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ABSTRACT. Let F' be a bundle functor on the category of all fibred manifolds
and fibred maps. Let I" be a general connection in a fibred manifold pr: Y —
M and V be a classical linear connection on M. We prove that the well-known
general connection F(I', V) in FY — M is canonical with respect to fibred
maps and with respect to natural transformations of bundle functors.

Introduction. We assume that any manifold considered in the paper is
Hausdorff, second countable, finite dimensional, without boundary and
smooth (i.e. of class C*°). All maps between manifolds are assumed to be
smooth (of class C*°). A general connection in a fibred manifold pr : Y — M
is a map

' TM xy Y —-TY

such that
I'(—,y): TyM — T,Y is linear and T,proI'(—,y) = idr, m

for any y € Y, and x € M.
General connections I' and I'y in fibred manifolds pr : Y — M and
pr; : Y1 — M (respectively) are called to be f-related with respect to
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a fibred map f:Y — Y} with the base map f: M — M if

Tfo F(U?y) = Fl(Ti(U)a f(y))

forany v € T, M,y € Y, and x € M.

A classical linear connection on a manifold M is a general connection V
in the tangent bundle TM — M of M such that V and V are a;-related
for any t € Ry, where a; : TM — TM is the fiber multiplication by ¢. Tt is
well known that such V defines a linear connection

Y X(M) x X(M) — X(M)

in the usual sense of [1] (and vice versa). One can see that if classical linear
connections V on M and V! on M are f-related (i.e. T f-related) for a map
f+ M — My, then VxZ and Vﬁ(lZl are f-related if X and X are and Z
and Z7 are.

We have the well-known canonical constructions on connections.

Example 0.1. Let V be a classical linear connection on a manifold M and
let v € T, M be a vector tangent to M at a point z, € M. Denote by ¥ the
constant vector field on T, M determined by v, i.e. 0(w) := %lo(w + 1),

w € Ty, M. Then on some neighborhood of x, we have the vector field
(1) ool i= (Eapy a,)a

the image of 0 by the geodesic exponent Expy 4, : (T, M,0) — (M, z,) of
V at x,.

Example 0.2. Let I' be a general connection in a fibred manifold pr: ¥ —
M and V be a classical linear connection on M. Let y, € Y, , o, € M.
Let v € T; M. Then on some neighborhood of y, we have the projectable
vector field

(2) /U[F’vvyo] = (,U[V,wg])r7
where X' = I'(X, —) is the I'-horizontal lift of a vector field X on M to Y.

Example 0.3. Let F' : FM,, , — F M be a bundle functor on the category
F M n of fibred manifolds with n-dimensional fibres and m-dimensional
bases and (locally defined) fibred diffeomorphisms. Let I' : TM x Y — TY
be a general connection in a F M, ,-object pr: Y — M and V be a classical
linear connection on M. Then we have amap F(I', V) : TMx y FY — TFY
defined by

F(I,V)(v,2) = fv[r’v’y"](z), zeF)Y, vel, M, y, €Yy, , o€ M,

where FX denotes the flow lift of a projectable vector field X in Y — M
to F'Y by means of F. Then F(I', V) is a general connection in F'Y — M.
One can see that it is the composition of F(I', A) from Item 45.4 in [2] with
exponential extension of V into r-th order linear connection A(V).
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Clearly, the construction of F(I', V) is F M, ,-canonical, i.e. we have the
corresponding FM,, ,-natural operator in the sense of [2]. More precisely,
we have:

Proposition 0.4. Let F' : FM,,,, — FM be a bundle functor. Let pr :
Y — M and pry : Y1 = My be F My, n-objects. Let f:Y — Y7 be a (locally
defined) fibred diffeomorphism with the base map f: M — M. Let V be a
classical linear connection on M and V be a classical linear connection on
M. Assume that V and V are f-related. Let ' be a general connection in
pr:Y — M and I be a general connection in pry : Y7 — M. Assume that
connections I' and T' are f-related. Then the general connections F(I,V)
and F(I',V) are F f-related.

The purpose of the note is to prove that given a bundle functor F' :
FM — FM on the category FM of all fibred manifolds and fibred maps,
the construction of F(I", V) is F.M-canonical. More precisely, we will prove:

Theorem 0.5. Let F': FM — FM be a bundle functor. Letpr: Y — M
and pry 1 Y1 — M be fibred manifolds. Let f : Y — Y] be a fibred map
with the base map f : M — M. Let V be a classical linear connection
on M and V be a classical linear connection on M. Assume that V and
V are f-related. Let I' be a general connection in pr:Y — M and I be
a general connection in pry 1 Y7 — My. Assume that connections I' and

I are f-related. Then the general connections F(I',V) and F(I,V) are
F f-related.

We also deduce that the construction of F(T", V) is canonical with respect
to F'. More precisely, we will prove:

Theorem 0.6. Let F, Fy : F M., , = FM be bundle functors and p: F —
Fy be a F My, n-natural transformation. Let pr : Y — M be a FMy, -
object. Let V be a classical linear connection on M. Let T' be a general
connection in pr : Y — M. Then the general connections F(I',V) and
Fi1(T,V) are py -related.

1. Some preparatory lemmas.

Lemma 1.1. Let m, mi1 be non-negative integers and p be an integer such
that 0 < p < min{m,m1}. Let v = (v',...,v™) € To)R™ = R™ be a vector.
Let 1 : R™ — R™ be given by u(z!,...,2™) = (z',...,27,0,...,0). Let V
be a classical linear connection on R™ and V be a classical linear connection
on R™ . Assume that V and V are v-related. Suppose v = (y!,...,4™) is
the V-geodesic such that v(0) = 0 and v'(0) = v = (v',...,v™). Then
¥ i=1toy= (% ...,7P,0,...,0) is the V-geodesic such that 5(0) = ¢(0) and
¥(0) = Tu(v) = (vi,...,vP,0,...,0).
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Proof. If m = 0 or m; = 0 or p = 0, then ¢ = 0. Then § = 0, and then
it is V-geodesic. So, we may additionally assume that m,my, p are positive
integers. Let FZ 5 be the Christofell symbols of V with respect to the usual

coordinates on R™ and ffﬁ be the Christofell symbols of V with respect to
the usual coordinates on R™. Since V and V are t-related, then:

fj(xl, vy x?0,..,0)=0fori,j=1,..,pand s=p+1,....m
ffj(xl, cy ™) = Ffj(ml, vy 0,...,0) for i, j,k=1,...,p;

ff;r(x yonx™)=0fork=1,...,p, g=p+1,..,m,r=1,...,m;
Ik (zt, ., 2™ =0fork=1,...,p, q=1,...m, r=p+1,...m

)

3)

Indeed, we can see that Two dp = 0,01 for p = 1,...,p and = 0 for
p=p+1,...,m. Then

((vaaaﬁ [(x!,...,z™ ZF )ap\(xl,...,x?’,o,...,O)

and (since V and V are L—related)

TL((vaaaﬁ)\(ml,...,xm)) = 6(%taﬁ|(3U1,..A,gv1’,0,...,0)
mi
= Z FZB((I,'l, [ ’;L'p’ 0, NN ,O)8p|(zl7“_7zp70v“?0)
=1

ifa, s =1,...,p and TL((Vaaag)‘(zl,m,xm)) = 0 for other o, 3 =1,...,m
Then considering the coefficients on 9,1, 400, 0), We get (3).
Since v is a V-geodesic, then
d2~P moo A~ d~B
a Z 0 (1) - vy
dt? dt dt
a,f=1
Consequently, denoting ¥ = (§!,...,5™), we get

P e ey AT
pTe __qzqu’"m dt dt

Indeed, if s = p+ 1,...,mq, then both sides of the above equations are
equal to 0, and if s =1,...,p, then

s=1,...,mq.

&5 & S A G dy" dy'
- - s -5
a2~ a2 a%; s g 4t q; ")
} dvq AR e V1Y
= —_Sr
;:1 (NG5 a ;:1 oG ar

as well. The lemma is complete. O
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Lemma 1.2. Let m, m1 be non-negative integers and p be an integer such
that 0 < p < min{m,m1}. Let v = (v',...,v™) € ToyR™ = R™ be a vector.
Let 1 : R™ — R™ be given by v(z!,...,2™) = (z',...,27,0,...,0). Let V
be a classical linear connection on R™ and V be a classical linear connection
on R™, As§ume that V and V are o related. Then the vector fields !V
and (Tu(v)) V1O are i-related.

Proof. Similarly as in Lemma 1.1, we may additionally assume that m,
my, p are positive integers.
Consider a point x € R™ near 0. Then z = £xpg ((w), where w € ToR™
is the point. Then
vo _ d
oy = V= (1),

|z N dT\T:O T

where ~, is the V-geodesic such that +,(0) = 0 and 7.(0) = w + v for any
small 7 € R. Then (by Lemma 1.1) 4, := ¢ o0+, is the V-geodesic such that
¥-(0) = ¢(0) and ¥.(0) = Te(w + 7v) = T(w) + 7Tt(v). Hence

Tb(vg,o]) _ Tb(d%h:o%(l)) — %\72077(1) = (TL(’U))L(;L)(O)}

for any small 7. The lemma is complete. O

Lemma 1.3. Let m, mi,n,n1 be non-negative integers and p,q be inte-
gers such that 0 < p < min{m,m1} and 0 < ¢ < min{n,n1}. Let v =
(vl ;0™ € ToR™ = R™ and y, = (0,0) € (R™ x R")g = R™. Let
L R™ — R™ be given by v(xt,....2™) = (2',...,2P,0,...,0) and & :
R"™ — R™ be given by x(y',...,y") = (y',...,49,0,...,0). Let V be a
classical linear connection on R™ and V be a classical linear connection on
R™ . Assume that V and V are v related. Let T' be a general connection in
the trivial bundle pr : R™ x R™ — R™ and I bea general connection in the
trivial bundle pry : R™ x R™ — R™ . Assume that connections I and r

are (1 X k,t)-related. Then the vector fields vlE Vel gnd (TL(U))[fﬁ"X”(yO)]
are v X k-related.

Proof. Let (z,y) € R™ x R". Then vl[&zy"} € I'(4)- Then (since I' and r

are (L X K, t)-related)

V.9 >
Ty (0 %K) (V0" € Tata) mta-

Moreover, using Lemma 1.2 and the property defining the T-horizontal lift,
we get

[ivvyo}

[(z,y) ) =Tio Tpr(v[f‘ﬁ,yo])

|(z,y)
=T (v[v’o]) = (Ta(v))‘w(’b(o)] :

|z o(z)

Tpry o Tig (¢ X k) (v
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Hence
V.9 . [
T(e x k) o vjeyn" = (Te()V* ON ) niy
= (Te(v)) V5wl o (1L x k) (2, y) .
The lemma, is complete. g

Lemma 1.4. Let m, m;1 be non-negative integers and p be an integer such
that 0 < p < min{m,m1}. Let : R™ — R™ be given by v(z',...,2™) =
(z1,...,2P,0,...,0). Let X = Y.7", X'd; be a vector field on R™ and
X1 =37 X]0; be a vector field on R™ . Assume that X and X1 are
t-related. Let {¢i} be the flow of X and {1} be the flow of X1. Then
Loy = o for all sufficiently small t.

Proof. We know that:

ﬁ( t($1,...,x )):X(got(xl,...,x ) andgoo(xl,...,x )==x

fori=1,...,m;
%(wg‘(xl,...,xml)) = XJ(¢e(at, ..., 2™)) and ) (at, ... 2™) = 27
forj=1,...,m.
By the assumption that X and X; are (-related, we have:
Xzt ..., 2™) = Xi(2t,...,2P,0,...,0) for i=1,...,p;
Xf(a;l,...,a:p,o,...,O) =0forj=p+1,...,mq.

Then (because of the well-known uniqueness result of systems of ordinary
differential equations) we derive:

oF(xt, . 2™ = oF(t, ., 2P,0,...,0) = ¢F(2t, ..., 2P,0,...,0)
fork=1,...,p;
YFt, . 2P,0,...,0)=0fork=p+1,...,m;.
The lemma, is complete. O

Lemma 1.5. Let m,my,n,n1 be non-negative integers and p,q be integers
such that 0 < p < min{m,m1} and 0 < ¢ < min{n,n1}. Letr: R™ — R™
be given by o(xt,....2™) = (2!,...,2P,0,...,0) and k : R® — R™ be
given by k(y',...,y") = (¥',...,¥%,0,...,0). Let X be a vector field on
R™ x R™ and X1 be a vector field on R™ x R™ . Assume that X and X
are v X k-related. Let {¢i} be the flow of X and {1} be the flow of X;.
Then (1 X K)o ¢ =y 0 (L X K) for all sufficiently small t.

Proof. This lemma is the obvious modification of Lemma 1.4 for (m +
n,mi+ni,p+q) playing the role of (m,my,p). The lemma is complete. O
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Lemma 1.6. Let F : FM — FM be a bundle functor. Let m,my,n,n;
be non-negative integers and p,q be integers such that 0 < p < min{m,m;}
and 0 < ¢ < min{n,ni}. Lett: R™ — R™ be given by 1(x',... 2™) =
(z',...,2P,0,...,0) and k : R® — R™ be given by w(y',...,y") =
(y',...,y%,0,...,0). Let V be a classical linear connection on R™ and V be
a classical linear connection on R™ . Assume that V and V are v-related.
Let T be a general connection in the trivial bundle pr : R™ x R — R™ and
I bea general connection in the trivial bundle pry : R™ xR™ — R™. As-
sume that connections I' and T’ are v x k-related. Let y, = (0,0) e R™ xR"™.
Let v e ToOR™ and z € F,,(R™ x R"). Then

TF(ux 8)(FI,V)(v,2)) = FI,V)(Te(v), F(v x )(2)) .

Proof. By Lemma 1.3, vector fields v"V#!] and (TL(U))[fﬁ’LX”(yO)] are
v x k-related. Let {¢;} be the flow of o0 Vel and {1} be the flow of
(TL(U))[fﬁ’LX”(yO)}. By Lemma 1.5, (¢ X k) o ¢ = 9y o (v X k) for all suffi-
ciently small reals ¢t. Then

TF( % 5)(F(F, V) (0, 2)) = TF(u x ) GutoF"”t(Z))

— G Fla xR o) ()

B d

= dtje=o

— P (F(x R)(2))
dtt=0

=FI,V)(T(v), F(t x K)(2)) .

F(gro (e x k))(2)

The lemma is complete. O

Lemma 1.7. Let F : FM — FM be a bundle functor. Letpr:Y — M and
pry 1 Y7 — M be fibred manifolds. Let f 1Y — Y] be a fibred map with the
base map f: M — M. Assume that f and f are of constant rank. Let V be
a classical linear connection on M and V be a classical linear connection on
M. Assume that V and V are f-related. Let I' be a general connection in
pr:Y — M and I bea general connection in pry 1 Y7 — M. Assume that
connections I' and T’ are f-related. Letv € T, M and z € )Y, y, € Yy,
T, € M. Then

TFf(f(f,v)(U,Z)) = ]:(f’ t)(Ti(U)va(Z)) :

Proof. The lemma is clear if f is a (locally defined) fibred diffeomorphism,
see Proposition 0.4. Then (by the rank theorem) we can additionally assume
that pr: Y =R xR" = M =R"™, pr; : Y1 =R™ xR™"™ - M; =R™
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are the trivial bundles, y, = (0,0) e R xR", z, =0 € R™ and f = ¢ X k.
Then the lemma immediately follows from Lemma 1.6. U

2. The construction of F(I', V) is canonical with respect to FM.
We have the following theorem corresponding to Theorem 0.5.

Theorem 2.1. Let F: FM — FM be a bundle functor. Let pr:Y — M
and pry 1 Y1 — M be fibred manifolds. Let f : Y — Y7 be a fibred map
with the base map f : M — M. Let V be a classical linear connection
on M and V be a classical linear connection on M,. Assume that V and
V are f-related. Let T' be a general connection in pr:Y — M and I be
a general connection in pry : Y1 — M. Assume that connections I' and
I are f-related. Then the general connections F(I',V) and F(I,V) are
F f-related.

Proof. Letv e T, M and z € F,)Y, y, € Y,, , € M. There is a sequence
Yn € Yy, with x, € M such that y, = y, if n = o0, x,, = 2, if n = o0, f
is of constant rank on some neighborhood of y, and f is of constant rank
on some neighborhood of z,, for n = 1,2,.... (We can define y,, as follows.
Let Vi,...,V,,... be open neighborhoods of y, such that V3 > V5 D ...
and 'V, = {yo}. Let rank,(f) denote the rank of T, f. Let g, € V,, be a
point such that rankg, (f) > rank,(f) for all y € V,,. Let U, C V, be an
open neighborhood of g, such that fiy;, is of constant rank rankg, (f). Let
xn € pr(Upy) be such that rank,, (f) > rank,(f) for all z € pr(U,). Then
choose an arbitrary point y, € Y, N U,.) Moreover, there is a sequence
zn € F,, Y such that 2z, — z and there is a sequence v,, € T, M such that
vy, — v. By Lemma 1.7,

TFf<~F(fa v)(Um Zn)) = }“(f‘a v)(Ti(%vj)?Ff(zn)) .
Putting n — oo, we get
TFf(F(I,V)(v,2)) = F(L,V)(Tf(v), Ff(2)).
The theorem is complete. O

3. The construction of F(I', V) is canonical with respect to F. We
have the following theorem corresponding to Theorem 0.6.

Theorem 3.1. Let F, Fy : F My, , = FM be bundle functors and p: F —
Fy be a F My, n-natural transformation. Let pr @ Y — M be a FMy, -
object. Let V be a classical linear connection on M. Let T be a general
connection in pr : Y — M. Then the general connections F(I',V) and
Fi(T,V) are py -related.
Proof. Let v € T, )M and z € F}, )Y, y, € Y, x, € M.

Let {¢:} be the flow of vl"Vovel - Since 1 is a natural transformation, then

py o Foy = Frpgopy .
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That is why Tuy o }"(f,V)(v,z) = fl(fav)(vvﬂy(z))'

complete.
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