]. The second order recurrence (6) has
been generalized in two ways: first, by preserving the initial conditions
and second, by preserving the recurrence relation. In [2], a one-parameter
generalization of the Jacobsthal numbers was introduced. We recall this
generalization.

Let n > 0, r > 0 be integers. The nth r-Jacobsthal number J(r,n) is
defined as follows:

(7) J(r,n)=2"J(r,n—1)+ (2" +4")J(r,n —2) for n > 2
with J(r,0) =1, J(r,1) = 1 +2"+1.

J(r,0) =
Jr1)=2-2"+1
J(r,2) =3-4"+2.2"

=5-8"+5-4"42"
=8-16"+10-8" 43 -4"
J(r,;5) =13-32" +20-16" +9-8" +4".
In [2], it was proved that the r-Jacobsthal numbers can be used for count-

ing of independent sets of special classes of graphs. We will recall some
properties of the r-Jacobsthal numbers.

Theorem 1 ([2], Binet formula). For n > 0, the nth r-Jacobsthal number
s given by
V4-2r+5-4"+3-2" + 2

VA2 £ 54T —3.27 —2
2A- 2 454 *

A"
24/4-2" 4+ 547

J(r,n) = A",

where

1 1
A1:2T*1+§\/4-2r+5-4r, A2:2T*1—§\/4-27"+5-4r.
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Theorem 2 ([2]). Let n > 1, r > 0 be integers. Then
1

n—

J(r,n)+ 2" +4")J(r,n—1)—2-2"

) (1) = yEa =

1=0
Theorem 3 ([2], Cassini identity). Let n > 1. Then
J(r,n+1)J(rn—1)— J?(r,n) = (=1)"(2" + 1)%(2" +4")" L,
Theorem 4 ([2], convolution identity). Let n, m, r be integers such that
m>2,n>1,r>0. Then
Jr,m+n)=2"J(r,m—1)J(r,n)+ (4" +8")J(r,m —2)J(r,n —1).
In this paper, we introduce and study split r-Jacobsthal quaternions.

Another generalization of the split Jacobsthal quaternions was studied in [8].

3. Some properties of the split r-Jacobsthal quaternions. For n >
0, the split r-Jacobsthal quaternion JS@Q);, we define by

(10) JSQ;, = J(r,n)+iJ(r,n+ 1)+ jJ(r,n+2)+ kJ(r,n+ 3),

where J(r,n) is the nth r-Jacobsthal number, defined by (7) and i, j, k are

split quaternions units which satisfy the multiplication rules (2) and (3).

By (8) and (10) we obtain

JSQh =142 + 1)+ 43 4"+ 2" 4 k(5-8" 4+ 5-4" +27)

JSQT =2 +1+4i(3-4"+ 2"t +4(5-8" +5-4" +27)
+R(8-16"+10-8" +3-47)

JSQ5 =3-4" + 2" 4 i(5.8" +5-4" +27)
+j(8-16"+10-8"+3-4")
+k(13-32"4+20-16"+9-8" +4").

(11)

Using the formula J(0,n) = J,42, we obtain JSQU = JSQ,2, where
JSQ,, is the nth split Jacobsthal quaternion introduced in [11].

Proposition 5. Let n > 0, r > 0. Then
N(JSQT)=(1—4" —2-8" —2-16" — 232" — 647).J2(r, n)
+(1—-2-4"—4-8 —4-16")J%(r,n +1)
—2(4"+2-8"+3-16"+2-32")J(r,n)J(r,n+1).
Proof. By (7) we get
J(r,n+2)=2"J(r,n+1)+ (2" +4")J(r,n),
Jr,n+3)=02"+2-4")J(r,n+1)+ (4" +8")J(r,n).
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Let A= J(r,n+1), B=J(r,n). Using formula (4), we obtain

N(JSQL) = A%+ B — (2"A+ (2" +47)B)? — (2" +2-4")A
+ (4" +8")B)?
=14 - (@4 +2)] A+ [1- (2" +47) - (4 +8)%] B
— 204" + 8"+ (24" +2")(4" + 8")]AB.

By simple calculations we get the result. O

Proposition 6. Letn > 2, r > 0. Then

JSQI =27 JSQ | + (27 +47)JSQ"

n—2
where JSQp, JSQT are given in (11).
Proof. By (10) we get

2"JSQ,, 1+ (2" +47)JSQ; _,
=2"(J(r,n—1)+iJ(r,n) +jJ(r,n+ 1)+ kJ(r,n+ 2))
+©2"+4")(J(r,n—=2)+iJ(r,n—1)+jJ(r,n) + kJ(r,n+1))
=J(r,n)+iJ(r,n+1)+jJ(r,n+2)+kJ(r,n+3)=JSQ,. O

Proposition 7. Let n > 0, r > 0. Then
(i) JSQ) + JSQr, =2J(r,n),
(it) (JSQp)? =2J(r,n)JSQ;, — N (JSQy,),
(iii) JSQy, —iJSQ) 1 — jJSQ) o — kJSQ;, 3
=Jrn)+J(r,n+2)—Jr,n+4)—J(r,n+6).
Proof. (i) By the definition of the conjugate of the split quaternion we have

JSQ, +JSQr = J(r,n) +iJ(r,n+ 1)+ jJ(r,n+2)+ kJ(r,n+ 3)
+J(T,7’L) —iJ(T‘,TL—l—l) —jJ(r,n—i—Q) _kJ(T7n+3)
=2J(r,n).

(ii) By simple calculations we obtain

(JSQI)? = J*(r,n) — J*(r,n + 1) + J*(r,n + 2) + J*(r,n + 3)
+2@J(r,n)J(r,n+ 1)+ jJ(r,n)J(r,n+2) + J(r,n)J(r,n + 3))
+ (ij + ji)J (r,n 4+ 1)J(r,n + 2) + (ik + ki)J(r,n + 1)J (r,n + 3)
+ (jk + kj)J(r,n+2)J(r,n + 3).
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By (3) we get
(JSQr)2 = —J*(r,n) — J*(r,n 4+ 1) + J*(r,n 4+ 2) + J*(r,n + 3)
+2(J%(r,n) +iJ(r,n)J(r,n + 1)
+jJ(r,n)J(r,n+2)+ kJ(r,n)J(r,n+ 3))
=2J(r,n)(J(r,n) +iJ(r,n+1)+jJ(r,n+2) + kJ(r,n+3))
— (J*(r,n) 4+ J*(r,n 4+ 1) — J*(r,n + 2) — J*(r,n + 3))
=2J(r,n)JSQ;, — N (JSQ;) .
(i)
JSQl, — iTSQ sy — §TSQn s — KISQls
=J(r,n)+iJ(r,n+1)+jJ(r,n+2)+kJ(r,n+3)
i(J(r,n+1)+iJ(r,n+2)+j5J(r,n+3) +kJ(r,n+4))
j(J(rn+2)+iJ(r,n+3)+jJ(r,n+4)+kJ(r,n+5))
—k(J(r,n+3)+iJ(r,n+4)+jJ(r,n+5)+kJ(r,n+6))
=J(r,n)+J(r,n+2)—Jr,n+4)— J(r,n+6)
(i + i) T (rm 4 3) — (ik + ki) J(r,n + 4) — (jk + kj)J(r,n + 5).
Using equalities ¢j + ji = 0, ik + k¢ = 0 and jk + kj = 0, we get
JSQy, —1JSQp 1 — JJSQp 9 — kJSQ 13
=J(r,n)+J(r,n+2)—J(r,n+4)— J(r,n+6). O

Now we present the Binet formula for the split r-Jacobsthal quaternions.

Theorem 8 (Binet formula). Let n >0, r > 0. Then
(12) JSQ,, = Craa™ + C2 88",

where

1 1
a:2’”*1+5\/4-2r+5.4r, p=2"1—_\/4.2r 5.4,

2
a=1+ia+jo?+ka®, B=1+iB+jB*+ kB>,

o VI 54432742 VI AT —3.27 =2

b o0E- 2 +5-4 2 o0I- 2"+ 5.4

Proof. By the Binet formula for the r-Jacobsthal numbers we obtain
JSQ, = J(r,n) +iJ(r,n+ 1)+ jJ(r,n+2)+ kJ(r,n+ 3)
= C1a" + Cof8" +i(Cra™! + Cy8™ )
+ G (C1a™ 2 4 CoB"2) 4 k(Cram + Cop )
= C1a" (L+ia+ jo® + ka®) + CoB™ (1 +iB + jB° + kB?)
= Craa™ 4 Co 353", O
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In particular, we obtain the Binet formula for the split Jacobsthal quater-
nions (see [11]).

Corollary 9. Let n > 0 be an integer. Then
1
JSQ, = 3 (2" (14 2i+ 45 +8k) — (-1)"(1 —i+j — k)]

Proof. By Theorem 8, for 7 = 0 we have C] = %, Co=—t a=2 =-1
and

1
JSQY = — - 2"(1 + 2i + 4j + 8k) — S0 —iti—k)

Ll W i~

1
S22 (1 4 24 + 45 4 8k) — g(—1)”+2(1 —i4j—k)=JSQui02.0

The Binet formula (12) can be used for proving some identities for the
split r-Jacobsthal quaternions. We will need the following lemma.

Lemma 10. Let

1
a_2r—1+5\/4-2r+5-4r,

1
5:2"—1_5\/4-2r+5-4r,

a=1+ia+ja® +ka?,
B=1+iB+ B>+ kB>
Then
aB+Ba=2[1+4"+2" + (4" +2")* — (4" 4 2")°
+ 27+ (3-4" + 2" + (48" +3-47)k].
Proof. By (2) and (3) we have
af =1—-af+(af)’ + (aB)’ +i(a+ B+ (af)*(a—f))
+j(e?+ B2+ af(a® — 7)) + k(a’ + 8% + aB(B — @),
Ba=1-af+ (af)®+ (aB)’ +i(a+ B - (aB)*(a - p))
+j(a®+ B —af(a® — 7)) + k(a® + 5% — aB(B — @)).
Hence we obtain
aff + pa=2[1 - af + (af)* + (af)’ +i(a + f)
+i(a® + 5%) +k(o® + 57)].
Note that
a+pB=2",
a—B=V4-2" 4547,
aff = —(4" +27),
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2+ 2= (a+pB)?—2a8=3 4"+ 2",
B+ =(a+8)>—-3aBa+p)=4-8 +3-4".
Hence we get
aB+Ba=2[1+4"+2" + (4" +2")* — (4" +2")°
(13) + 27+ (3-4" + 2" + (48" +3-47)k].
Moreover,

af=1+4"+2"+ (4" +2")* — (4" +2")?

+i(27 4+ (4" +27)V4-2r + 5 47)

+(3-4"+ 27 — (8" +47)V4 - 27 +5-47)

+h(4-8+3-4"+ (4" +27)V4- 27+ 5 47),
Ba=1+4"+2"+ (4" +2")* — (4" +2")?

+i(20— (4" + 272427+ 5 47)

+7(3- 47427 4 (8T +4")VA -2 +5-4)

+k(4-8" 434" — (4" +2")V/4-27 +5-47). O

Now we will give some identities such as Catalan, Cassini and d’Ocagne
identities for the split r-Jacobsthal quaternions.

(14)

(15)

Theorem 11 (Catalan identity). Let n > 0, » > 0 be integers such that

m >n. Then
(JSQr)?* = JSQr, ., JSQL, .,

m+n
_EZPCH I (a4 pa)-aaf - 57 a).
Proof. By formula (12) we get
(JSQp)* = TSQr 10 SQry
= (Craa™ + C2B8™)(Craa™ + C288™)
— (Craa™ " + CoB8™ ™) (Craa™ ™ + Co ™ ™)
— O\ [(aB)™ (@B + Ba) — (aB)™ " (aP"af + B2 Ba)].
Using the formula af = —(4" 4+ 2"), we obtain
(JSQp)? = JSQp 0T SQi
= C1Cy(—4" = 27)" 7" ((—4" = 2)" (2B + Ba) — oa™"afB — *"Ba)

where ( )2
1+2"
C1Cy=—— 121
12 401 4547

and o + Ba, afB, Ba are given by (13), (14), (15), respectively. O
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Note that for n = 1 we get the Cassini identity for the split r-Jacobsthal
quaternions.

Corollary 12. Form > 1, r > 0 we have

(JSQL)* — JSQr, 1 JSQh, 4
r™2(__ A7 _ or\ym—1
_ —(1+24?2(rf5.j) (—(4" +2")(aB + Ba) — o’ — f*Ba) .

In particular, we obtain the Cassini identity for the split Jacobsthal
quaternions (see [11]).

Corollary 13. Let m > 1 be an integer. Then
(JSQm)? = JSQumi1JSQum_1 = (—=2)™ Y (=14 5i + 35 + 9k).

Proof. By (14) and (15) for » = 0 we have
aff =—1+13i —j + 13k,
Ba=—1-11i+11j + k.

By Corollary 12 we get

(JSQp)? = JSQn175Q0, 4
A(=2)m!

- _T(—2(—2+2z’+10j+14k‘)

—4(—=1+13i — j+ 13k) — (=1 — 11i + 115 + k))
= 4(—2)""1(—1 + 5i + 35 + 9k).
Using the formula JSQY = JSQ 12, we get the result. O

Theorem 14 (d’Ocagne identity). Let m,n,r be integers. Then
TSQLISQh iy — TSQL41 TSQL,
(14+27)2/4-2r + 5. 47 _ _
— —AT _ 9rym (oM _ an—m
4.2 +5.4r ( ) (a af - p é@)a
where af8, Ba are given by (14), (15), respectively.

Proof. By formula (12) we get
ISQLISQp 1 — JSQ 41 ISQ;,
= (Craa™ + Cof8™)(Craa™ ™ + Copp™ )
— (Craa™™ + CoBB" ) (Craa™ + CoBB™)
= C105(8 — @) (a"B™aB — ™" Ba)
= C105(B — a)(af)™ (" "ap - BT Ba)

(14+27)2/4- 27 + 5. 47 _ _
— _4r_2rm n—m _ Q[Qn—m ) D
4.2r+5.4r ( ) (a gé B é@)
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In the next theorem we give a summation formula for the split r-Jacobs-
thal quaternions.

Theorem 15. Letn > 1, r > 0. Then

- . JSQL L+ (27 +4N)JSQL — (1 +i+j+k)(242)
ZJSQZ - Ar 4 or+l _ 1

—i— (242" — k(272 434" 4 2).

Proof. Using Theorem 2, we get

Z JSQ; = Z J(r, 1) +iJ(r, 04+ 1)+ §J(r, 1+ 2) + kJ(r, 1 + 3))

1=0
=) T +iy J(rl+1) —i—jZJrl—l—? +kZJrl+3)
1=0 1=0 1=0
1 ‘s T T

)
+i(J(r,n+2)+ (2" +4")J(r,n+1) —2—2" — J(r,0))
+i(J(r,n+3)+ 2" +4")J(r,n+2)—2—-2"—J(r,0) — J(r,1))
+E(J(r,n+4)+ 2" +4")J(r,n+3)—2-2"
— J(r,0) — J(r,1) — J(r,2))].

By simple calculations we obtain

> JSQp = 4T+2T1H_1[J(r,n+ 1) +iJ(r,n+2)
+jJ(r,n+3)+kJ(r,n+4)
+ @2 +4")(J(ryn) +iJ(r,n+ 1)+ jJ(r,n+2)+ kJ(r,n+3))
— 2+ 20 +i4 4+ k)] —i— T +2) — k(272 +3-4"+2)
CJSQh e+ (27 +4T)TSQL — (L 4+ j + ) (2 +27)
4r 4 or+l
—i— (2427 — k(224347 +2). O

The next theorem gives the convolution identity for the split r-Jacobsthal
quaternions.

Theorem 16. Let m >2, n>1,r > 0. Then

2J5Q0m 1y = 2"J5Qn_1JSQ; + (47 +8")J 5@, 2 5Q;
+J(r,m4+n)+Jrm+n+2)—Jr,m+n+4)— J(r,m+n+6).
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Proof. By simple calculations we have

2 JSQ;,_,ISQ,
=2"(J(r,m —1)J(r,n) +iJ(r,m —1)J(r,n+1)
+3J(r,m—=1)J(r,n+2)+kJ(r,m—1)J(r,n+3)
+iJ(r,m)J(r,n) — J(r,m)J(r,n+ 1) + kJ(r,m)J(r,n + 2)

—jJ(r,m)J(r,n+ 3) +jJ(T7m+ I)J(T‘, 7’L) - k‘J(r,m + 1)J(’I",7’L + 1)
+J(r,m+1D)J(r,n+2)—iJ(r,m+1)J(r,n+3)+ kJ(r,m+2)J(r,

+3J(r,m+2)J(r,n+1)+iJ(r,m+2)J(r,n+2)
+ J(r,m+2)J(r,n + 3)).

Moreover,

(4" +8")J5Q, 2] SQ 1
=M@ +8)(J(r,m—2)J(r,n—1)+iJ(r,m —2)J(r,n)
+jJ(r,m —2)J(r,n+ 1)+ kJ(r,m —2)J(r,n+2)
+iJ(r,m—1)J(r,n—1)

n)

—J(r,m—=1)J(r,n)+kJ(r,m—1)J(r,n+1)—jJ(r,m—1)J(r,n+2)

+jJ(r,m)J(r,n—1) — kJ(r,m)J(r,n) + J(r,m)J(r,n+ 1)

—aiJ(r, )J(T n+2)+kJ(r,m+1)J(r,n—1)+jJ(r,m+1)J(r,n
+iJ(r,m+ 1)J(r,n+ 1)+ J(r,m+1)J(r,n+2)).
Hence

2 TSQ 1 TSQ + (47 + 8)ISQ T SQ_,

=2"J(r,m —1)J(r,n)+ 4"+ 8" )(J(r,m —2)J(r,n —1)
+i(2"J(r,m —1)J(r,n+1) 4+ (

+72"J(r,m—1)J(r,n+2)+ (4" +8")J(r,

+ k2" J(r,m—1)J(r,n+3)+ (4" +8")J(r, )J (7,

+i(2"J(r,m)J(r,n) + 4" +8")J(r,m —1)J(r,n — 1))

+i2"J(r,m+1)J(r,n)+ (4" 4+ 8")J(r,m)J(r,n — 1))

m —
m —

+ k2" J(r,m)J(r,n+2)+ (4" +8")J(r,m —1)J(r,n+ 1))

=2"J(r,m)J(r,n+1)— 4"+ 8")J(r,m — 1)J(r,n)

+2"J(r,m+1)J(r,n+2) — (4" +8")J(r,m)J(r,n + 1)

+2"J(r,m+2)J(r,n+3) — (4" +8")J(r,m+1)J(r,n+2)

+i[2"J(r,m+2)J(r,n+2)+ (4" +8")J(r,m+1)J(r,n+1)
—2"J(r,m+1)J(r,n+3) — (4" +8")J(r,m)J(r,n + 2)]

4"+ 8")J(r,m — 2)J(r,n))
)J(r,n+1
+2
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+j2"J(r,m+2)J(r,n+1)+ (4" +8")J(r,m+1)J(r,n)
—2"J(r,m)J(r,n+3) — (4" +8")J(r,m —1)J(r,n+2)]
+ k2" T(r,m+2)J(r,n)+ (4" +8")J(r,m+ 1)J(r,n —1)
—2"J(r,m4+1)J(r,n+1) — (4" +8")J(r,m)J(r,n)].
Using Theorem 4, we get
2" ISQl, 1 JSQl + (47 +8)JSQL, 5 TSQ)
=J(r,m+n)+20@J(r,m+n+1)+jJ(r,m+n+2)
+EkJ(r,m+n+3)—Jr,m+n+2)+J(r,m+n+4)
+ J(r,m+n+6)
=—Jr,m+n)—Jr,m+n+2)+J(r,m+n+4)+ J(r,m+n+6)
+2(J(r,m+n)+iJ(r,m+n+1)+jJ(r,m+n+2)
+kJ(r,m+n+3))
=2J8Q, ., — (J(rym+n)+ J(r,m+n+2)
—Jrym+n+4)—J(r,m+n+6)).
Hence we get the result. (|
Now we will give the generating function for the split r-Jacobsthal quater-
nion sequence. Similarly as the Jacobsthal sequence, r-Jacobsthal sequence,
this sequence can be considered as the coefficients of the power series ex-

pansion of the corresponding generating function. We recall the result for
the r-Jacobsthal sequence.

Theorem 17 ([2]). The generating function of the sequence of r-Jacobsthal
numbers has the following form:

F(1) = 1+ (142"t

1—2rt — (27 4 47)¢2

Theorem 18. The generating function for the split r-Jacobsthal quaternion
sequence {JSQL} has the following form:

(1) I5@ +(J5Q] - 2 ISQp)t
g 1—2rt— (2 +4n)2

Proof. Let
g(t) = JSQph + JSQit + JSQt> + - - + JSQLt" + - --

be the generating function of the split r-Jacobsthal quaternion sequence.
Then

Atg(t) = 2" JSQht + 2" JSQTt? + 2" JSQLt3 + - -
+2"JSQr "t -,
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(27 + 4Nt g(t) = (27 +47)JSQut* + (27 +47)JSQt?
+ (27 +4T)JSQut -+ (27 +47)TSQ), ot -
By Proposition 6 we get
g(t) — 2"tg(t) — (2" +4")t%g(1)
= JSQh 4 (JSQT — 2" TSQu)t + (JSQL — 2" TSQ)
— (2" 4" TSQNE + - -
= JSQp + (JSQT — 2" JSQp)t.
Thus
JSQp + (JSQ} — 27 JSQp)t
e S TIW Y
Using equalities (11), we obtain
JSQy=1+4i(2" " 4+ 1) +j(3-4"+ 2711
+k(5-8"+5-4" +27),
JSQT — 2" JSQh = 2" + 1 +i(4" +2") +j(2-8" +3-4" +27)
+k(3-16"+5-8"+2.4"). O

4. Conclusion. In this study, a one-parameter generalization of the split
Jacobsthal quaternions was introduced. Some results including the Binet
formula, generating function, a summation formula for these quaternions
were given. Moreover, some identities, such as Catalan, Cassini, d’Ocagne
and convolution identities, involving the split r-Jacobsthal quaternions were
obtained. The presented results are generalization of the known results for
the split Jacobsthal quaternions.

5. Acknowledgements. The authors would like to thank the reviewer for
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