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ABSTRACT. A singular stochastic control problem in n dimensions with time-
dependent coefficients on a finite time horizon is considered. We show that the
value function for this problem is a generalized solution of the corresponding
HJB equation with locally bounded second derivatives with respect to the
space variables and the first derivative with respect to time. Moreover, we
prove that an optimal control exists and is unique.

Singular stochastic control is a class of problems in which one is allowed
to change the drift of a Markov process (usually a diffusion) at a price
proportional to the variation of the control used. Admissible controls do
not have to be absolutely continuous with respect to the Lebesgue measure
and they may have jumps. This setup is natural for many problems of
practical interest, including portfolio selection in finance, control of queueing
networks and spacecraft control, to mention just a few examples. The reader
is referred to Chapter VIII of [5] for more information and basic references.

One-dimensional singular stochastic control problems are well understood
by now, see, e.g., [2] and the references given there. In this case, if the
running cost is convex, the optimal control makes the underlying process a
reflected diffusion at the boundary of the so-called nonaction region C. In the
case of a diffusion with time-independent coeflicients and discounted cost on
the infinite time horizon, C is just an interval and the value function enjoys
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C2-regularity (smooth fit). Both CZ%-regularity of the value function and
the characterization of the optimally controlled process have been extended
to the case of singular control for the two-dimensional Brownian motion
[14]. In n > 3 dimensions, except for “close to one-dimensional” cases of
a single push direction [15, 16] and the radially symmetric running cost
[9], only partial results are known. For example, for optimal control of the
Brownian motion on the infinite time horizon, regularity of the boundary of
C away from some “corner points” was shown in [17] and a characterization
of the optimal control as a solution of the corresponding modified Skorokhod
problem was given in [8].

In this paper we consider a n-dimensional singular stochastic control
problem on a finite time horizon in which state is governed by a linear sto-
chastic differential equation with time-dependent coefficients, the running
cost is convex and controls may act in any direction. We provide estimates
for the corresponding value function. These estimates imply that the value
function has locally bounded generalized derivatives of the second order
with respect to the space variable and of the first order with respect to the
time variable. These properties are needed to consider the value function as
a solution of the corresponding parabolic Hamilton—Jacobi—Bellman (HJB)
equation in some generalized sense and to show existence and uniqueness of
an optimal control.

Similar results have been shown in Theorem 2.1 and Theorem 3.4 from [2]
in the one-dimensional case with a single push direction. The corresponding
results for a multidimensional singular stochastic control problem on the
infinite time horizon with time-independent drift, covariance, cost (i.e., for
the elliptic case) can be found in [11]. Our article contains a generalization
(or adjustment) of the approach of [2, 11] to an n-dimensional parabolic
problem. It turns out that while the main ideas from those papers may be
applied in our case, a mathematically rigorous analysis of our problem is
somewhat delicate and needs rather careful arguments.

Our motivation for pursuing this project is the hope that the results given
here will allow for a characterization of the optimal policy in the parabolic
case as a solution to the corresponding Skorokhod problem for a domain with
time-dependent (moving) boundary, which would be an analog of the main
theorem from [8]. Indeed, the analysis of [8] used the results from [11] as the
starting point, so it is plausible that their analogs will be useful in proving
the corresponding result on a finite time horizon. Such a characterization
would address a long-standing open problem on the structure of the optimal
control in the case under consideration. We hope to address this issue in a
subsequent paper.

Existence results for multidimensional singular control problems closely
related to our work may be found in [1, 3, 6]. Apparently, in spite of
their considerable generality, none of them contains our existence result
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as a special case. Indeed, in these papers optimal weak solutions to the
corresponding SDEs are constructed, while we are concerned about finding
an optimal strong solution, i.e., for the given (as opposed to some) filtration
and underlying Brownian motion. Moreover, the problem considered in [1]
is elliptic and the allowable control directions lie in a cone, the opening
of which cannot be too wide. In [3, 6] the time horizon is finite, but the
problem considered in [3] has the final cost instead of the running cost,
while in [6] the drift of the controlled diffusion is bounded, which excludes
its linear dependence on the state.

The structure of this paper is as follows. In Section 1 we pose the sin-
gular stochastic control problem, give definitions and prove lemmas needed
in further considerations. In Section 2 we prove estimates for the value
function. In Section 3 we consider the Bellman’s dynamic programming
principle (DPP) and the HJB equation related to this problem. Section 4
contains proofs of existence and uniqueness of an optimal control.

1. Notation, assumptions and lemmas. Let M"™*" denote the set of
matrices of dimension n x n with the operator norm, i.e. ||A|| = sup{|Az| :
x € R" |z|] = 1}. Let T > 0 be a fixed number representing our time
horizon. For a function u = u(x,t) : R" x [0, 7] — R we denote the gradient
and the Hessian of u with respect to the space variables (i.e., z;) by Du and
D?u, respectively.

Let (Wi, t > 0) be a standard n-dimensional Brownian motion defined on
a complete probability space (2, F, P). Let (F;,t > 0) be the augmentation
of the filtration generated by W (see [7], p. 89). Denote by V the set of
controls v which are left-continuous, adapted to the filtration (F, ¢t > 0)
random processes acting from [0, 7] into R", with P-a.s. bounded variation
and s.t. v(0) = 0 P-a.s. We note that these processes are also progressively
measurable (see [7], Th. 1.1.13). As it is customary in singular stochastic
control theory (see, e.g., [8]), we write v(t) = fot v(s)d&(s), where |y(t)] =1
for every t € [0,7] and ¢ is nondecreasing and left-continuous. In other
words, £(t) is the total variation of v on the time interval [0,¢] and () is
the Radon—Nikodym derivative of the vector-valued measure induced by v
on [0, T with respect to its total variation §.

Consider the state process described by the stochastic integral equation

(1) yurls) = + /t ’ (a(r)yxt(r) + b(r))dr n /t ()W + v(s — 1),

s € [t,T], where t € [0,T] is an initial time, x € R™ is an initial position,
b:[0,7] - R™ and a,o : [0,7] — M"™*" stand for the drift and the
covariance terms. Note that (yzt(s))se 7y is @ random process adapted to

(Fs—t)sept,1)-
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To each control v € V, we associate a cost given by the payoff functional

@)hm»=E{[?@ﬂ@x@aﬁ%mw@+¢€@w—ﬁﬂﬂ%ﬁ@—w},

where f, « and c are respectively the running cost, the discount factor and
the instantaneous cost per unit of “fuel”.

Our purpose is to characterize the optimal cost, the so-called value func-
tion

(3) u(z,t) = inf{Jy(v) : v € V}.

It is often convenient to consider the following penalized problem associated
with (3):

(4) ue(x,t) = inf{Jy(v) : v € V},

where € > 0 and V. is the set of all controls v € V which are Lipschitz
continuous and |22 (¢)| < 1 for almost every ¢ € [0, 7] almost surely.

Definition 1.1. We say that the finite time horizon stochastic control prob-
lem has the dynamic programming property in the weak sense if for every
r €R™ t,t' €[0,T] s.t. t <t and yY,(s) given by (1) with v = 0 we have

t

t! y
(5) u(x,t) <E { FOO,(s), s)e™ e o gs a0, (#),t)e )i “(”d’“} .

Let us assume the following:

e «, c¢ are Lipschitz continuous from [0, 7] into [0, 00) with constant
L >0,

b is Lipschitz continuous from [0, 7] into R™ with the same constant
L >0,

a, o are Lipschitz continuous from [0, 7] into M"*" with the same
constant L > 0,

there exists cgp > 0 such that c(t) > ¢ for all t € [0,T7,
f:R*x[0,T] — [0,00) and there exist constants p > 1, Cy, Co > 0
such that for all ¢,¢ € [0,T], z,2’ € R™ and X € (0,1) we have

(6) ColzlP = Co < f(x,1) < Co(1+ |z]?) ,
(1) |f(,t) = fe+a',8)] < Co(1+ f(w,t) + fla+a',0) " Pla]
(8) f (@, t) = f(a, )] < Co(1 + [aP)[t —¢'] ,

0< flz+ X' t)—2f(x,t) + flz — A2/, t)
< CO/\2(1 + f(l',t))q y 4 = (1 - 2/p)+'

The last assumption implies strict convexity of the function f with respect
to x.
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Let us denote by cmax and aumax the maximum of the function ¢, «, respec-
tively. Moreover, by Gmax, Omax, Bmax and bmax we denote the maximum
over ¢t € [0,7] of the norms of the matrices a(t), o(t), 8(t) and the vector
b(t) respectively, where 3(t) = o(t)o’ (t).

Now we give lemmas needed for the proofs of the Theorems 2.1 and 2.2.
The first one is well known.

Lemma 1.2. For all x,y > 0 we have
2 P < (z+y)P <PTHaP +yP), if p2 1
2@ +yf) < (2 +y)P <af P, if pe(0,1).

Lemma 1.3 (See [10], Corollary 2.5.12). Consider an n-dimensional process
described by a stochastic integral equation

t ¢
x(t) = xg +/ g(x(s),s)ds +/ h(z(s),s)dWs, t>0,
0 0
where zg € R™, g : R® x [0,00) — R™ and h : R™ x [0,00) — M"*". We
assume that there exists a constant C' such that for all x € R™ and t > 0
(10) [z, t)]] + |g(z,t)] < C(1 + |z]).

Then for every q > 0 there exists a constant C11 > 0 depending only on
q,C such that for allt >0

(11) E sup |z(s)|? < Ci1 e“H(1 + |zo|)%.
0<s<t

Remark 1.4. For the process y,; defined by (1) with v = 0 the assumption
(10) holds. Indeed, o is Lipschitz continuous, independent of = and defined
on a finite time interval [0, T, so it is bounded. We conclude the same about
a,b, 50 lg(x, )] = [a(t)-2+b(8)] < C(1+]al), where C = max{]a(t)], [o(t)
te 0,1}

Lemma 1.5. Let z,2’ € R", t € [0,T] and g(s) = yxt(s) — yue(s) for
s € [t,T]. Then

d
(12) d—i(s) = a(s)g(s), l9(s)| < Chalz — 2|, s € [t, T,
where Co = (1 + amaXTeamxT).
Proof. In view of (1) we have
g(s) =z —a'+ / a(r)(Yut(r) — yore(r))dr = o — 2’ + / a(r)g(r)dr.
t t

Taking the derivative d/ds of both sides, we get the differential equation
%(s) = a(s)g(s) with initial data ¢g(t) = = — 2/. The solution of this
problem satisfies

|()]<|x—x!+/ la(r) \dr<|:p—x|—|—amax/ lg(r)|dr.
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Using the Gronwall’s inequality (see [4], p. 625), we get the second part of
(12). O

Lemma 1.6. Suppose that for some x € R", t € [0,T], v € V we have

/ Flyaa(s), s)e 5 4D g < O(1 4 [af?)

for a suitable constant C > 0 independent of x,t. Then

/ f(yze(s), s)ds < Ci3(1 + |z|P), where C13 =C - olo alrdr

Proof. Indeed, multiplying both sides of our assumption by et a(r)dr e

T
E / Flym(s), s)els a0 gs < Ol adr (1 4 2Py < C15(1 + [2[P).
t

Of course, the left-hand side is not smaller than E ftT f(yze(s), s)ds. O

Lemma 1.7 (Compare a statement in [17], p. 181). The function Jy(v) is
conver with respect to (x,v), more precisely, for all x1,zo € R™, t € [0,T],
vi,v2 € V and 0 € [0, 1],

J9271+(1—9)x2,t(07)1 + (1 - 9)1}2) S 0Jx1,t(vl) + (]- - G)sz,t(UQ) .

Proof. First, we note that the set V is obviously convex. Let y%(s) be the
solution of (1) corresponding to a control v. Denote vy = v + (1 — 0)va
and zg = 01 4+ (1 — 0)xe. In view of the definition of J,.(v), it suffices to
prove two following inequalities

(14)  f(uai(s),8) < OF(7 () 8) + (1= 0)f (i3 4(5),5), s € [t,T]

T T T
(15) /tdso<s—t>§e/t d51<s—t>+<1—e>/t deafs — 1)

where &y, &1, &2 are the total variations of vy, vy, vo respectively.

The latter inequality is a consequence of the fact that the variation of the
sum of functions is not greater than the sum of their variations. So &y <
0&1 + (1 — 0)&. Because &, &1, & are nondecreasing and &p(0) = &(0) =
£2(0) = 0 P-a.s., we conclude that (15) is true.

To prove (14) we show first that

(16) Yno,t(8) = Oy 4 (s) + (1 = O)ys; 4(s) -
Indeed, using (1) we get

S

Yut(8) = @i + /ts (G(T)yii,t(r) +b(r)) dr + / o(r)dWe_¢ + vi(s — t) ,

t
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i=0,1,2. Let g(s) = g 4(s) = 0yz) 4(s) — (1 = O)y; 1 (s). Then

x1,t

o) = [ alr) (323.00) = 002 () = (1= 003 () = [ alr)gtrir

Taking the derivative d/ds of both sides, we get the differential equation
%(s) = a(s)g(s) with initial data g(t) = zo — 0x1 — (1 — 0)xa = 0. The
solution of this problem is ¢g(s) = 0, so (16) holds. Using (16) and convexity
of f we have (14). O

Lemma 1.8. Suppose that for some t' € [0,T], z € R", v € V we have
T—t/ .
E / c(t' + s)e” Jo A+ ge(5) < O(1 + |fP)
0

for a suitable constant C > 0 independent of x, t'. Then there exists a
constant C17 > 0 independent of z, t' such that

(17) EE(T —¢') < Cuel(1 + o),

Proof. Indeed, multiplying both sides of our assumption by elo " alt+rydr

and using the lower bound of ¢, we get

Tt

Tt T—t

CoBE(T — 1) = o / de(s) <E / ot + s)el ! e+ ge o)
0 0
< Celo @Wdr(q 4 |z pp). 0
Lemma 1.9. Suppose that for some x € R™, t € [0,T], v € V we have
T—t
E/ Flyar(t+ )t + s)e™ o e 4s < O (1 + |2fP)
0

for a suitable constant C' > 0 independent of x, t. Then there exists a
constant C1g > 0 independent of x, t such that

T—t
(18) B[ (1 e+ 5)P)ds < Cag(1 4 Jol”).
0
Proof. From Lemma 1.6 we know that
T—t
IE/ flyat(t +8),t + s)ds < Cy3(1 + |x|P).
0
Using (6), we get
T—t ,
E/ (Colyua(t+ )P — C)ds < Cug(1 + af?).
0

Hence

T—t
am/ lyat(t + 8)Pds < (Cis + CoT)(1 + |2?)
0
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and finally
COIE/ (L4 lyse(t + 5)P)ds < (Ci3 + CoT + CoT)(1 + |«f?) . O
0

Lemma 1.10. Let 0 < ¢/ <t < T and suppose that for somex € R", v eV
we have

T—t'
E/ Flyer (' + ), + s)e” Jo A gs < (1  |2P)
0

for a suitable constant C' > 0 independent of x, t, t'. Then there exists a
constant Ci9 > 0 independent of x, t, t' such that

T—t
(19) E / Fyer (€ + ).t + 8)ds < Cro(1 + [2).

Proof. We observe that using (8) we have
I arr (4 )t +8) < | f(yorr (' + 8), 8+ 8) = [ (gar (¢ + 5)," + 5)]
+ f (Yar (' + 5),1" +5)
< Colt = [(1+ [yar (' + 5)7) + f (yar (' + ), 8" + 5).

Hence, in view of Lemma 1.6 and Lemma 1.9, we get
T—t
E/ far (t' + 5),t + 5)ds < Colt —t'|Crs(1 + |2[7) + Ci3(1 + [x]")
0
< Cro(1 + |zfP),
where 019 = CoTClg + 013. O

Lemma 1.11. Let 0 < ¢ <t < T,z € R", v e V. Assume that
Tt
E/ Flyar (t + ).t + s)e™ Jo 2 gs < C(1 4+ [af?)
0

for a suitable constant C > 0 independent of x, t', t. Then there exists a
constant Ca > 0 independent of z, t', t such that for all s € [0,T — t] we
have

(20) Elyzr (¢ + 5) = yar(t + )P < Coolt = 'P(1+ [z .
Proof. For s € [0,T — t], we have

Yot(t+s) = z—{—/os (a(t+r)ym(t+r) —|—b(t—|—r))dr—|—/08 o(t+r)dW, +v(s),
Yprr (' +35) = x+/05 (a(t'—i—r)yxt/(t’+7")+b(t'+r))dr+/08a(t'—i—r)dWr—i-v(s),

SO

(21) yxt’(t/ + S) - ymt(t + S) = As + Bs + M57
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s
I

/O (@t 4 Py (€ 4+ 1) — alt + P)gar(t + 1)) dr = AL+ A2,
A= [ alt ) e ¢ 4 ) = e+ 1)

A2 = /0 C(alt 4+ 1) — alt + 7))y (¢ + )dr,

Bs = /Os (b(t' +7) = b(t+7))dr,

Msz/o (ot +1) — ot + 1)) dW,.

Recall that a, b, o are Lipschitz continuous with the constant L. The process
M; is a martingale with quadratic variation

[M]s = /O (ot + 1) — a(t+7))dr < L2t — s

This, together with the Burkholder-Davis-Gundy inequalities (see [7], The-
orem 3.3.28), implies the existence of a constant C,, depending only on p,
such that

(22) E sup |MP < C,LPT3|t —t'|P.
0<s<T—t
Clearly,
(23) sup |Bs| < LTt -1
0<s<T—t

By the Holder’s inequality, for ¢ = p/(p — 1) we have

(24) AP < (a%es) / e (€ + 1) — gt + 1) P,
(25) AP < ((Ljt — ¢'))7s) 5 / ot (¢ + PP

By Lemma 1.9, the inequality (18) holds for every t € [0,7]. Lemma 1.2
and the relations (18), (21)—(25) imply that the random variable

sup ’ymt’ (tl + S) - ya:t(t + 5)|p
0<s<T—t
is integrable and hence, by the Lebesgue dominated convergence theorem,
the function F(s) = Ely,e(t' + 8) — yze(t + $)|P is continuous on [0, 7 — t].
From Lemma 1.2 and (18), (21)-(25) we also have, for each s € [0,T — ¢],

F(s) <ci|t—=t[P(1+|z|P) + 02/ F(r)dr
0
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where ¢; = 22P=2(LPTP + C,LPT% + (LT)4Cis), ¢ = 227~2a8,q, T, This,
together with the Gronwall’s inequality (see, e.g., [7], Problem 5.2.7), implies
that for all s € [0,T — ¢,

F(s) < cilt —t'[P(1 + |zfP) (1 + CQ/ eCQ(S_T)dr)> .
0
We have obtained (20) with Cop = ¢1(1 + 2 fOT e2(T=")dr). O
Lemma 1.12. Suppose that for some x € R"™, t € [0,T], v € V we have
T S
]E/ Far(s), s)e™ e e ds < C(1+ |al?)
t

for a suitable constant C > 0 independent of x,t. Then there exists a
constant Cog > 0 independent of x, o', t such that for every ' € R,

T
(26) E/ fWarart(s), s)ds < Cog(1 + |2’ + |z + 2'[F).
t

Proof. From (6) and Lemma 1.2 we have
T T
E [ frra(s),9)ds SE [ Col1+ parals)ds
t t
T T
<TCp+ 002p_1E/ |Yztar 1 (8) — Yt (s)[Pds + COQP_lE/ Yzt (s)[Pds .
t t
Now using Lemma 1.5, Lemma 1.9 and Lemma 1.2 again, we get

T
E/ FWarar 1(8),8)ds < TCy+ Co2P~ T - CF, |2’ |P + Co2P~ 1 C15(1 + |z[P)
t

< TCo + Co2%~2T - C%, (|2 + I + |[P) + Co2?~ Crs(1 + |2I?)
< Cos(1+ |z]P + |z + 2'|P),

where Cys = C (T + 2227 . sz + 2p—1018). ]
Lemma 1.13. Suppose that for some x € R™, t' € [0,T], v € V we have

T—t'
E/ e (4 8), 1+ s)e=J5 @€+ gg < O(1 1 [2JP)
0

for a suitable constant C' > 0 independent of x,t'. Then there exists a
constant Co7 > 0 independent of x, t', t such that for every t € [¢',T],

T—t
(27) B[ Flyalt + 5),t+ s)ds < Cor(1 5[,
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Proof. Using (6) and Lemma 1.2, we have

T—t

T—t
IE/ fyze(t+ 8),t+s)ds <E Co(1 + |yt (t + 8)|P)ds
0 0

T—t
< CoT + 27"1001[-3/ |yt (t/ + s)|Pds
0

T—t
T 2p‘1CUIE/ Yt (t + 8) — ypr (' + 5)[Pds .
0

In view of Lemma 1.9, the Fubini’s theorem and Lemma 1.11, we get

T—t
E/ (yat(t + 5),t + s)ds
0
< CoT + 2p_100018(1 + ‘.%"p) + 2p_1C()TCQ()‘t — t/’p(l + \x]p)
< Cor(1+ |z7),
where Co7 = Cp (T + 2p—1018 + 2p—1Tp+1020)' O

The next two definitions and lemma refer to mollification of a given func-
tion (see [4], p. 629-630).

Definition 1.14. Define n € C*°(R") by

C —4 ) iflz| <1
(28) n(x) = 28 €XP <‘x|2_1) 1 |$’
0 if |z| > 1,

where the constant Cag is selected so that [p, n(xz)dz = 1. For each m € N
set N (z) = m™-n(maz). We call ) the standard mollifier. The functions 7y,
belong to the class C*°(R") and satisfy [p, 1m(z)dz = 1.

Definition 1.15. Fix t’ € [0, T]. For each m € N we define mollification of
the function wu(-,t') by
wn@) = [ (e -y, @R
B(0, L

where B(0,7) = {z € R" : |z| < r}.

Lemma 1.16. For each m € N we have u,, € C*(R"™). Moreover, if u(-,t")
is continuous, then uy,(x) — u(x,t’) uniformly on compact subsets of R™ as
m — 00.

2. Estimates for the value function. Let the assumptions from Sec-
tion 1 appearing immediately after Definition 1.1 hold.

Theorem 2.1. Let u be the value function defined by (3). Then for some
positive constants Cag, C39, Cs1, the same p > 1 as in the assumptions (6)—
(9) and every t € [0,T], z,2' € R™ and X € (0,1), the following estimates
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hold:

(29) 0 <wu(wx,t) < Co(1+|zP),

(30) lu(z,t) —u(z + 2',t)] < Cso(1 4 2P~ + |z + 2P~ Y)|2] ,

(31) 0 <u(z+ ' t) — 2u(z,t) + ulz — Aa',t) < Cyy A2 (1 + |z) P27
Proof: Proof of (29). Nonnegativity of u is the consequence of nonnega-

tivity of f and c¢. Next, taking the control v = 0 and using (6), the Fubini’s
theorem, Lemma 1.3 and Lemma 1.2, we get

T
w(z,t) < Jpt(0) = E / 0 (s), )= I gg
t
T T
<E [ Colt+ WPs = Co [ B+ (6)P)ds
¢ t
T
< Co/ E (1 + Cnecll(s—t)(l + ‘:L'|)p) ds
t

T
< Co [ (4 CueC T 1+ o)
0

= CoT(1 + Crye® 27 1) (1 + [a?)

= Coo(1 + [z/"),
where Ca9 depends only on Cy, T, Cy1, p, so (29) is proved. O
Proof of (30). Now we note that

w(w -+ 1) = u(w,t) = it sup (Jorars(v)) = Joa(v))
v’ ey veEY

< sup (osars(v) = Jaa(v) )
veY
Hence

u(z 4+ 2',t) —u(x,t) < sug | Jat (V) = Jotar i (V)]
ve

T
= supIE/ |f (y2t(5), 8) = f (Yorari(s), s)|e” Jiemdr g,
veEV t

Applying (7), we can estimate the last expression from above by

T
Slelg E/t 00(1 + f(yxt(s)a S) + f(yac—i-z’,t(s)a S))l_l/p : ’yxt(s) - ym+m’,t(8)|d8'

Using Lemma 1.5, we have
u(z + 2, t) — u(z,t)

p—1

T
< sug CoCral’| E/ (1 + fys(s),s) + f(yx+x/7t(s),s))7ds.
ve t
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We use the Holder’s inequality with exponent 7 to estimate the last ex-
pression above by

T
(32) sup 00012|.1‘/| ’ <E/t (1 + f(yzt(8)> 5) + f(nyr:r’,t(s)v S))d8> T».

veY

By virtue of (29) we can consider only those controls v for which

/ Fyan(s), 8)e™ 5 X 4 < (Cog + €)(1 + |2f?)

for some arbitrary € > 0. From (32), Lemma 1.6 and Lemma 1.12 we see
that

w(z + 2, t) — u(z,t) < CoChal’| (T + Chs(1 + |zf?)
=l
+ Cog(1 + |zP + |z + :c’\P)> " T
p—1
< Cyol2'| (L4 |z|P + |z +2'P) 7,

where C3g = TP . CyCyo(T + C13 + Cos) /P, Finally using Lemma 1.2,
we get

u(x 4 2/, t) — u(x,t) < Czo(1 + [P~ + |2 + 2/ P71 |2).
In an analogous manner we get the same estimate for u(z, t)—u(z+2',t). O

Proof of (31). We observe that

u(x + M’ t) +u(x — ', t) — 2u(x,t)

< Su]F}) (Jer)\x/,t(U) + Ja:f/\x’,t(v) - 2th(v))
ve

T S
= sup E/t (f(yx+)\50/7t(s)’ ‘9) + f(yx—)\:c’,t(s)7 S) - 2f(yxt(5), S)) e ft a(r)deS.

veY

In view of (12) we can apply (9) to get
w(z + A2’ t) +u(z — X', t) — 2u(x, t)
(1-2/p)*
)

S .

T
< supE/ Co? (1 + f(yzt(s), s)
veY t
If p < 2 we have u(x + A2/, t) + u(z — \a’ t) —2u(z,t) < CoTH2. If p > 2

we use the Holder inequality with exponent 5 to get

w(x + A’ t) + u(x — A’ t) — 2u(x, t)

T 1-2/
<supCoX* (B [ (14 flum(s),s)ds) 17
t

veY
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By virtue of (29) we can consider only those controls v for which

T
E/ Far(s), 8)e 5 a0 ds < (Cog + €)(1 + |2?)
t

for some arbitrary € > 0. From Lemma 1.6 and Lemma 1.2 we see that

w(z + A2’ t) +u(r — Mo’ t) — 2u(x, t)

>172/pT2/p

< CA2 <T + O3l + [zP)
< O N2 (1 + |z[P)t 2P
< O \2(1 + |z|)P2,

where C3; = T?/PCo(T 4 C13)'~2/P. We have proved the upper bound
of (31).

To prove the lower bound of (31), it clearly suffices to prove convexity
of u(x,t) with respect to the first variable. In view of the definition of u
we know that for every € > 0, 1,29 € R", t € [0,T], 6 € [0, 1] there exist
v1,v2 € V such that Jg, +(v;) < u(x;,t) +€ i=1,2.

Using Lemma 1.7, we get

u(0x1 + (1 — O)xo,t) < J9x1+(179)x2,t(901 + (1 —6)ve)
< 0J$17t(1)1) + (1 - O)sz,t(v2)
< Ou(zy,t) + (1 — O)u(za,t) + €.

Because € > 0 is arbitrary, we get convexity of u(z,t) with respect to the
first variable. 0

Theorem 2.2. Let the assumptions of Theorem 2.1 be satisfied. Assume
that the dynamic programming property in the weak sense holds (Defini-
tion 1.1). Then for some constant Cs3 > 0 and every t,t' € [0,T], x € R™,
we have

(33) lu(z,t) — u(z,t')] < Cs3(1 + |zP)|t — ] .

Proof. We note that

. A . ()
o) =) = 1 oup (J () = Jee ()

< sup (Jmt(v') — T (U')).
v'ey
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For ¢ <t the difference Jy¢(v) — Jpp(v) is equal to

T—t .
B { [ (ot 81,04 o) Sieteene
0
— flyar (' + 8), ' + s)e"Jo a(t/”)‘”) ds
T—t . .
+ / (c(t +s)e Joaltndr _ o/ 4 gye= Jo ot *’”)dr> dé(s)
0

Tt/
- / fyze (' +5),t' + 5)e” Jo alt'+r)dr g4
T—t

Tt/
—/ c(t’ + s)e= o O‘(t/”)d’”d&(s)} .
T—t

Let us denote the expectations of the first two integrals in the last expression
by A and B, respectively. Because the last two integrals are nonnegative
we get

(34) Jet(v) — Jop(v) < A+ B .

We can estimate B as follows:

T—t
B < E/ ‘C(t + 8)6_ Jo a(t+r)dr _ C(t, + 8)6_ Jo a(t'+r)dr d{(s) )
0

Adding and subtracting c(t + s)e™ Jo o' +r)dr ynder the absolute value sign
and using the triangle inequality and positivity of a, we get

T—t
B < E/ (Cmax‘ei Jo a(t+r)dr e Is a(t/+r)dr‘ + \c(t—i—s) —C(t/+8)‘>d§(8).
0

Because |e* — eY| < |x — y| for x,y < 0 and ¢, « are Lipschitz continuous,
we have

T—t s
B< IE/ (cmax/ la(t + 1) — at’ + r)|dr + |e(t + 5) — e(t' + s)|)d§(s)

0 0

T—t
< (emaxT + 1)Lt — t’|E/ dE(5) = (emanT + 1) L]t — '[EE(T — 1).
0
By virtue of (29) we can consider only those controls v for which
Tt o
E/ o(t! + s)e™ 5 I Ge(5) < (Cog + €)(1+ o)
0

for some arbitrary e > 0. Using Lemma 1.8, we get E{(T —t) < E¢(T—t') <
Ci7(1 + |z|P) and

(35) B < Cs5 [t —t|(1+4|z|P) , where C35 = (cmax? + 1)LCy7 .
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Now we estimate A:
T—t
A< E/ ‘f(yﬁ(t +5),t 4 s)e Jo alt4ndr
0

— fyzt(t+s),t+s)e” Jo a'+r)dr| 1o

T—t
VB [ [flumlt+ s), e o) o
0

— f(yerr (' + 8),t' + 8)e” J a(t' +r)dr
=A+ Ay .

Using the inequality |e* — e¥| < |z — y| for z,y < 0 again, we get

A < E/OT_tf(ya:t(t—i- s),t+ ) </Os la(t+7) —a(t’ + r)]dr) ds

ds

(36) T
<TL|t -t IE/ f(yzt(t+ 5),t + s)ds .
0

By virtue of (29) we can consider only those controls v for which

T—t'
(37) E/ F@ar (' + 5),t' + s)e™Jo AN gs < (Cog 4 €)(1 + | |P)
0

for some arbitrary € > 0. Using (36) and Lemma 1.13, we get
(38) Ay < Csg |t —t'|(1+ |x|P) , where C33 = TLCy7 .

To estimate Az we use (7)—(8) and we have that As is less than or equal
to

T—t
E/O sl + ), 4 ) = Flyar (4 5), 14 5)

 F (4 ), 5) = Flyer(t +5),¢ + )| ds

Tt , 1-1/p
<E [ o1+ flunlt+ 50t +9)+ Flu(t )0+ )
0
X [Yar (' + 5) = yar(t + 5)|ds
T—t

+E Co(1+ |yar (' + 8)|P)|t — t'|ds = A3 + Ay .
0

Using the Holder’s inequality and the Fubini’s theorem, we get
T—t 1-1/p
A3 < {E/ (14 Flart + 5),t 4 5) —|—f(yzt/(t'+s),t+s))ds}
0

1/p

T—t
X {/ Elyey (t' + 8) — yaur (t + s)\pds}
0
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From this together with (37), Lemma 1.13, Lemma 1.10 and Lemma 1.11
we have

A3 < Co{(T + Cor + Cro)(1+ [a?)} P TCoolt — £ (1 + |x\p)}1/p.
Because 1+ |z|P < (1 + |z|)P, we get
Az < Co(T + Caor + Cro) " VP(1 + |2 )P~1 - (TCo) VPt — #/|(1 + |]).
Hence, from Lemma 1.2,
(39) Az < Caolt —t'|(1 + |]?),

where Csg = Co(T + Ca7 + 019)1—1/p(TC20)1/p2p—1' Furthermore, from
Lemma 1.9 we get

(40) Ayq < C40‘t — t/’(l + ‘$|p), where Cyg = CyCis.
In view of (34)—(35) and (38)—(40) we get for ¢’ <t,
(41) u(z,t) —u(x, t') < Cplt — |1+ |z|P),

where Cy; = Cs5 + Csg + Csg + Cip.
To obtain a similar inequality for ¢ < t’ we proceed as follows. Let
(ygt(s))se[t 7 be a solution of (1) with v = 0. We can write the i-th coor-

dinate of 3,(s) as follows

(42) 9 (s)i :xﬂ—/ Za” )y (r); + bi(r dT+Z/ oij (r) AW},

t

i = 1,...,n, where subscripts denote the corresponding coordinates. Let
{um(*) }nen be a sequence of mollifications of the function wu(-,t’) (see Def.
1.15). Applying the It6’s formula ([7], Th. 3.3.6), we get

Etm (y2:(t'))

=up(z)+E En : /t/ um ( y$t E a; j+bi(s) | ds
m 2 J; D ’L] yxt i
43 ZmAIzt A0/ . 11,74
(43) +E ;:1 /t e, jEZl oij(s)dW;_,

aQUm yxt ) 0 0
+ E Z / 8{61an d[yit(s)hyxt(S)]]

».7_
=up(z) +A+B+C.

We need the following lemma.
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Lemma 2.3. We assume (29)—(31). Lett' € [0,T] be fized. Then there exist
constants Cys, Cag > 0 such that for allz € R", m € N andi,j € {1,...,n},

. o /
(44) W}gnoo um(z) = u(z, t'),
aum(x> -1
oM <« 1 P
(45) D, < Cu5(1+ |z)
(46) 0 < Pm(@) < Cue(1 + |zP).
= Onoz, 46
We estimate A as follows
" O (10, (s =
nxnys [ 2] S 0 618 o)+ blo)| ds
i=1 v j=1

n t!

|20 ) - o) + (o) s

Using Lemma 2.3 and Lemma 1.2, we see that A is not greater than

ZE C45 L+ [42(8) )P 1 (@max + bmax) (1 + [y5(s)])ds
(47)

t/
< CyE / (1+ 12 (5)[P)ds
t

where Cy7 = n2Cy5(amax + bmax)2P L.
Now we show that B = 0. Indeed,

n s 0 .
B=E E Zij (t/), where Zij(s) = / ngj (T)deft for s € [t, t/].
T

ij=1 ¢
From properties of the Itd’s integrals (see [7], Section 3.2) the process
(Zij(s))se[t ] is a martingale provided that

E [’ (WW))ZS <o,

Using Lemma 2.3 and Lemma 1.2, we have

t 8um 2 s 2 t/
]E/t <(ay$t(>)0"u(5)> dSSE . 04%5(1+|y2t(3)|)2p 2 maxds

t/
<% o2 E / (1 + [s2(5))) P ds
t

< Ch o 2P E [ (1 W) s
t
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Using the Fubini’s theorem and Lemma 1.3, we get

E /f (WW)Z&

t/
< Oy Omax2” 1/ (1 + Cryen T (1 + |x’)2p>ds < 0.
t
Hence Z;; is a martingale and EZ;;(t') = EZ;;(t) = 0. So

(48) B=E Zn: Zi;(t') =

3,j=1

Now, using the conventional “multiplication rules” (see [7], p. 154), we
know that

dsds =0, dsdW! =0, dWidW!=ds, dWidWI =0 fori# j.

So in view of (42) we can write

AYe(5)ir Yo (s ZUzk s)dW?r, - ZU]l Wi, = Zaik(s)ajk(s)ds
k=1

From Lemma 2.3 we have
1 — 0 (12
_ _ E xt
2 ,]Z:I /t 895,8:6] ZUZk 8)ji(

(49) Z E C46 1+ ‘yazt( )‘p)nagnaxds
i,j=1

tl
= Cyg E/ (1+ |ygt( )|P)ds, where Cyg = *0460max”3-
¢

In summary, in view of (43) and (47)—(49)

Ettn (ye(t)) < um(z) + (Caz + Cao) E /tt (1+ lyze(s)P)ds

Taking the limit as n — oo and using the Fatou’s lemma, we get

B0 Eu(A.0) < uent) + O | D14 g ()P)ds

Cs0 = Cy7 + Cy9. Furthermore, from Lemma 1.2 and Lemma 1.3 we have
for each s € [t, T

(51) E(1+ [y%(s)P) < Cs1(1+ |2[P), Cs1 = Crye“mT2r71 41,
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Next, from (5), (6), (50), (51) and the Fubini’s theorem we conclude
t )
u(z,t) <E { F(ygy(s), 8)e™ Joamdrgg 4 u(yS, (1), t)e” i a(r)dr}
t

< Co [ B+ P ds + B (0). 1)
< (CoCs1 + Cs0C51) (|t — '|(1 + |zP)) + u(z, t').
Hence, for t < t/
(52)  u(w,t) —u(z,t') < Csolt —'|(1+ |z|P), Cs2 = C351(Co+ Cxo) -
It is clear that (41) and (52) imply (33). O
Now we give the proof of Lemma 2.3.

Proof: Proof of (44). The continuity of u(-,t’) is a consequence of (30).
So in view of Lemma 1.16 we conclude that lim,,—co um () = u(z,t'). O

Proof of (45). Let z € R", 0 < |2/| < 1. From Definitions 1.14, 1.15 and
(30) we get

[t () — (2 + 2')] =

/ ) N (Yy) (u(x —y,t) —u(z+ 2" -y, t/))dy
B(O,L

s/ m® - nimy)lule — g ) —ulz + o —y,)|dy
B(0,1)

’m

< 028030|33'\m"/ 1 (1 +le -yt e+’ — yl”_l)dy.

Because |2/| < 1 and |y| < L <1, we have
Ltz -yt +lo+a" —yP <14+ 0+ 2P+ (24 2))P!
< (24207 (14 |z
Furthermore (see [4], p. 615),
1n/2 1 0o
/ dy = =7+ —, where I'(t) = / s le~%ds, for t > 0.
B(0,) M(g+1) m 0
In summary,
|tum (%) — up (2 + )| n/2
< COCp=7—
| < Cag 30I‘(%+1)
Taking the limit as |z’| — 0 on both sides, we conclude (45). O

(2420711 + J2 )P,
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Proof of (46). Let 2/ € R™ and X\ € (0,1). We have
U (T + AZ") — 2up (x) + upm(z — A2')

= / M (y) (w(@ + A2’ ') — 2u(z, ') + u(z — X', t'))dy.
B(0,:)

From (31) and nonnegativity of 7,, we conclude that 8;;’5:(5) > 0. On the

other hand, using (31) and mimicking the proof of (45), we see that
Um (T + A1) — 2upm () + up (x — M)

= / m"™ - n(my)C A2 (1 + |2 )=  dy
B(0,4)
n/2

<\ (O9Cl3p ————
~ 28 Slf(%—i—l)

(1+ Ja)®=2".
For p € (1,2], (14 |z[)P=2" =1 < (14 |z[P) < 2271(1 +|z|P). For p > 2, in

view of Lemma 1.2, (14]z[)®=2" = (1+]z|) (1+]z|)P < 2071 (1+|zfP).
Thus, for all p > 1 we have

U (2 + A2') = 2up (2) + up (2 — ) /2
< -
v < CasCs1 NCESY)

27711 + |zP).

Taking the limit as A — 0 , we can conclude (46). O

Remark 2.4. Theorems 2.1 and 2.2 are true for functions wu. (see (4))
instead of u. Indeed, in view of the proofs we see that the constants
C9, C39, C31, C33 do not depend on e.

Remark 2.5. It follows from (44)—(46) that for every ¢’ € [0,T] Duy,(-;t’)
converges to Du(-,t') the distributional gradient of w with respect to x
almost uniformly as m — oo (see the proof of Theorem 3.5, to follow, for a
similar argument, with u,, replaced by ue,, ). This implies differentiability
of w with respect to x in the classical sense (see, e.g., Theorem 7.17 in [13]),
so Du is the classical gradient of u with respect to z at any point (z,t') €
R™ x [0,T]. Moreover, by (46) Du,, are locally Lipschitz in = uniformly in
m, so Du is also locally Lipschitz in . Thus Theorems 2.1, 2.2 and their
proofs imply that the value function u(z,t) has generalized derivatives of
the first order with respect to ¢ and of the second order with respect to x.
These generalized derivatives belongs to the space L (R™ x [0,77]) of all

loc
functions essentially bounded on every open bounded subset of the domain.

Proposition 2.6. For all z € R" and t € [0,T] we have u(x,t) < (¢max +
Ca9)(1 + []).
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Proof. Let 2/ € R" be arbitrary. Consider controls for which limg o4 vs =
z. In view of (2) and (3) we have

w(z',t) = inf{Jp(v) 1 v € V} < c(t)|z]| + inf{Jpyar 1(v) s v € V}
= c(t)]z| + u(z +2',1).

So u(z',t) —u(z + 2/, t) < ¢(t)|z|. Similarly u(z + 2/, t) — u(2/,t) < c(t)|z],
S0

(53) u(z + 2/, t) —u(@', )] < c(t)]x].

t)
Taking ' = 0, we get |u(z,t) — u(0,t)] < e(t)|z]. From (29) we see that
u(0,t) < Cag so u(x,t) < c(t)|z|+u(0,t) < cmax|z| +C29 < (Cmax + Ca9)(1+
). O

Remark 2.7. The proof of Proposition 2.6 is not valid for u. instead of
u, because if a control v € V., then it is continuous, so the condition
limg_,04 vs = x is invalid for x # 0.

Remark 2.8. The value function u(x,t) satisfies |Du(z,t)| < ¢(t) for all
(x,t) € R™ x [0,T]. Indeed, the gradient exists for all (z,t) € R™ x [0, 7]
in view of Remark 2.5. From (53) we see that the first derivative of u(z,t)
with respect to x in any direction is bounded by ¢(¢). Hence, the norm of
the gradient Du(x,t) is bounded by ¢(t), too.

3. Dynamic Programming Principle and HJB equation. To con-
sider the DPP and the HJB equation for our problem we will first prove the
pointwise convergence of u. to u if € — 07. For this purpose we need an
integral form of the Gronwall’s inequality with locally finite measures.

Lemma 3.1 (see [18]). Let p be a locally finite measure on the Borel o-
algebra of [t,T], where 0 < t < T. We consider a measurable function ¢
defined on [t,T| such that ftT |p(r)|u(dr) < co. We assume that there exists
a Borel function v > 0 on [t,T] such that for all s € [t,T],

¢(s) < (s) + ¢(r)p(dr).

[t,5)
Then for all s € [t,T],

P(s) < (s) + : )¢( r)e D u(dr).

Theorem 3.2. For all (z,t) € R"x[0,T] we have lim,_,o+ ue(x,t) = u(z,t).
Proof. Fix z € R" and t € [0,7]. Consider an arbitrary v € V such that
Jut(v) < 0.

Step 1. We show first that v € LP(Q X [0,T — t], P ® jirep), where firep
denotes the Lebesgue’s measure. Since J,;(v) < 0o, we have

/fyxt s)ds < 00
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and from (6) we get

T
(54) E /t et (s)Pds < oo.

From (1) we can write for s € [t,T]

(55) v(s —t) = yur(s) — a — /t b(r)dr — /t () AW,y — /t () yan(r)dr

Using (54) and properties of the normal distribution, we know that each
term from the line above, maybe except for the last one, belongs to the
space LP(2 x [0,T — t]). But the last term belongs to this space, too.

Indeed,
T T p
ds <ab .. E/ / |yot(r)|dr | ds.
t t

T
E/

Using the Holder’s inequality and (54), we can estimate the last expression

above by
T T
@ E / / e (F) Pl - [T — 4P/ | ds
t t

T
< e TE [yl P < o,
t

where % + % = 1. Hence, from (55) we see that v € LP(2 x [0,T — t]).
Step 2. Now we define a sequence of bounded controls {vg, R > 0}

such that vg is convergent to v in the space LP(2 x [0,T — t]) and the
total variation of vg is pointwise convergent to the total variation of v from

below. Let
(s) v(s), lv(s)| < R
vr(s) =
R SR, Ju(s)| > R
We see that for all s € [0,7 — t] im0 vr(S) = v(s) and |vgr(s)| < |v(s)].
Hence, from Lemma 1.2 and Step 1,

[ vty

T—t T—t
E / l(s) — vr(s)Pds < 2K / lo(s)|Pds < oo
0 0

and using the Lebesgue’s dominated convergence theorem, we get
T—t T—t
lim E / (0(s) — va(s)Pds = E / lim [o(s) — vr(s)[Pds = 0.
R—o0 0 0 R—o00

The convergence in LP is proved. Moreover, if £(s),r(s) denote the total
variations on the interval [0, s] of the functions v, vg respectively, then for
all s € [0, T —t],

(56) En(s) < &(s) and Jim €n(s) = £(s).
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Step 3. Let y2,, yoi denote the state processes (see (1)) corresponding to
the controls v, vg respectively. We want to show that {y,7} is convergent
to yY, in the space LP(Q2 x [t,T]). First we observe that for s € [t,T],

Yor(5) — Yot () = / a(r) (Yze (1) = Yap (r))dr + v(s —t) — vr(s — t).
t
Denating sn(s) = Vi) 421 (2 and ) = o 1) = s — ).
can rewrite the last equality in the form zg(s j; r)dr + ug(s )
Hence |zr(s)| < [7 |2r(r)|amaxdr + |ur(s)]- Usmg Lemma 3 1 w1th ¢ = |zg|,
¢ = ’uR‘ and M = Gmax * ULeb; WE get
() < [un(s)| + [ un(r)leeedr
(57) b
< lun(s)| + Cs [ un(r)lar
t

where Cs7 = e®xT So from Lemma 1.2 and the Holder’s inequality

zr(s)]? < 2p—1{uR<s>|p + 057( / 8 uR<r>|dr> }

(58) < 2p—1{uR<s>|p + (s — 1Pl / 5 ruR<r>|pdr}

T
< 058{|u3<s>|p + / |uR<r>|pdr},

where % + % = 1 and Css = 2P~ (1 + CE,TP/9). Finally, in view of Step 2
we have

T T T
lim IE/ |zr(s)[Pds < lim C58E/ {\uR s)|P + / \uR(r)]pdr}ds

Step 4. The next step is to show that Jy(vr) — Jze(v) if R — oc.
Indeed,

’th(v) - Jzt(vR)| <

B [ (10l91.6) ~ S5, )) e 0

T
+ |E / c(s)e Jeedrge — ¢p)(s —t)| = Ag + Bh.
t
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In view of (56),

Br < Cmax

T
E/ A€~ Ep)(s — 1)

Using (56) again and the assumption that Jy(v) < oo, we see that E(&(T—t)
—&r(T —t)) < EE(T —t) < oo. Hence, from the Lebesgue’s dominated
convergence theorem we get

P}gn Bgr < hm cmaxE(ﬁ(T —t)—&r(T — t))
= Cmaux]E ngn (g(T - t) - fR(T - t)) = 0.

Using (7) and the Holder’s inequality, we have

T
AR <E / £ (5%(5),5) — F(425(s), 5)|ds

= cmaxE(E(T — t) — Er(T — 1)).

’ v v l—l/p v v
<B [ (U F0)8) + S 9) ' T ) — (9l

T 1-1/p 1/p
S{E/t (1+f(yge(s), )+ f (yof (5), 5) } { /’yact — Yot ( )|} :

In view of Step 3, the second factor in the last expression goes to 0 if
R — oo. We must show that the first factor is bounded. Indeed, from (6)
and Lemma 1.2 we can write

T
E / (14 F(%(5). 5) + (45 (s), 5))ds
T
< (1+Co)E / (24 W2 (S)IP + 25 ()P ds

T
<HGE [ (24 ()P + 27 o + 27 uk(s) - i () ).
t

Using (54) and Step 3 again, we conclude that the last expression is bounded
uniformly in R. Hence limg .o, Ar = 0.

Summarizing Steps 1-4, we know that J(vg) goes to Ju(v) if R — oo,
so we can consider only bounded controls.

Step 5. Consider v € V such that ||[v||c < R for some R > 0. We will
construct a sequence of controls {v,,n € N} convergent to v in LP(£2 x
[0, T —t]) and such that v, € V) 9np) for all n. Besides we shall prove that
the variation of v, is pointwise convergent to the variation of v from below.
Let v,(s) = nf(i_l/n)vov(r)dr, s € [0,T —t]. We observe that v, is a
progressively measurable continuous random process such that ||v, || < R,
so vy € LP(Q x [0, T — t]). From left-continuity of v we know that

(59) Vuen Vselor—g  lm vn(s) = v(s).
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Using the Lebesgue’s dominated convergence theorem, we get

T—t T—t
lim E/ lu(s) — vp(s)|Pds = E/ lim |v(s) — v, (s)[Pds = 0,

so LP-convergence is proved.
Now we want to check that v, € V1/2,r). Indeed,

4 n/ v(r)dr
ds (s—1/n)V0

Let &,(s),&(s) denote the variations on the interval [0, s] of the functions
U, U respectively. For convenience, we define v(r) = 0 for » < 0. Then
vp(s) = n [, 1/n? v(r)dr, s € [0,T —t]. Fix w € Q, s € (0,7 —t]. Let
IT = {sp, s1,-.., sk} be a partition of the interval [0, s], where 0 = sp < 51 <

- < S = S. Then
Si—1
/ r)dr —/ v(r)dr
szfl/n Siflfl/n

zk:h)n(si)— (si—1) ]—nz
i=1
/l/n (v(si +r—1/n)—v(si—1 +71— 1/n))dr

o] -

= n‘v(s) —v((s— 1/n)\/0)‘ < 2nR.

Ly

i=1 0
1/n
Sn/ Z‘v(ser—l/n)—v(si,1+r—1/n)‘dr
0 =1

1/n
<n [ e =g,
0
Letting ||II|| — 0, we get

(60) En(s) < &(s).
On the other hand, from (59) we see that

iy oa(s) = fi (51

HILIEOZ|Un $i) — vn(siz1)] < l1m1nf§n( ).

Letting ||II|| — 0 and using (60), we have
5(3) < liminf ¢, (s) < limsup fn(S) < f(S) = lim §n(3) = &(s).
n—o0 n—s00 n—o0

Step 6. In view of Step 5 we can mimic Steps 3 and 4 to conclude that
Jut(vn) = Jye(v) if B — oo, where ||v]|oc < R for some R > 0. From this
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and Step 4, remembering that v, € Vy/(2,pr), We can write
(61) inf Jy(v) = inf  Jy(v)
veY

ve €e>0 €
and lim,_,o+ ue(x,t) = u(z, t). O

Theorem 3.3 (Bellman’s dynamic programming principle). Let z € R",
t € [0,T] and let y2, denote the state process corresponding to a control
veV. Let T € [0,T —t] be a Markov time with respect to {F;}. Then

t+1 R
meziME{ Fals), s)e™ i 2 g
veY t

t+1 R
+ / c(s)e” J; O‘(T)drdf(s —t) +ulyy(t+71),t+71) }
t
Proof. For convenience let us denote
t+1 s t+1 R
Jot(v,7) =E f(y2(s),s)e” J; a(r)drds+/ c(s)e*ft o‘(r)d’"df(s—t) .
t t

It is known that DPP holds for regular stochastic control problems (see,
e.g., [10], Th. 3.1.6). Hence we have for each € > 0,

(62) ucla,) = inf {Jzt(v,f) + Eue(yl(t+7),t + T)}.

Considering any v € V., we have
Ue(z,t) < Jot(0,7) + Bue(yl(t +7),t + 7).

If ¢ — 0%, from Theorem 3.2 and the Lebesgue’s dominated convergence
theorem we get

u(w,t) < Ju(0,7) + Eu(ygt(t +7),t+ 7).

Because € > 0 and © € V, are arbitrary we can conclude that

63)  u(z,t)< inf {th(v,f) n Eu(y;t(t—i—T),t—i—T)}.

ve e>0 Ve

On the other hand, from (62)

(z,t) > inf Tt (0, Bu(y®, (t 4 7), ¢ .
uelest) 2 ol {a(,7) + Bulh (4 7).+ 7) )

Letting € — 0T, we get

64)  w(z,t)> inf {th(v,T) + Eu(ygt(t+7),t+7)}.

ve e>0 "€

The inequalities (63), (64) and an argument similar to the proof of The-
orem 3.2 (see (61)) imply that

u(zx,t) = inf {th(v, T) + Eu(yy, (t +7),t + 7‘)} O
veY
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Corollary 3.4. The dynamic programming property in the weak sense holds
(see Definition 1.1) and hence the value function satisfies (33).
Denote

Au(z,t) = W - %B(t) o D*u(z,t) — (a(t)x + b(t)) o Du(z,t)

+ a(t)u(z,1),
where o denotes the scalar product of vectors and matrices respectively.

Theorem 3.5 (The HIB equation). The value function u satisfies almost
everywhere (a.e.) the following second-order differential equation:

(65) max {Au(z,t) — f(z,t), |Du(z,t)] - c(t)} ~0.

Proof. An application of the DPP for regular stochastic control problems
yields for € > 0 the following equation (see [5], Chapter IV.3):

(66) Aug(z,1) + %<|Due(x,t)| —et) = fa1) ae

In view of Theorems 2.1, 2.2, Remark 2.4, Theorem 3.2, Corollary 3.4 and
the Arzela—Ascoli’s theorem ([7], Th. 2.4.9) we see that u, — u uniformly
on every compact set if € — 0T,

Fix t € [0,7). From (31) and Remark 2.4 we see that D?u.(-,t) are
locally uniformly bounded for all ¢ > 0 in their domains, so using the
Arzela—Ascoli’s theorem from every sequence {€,, }men convergent to 0, we
can choose a subsequence {€,, }men such that

Dug, (-,t) = v = (v1,...,v,) almost uniformly if m — oc.

But v must be equal to Du(+,t) in the distribution sense. Indeed, for any
function ¢ € C°(R™) and any k = 1,...,n we have

/ 9o )u Nz, t)dr = — gb(:v)wdx
R Rn

n Ok oxy,

Letting m — oo, we get
d
R R o
Rn 8.2% Rn
so vk (1) = agg;) almost everywhere. Since -2 52, and vy, are Lipschitz contin-

uous, the equality holds for all x € R™. Thus v does not depend on the
choice of the subsequence {€,,}, so

(67) Ve, ] Due(,t) = Dy(-,t) almost uniformly if € — 07.
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Let ¢ = (1 +|z|)~2»~"1. From (29)—(33) we conclude that |Au,(x,t)] is
not greater than
1 _
(033 + 029amax)(1 + |$‘p) + §5maxn2031(1 + |-T|)(p 2
+ (amax|x| + bmax)nCSO(l + 2|x|p—1)

for almost every (x,t) € R" x[0,T]. Using Lemma 1.2, we have the estimate
(68) |Aue(z,t)] < Ceg(1+ |z|)P  ae.

for some constant Cgg > 0 depending only on Cag, Cs0, C31, C33, 1, P, Gmax,
bma)u Omax, Bma.x Hence
C2.(1 2p 2
Aue, ) Pib(a) < S I® G
(14 |z|)2etntl (1 + [])nH!

The same estimate holds for u instead u.. So |Au|*y, |Aul*y € L*(R™ x
[0,T]). Moreover, Aue, Au are uniformly bounded in the space L?/), where

a.e.

12 = {1} Lo € LY(R" x [o,T])} — 12, (R"x[0,T]).

From the Banach—-Alaoglu theorem ([12], Th. 3.15) we know that balls in
the space L? are weakly compact. So for each sequence {e,, }men convergent
to 0, there exists a subsequence {é&p}men such that Aug, — v in L%ﬁ if
m — oo. We will show that v = Awu in the distribution sense. Indeed, for
any function ¢ belonging to the class C°(R™ x [0,7T7]), we have

//n Auz, Yodrdt = //n ugmdxdt—//n ODz uemdmt
//( x+b())0D¢>u6 dde/ [ r(atw)us, iz
+/0 /n a(t)pue,, dxdt.

Letting m — oo, we get

/ /nvédxdt / /nudxdt—/ /n 0D2¢>udwdt
/ /( )z + b(t )) oD¢>udxdt+/ / b (at) ) usdadt
+/0 /n a(t)gbudazdt:/o /H(Au)gbdazdt.

Hence Aug, — Au in Li if m — oo. From uniqueness of the limit we
conclude

(69) Aue — Au  in pr ife —07.
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In view of (66) we have Au. < f a.e. From this and (69) we see that
Au(z,t) < f(z,t) a.e. This, together with Remark 2.8 ensure us that

(70) maX{Au(m,t) — f(z,t) , |Du(z,t)] — c(t)} <0 ae.

Take a sequence €, — 0 and let D be the set of (z,t) € R™ x [0,7]
such that (66) holds at (z,t) for all €,. Then pre((R™ x [0,T])\ D) = 0.
Choose t € [0,T] such that for almost every x € R™ we have (z,t) € D.
Since |Du6n(l‘,t)| — ]Du(x,t)| as n — o0 (see (67)), H{|Du€n(gc,t)\<c(t)} =
I{| Du(a,t)|<c(t)y for n large enough (depending on (z,t)). We have from this
and (66) that

(71) L Du(a,t)|<c(t)y Aten (7, 1) = L Du(w )| <cen f (T, 1) ace.
On the other hand, (69) yields

(72)  I{Du(et)<ct)} Ae, (T, 1) = LDy <c Aulz, t) in L,

so the sequence {H{‘DU(M)KC@)}AUE” (z,t)} is bounded in Li and thus it is
uniformly integrable in L}ﬁ. This, together with (71), implies that for every
¢ € CX(R™ x [0,T]) C L?,

T
/0 /R L Dua,t)|<c(t)y (Atte, oY) (x, t)dxdt
(73) !

T
— /0 /R L Du(ao)|<cr)y (fOY) (, t)dxdt,
which, together with (72) implies that

L Du(ao)<ct)y A, 1) = 1 pue,n)|<c)y f (@, 1) ace. O

4. Existence and uniqueness of the optimal control. The results of
this section are analogous to Theorems 7 and 8 from [11].

Fix (t,x) € [0,T) x R™ (for t = T the only admissible control is v(0) = 0
a.s.). Let m; be the measure on ([t,T] x Q,B([t,T]) ® F) equal to the
product of the Lebesgue’s measure and P.

Remark 4.1. If a process X is a modification of a process Y and both
processes have left-continuous sample paths a.s., then the processes X,Y
are indistinguishable (compare Problem 1.1.5, [7]).

Theorem 4.2. The optimal control v* € V, if it exists, is unique up to the
indistinguishability.

Proof. Suppose there are v1,ve € V for which u(z,t) = Jy(v1) = Jype(ve).
Put vg = (v1 + v2)/2. Of course vp € V. From Lemma 1.7 we have

(74) w(z,t) — Jor(vg) = %(th(vl) - Tot(v2)) — Jur(v) = 0.
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Let 4%, 4L,,42, be the solutions of (1) corresponding to v = g, vy, ve Te-
spectively. In view of the proof of Lemma 1.7 and strict convexity of the
running cost function f, we have

(75) F(4(5),5) < 37 (kl5),5) + 5 (44l 9)

provided that y2,(s) # y2,(s).

Assume that vy, vy are not indistinguishable. Then there exists s’ € (¢, T
such that P(A) > 0, where A = {v1(s’) # va(s’)} (see Remark 4.1). Because
v1, v have left-continuous sample paths a.s., there exists s”(w) € (¢, s") such
that v1(s) # va(s) for all s € [s"(w),s'], w € A. Thus, yL,(s) # y2(s) on
some myg-nonzero set. This fact together with (75) and the definition of
Jz¢ imply that the inequality (74) is strict, so we get a contradiction. We
conclude that vy, v must be indistinguishable. ]

Lemma 4.3. Let {z,}nen be a sequence in LP(my). If z, — 0 in LP(my),
then Tz, — 0 in LP(my), where

Tzn(s,w) = zp(s,w) — /ts a(r)zp(r,w)dr.

Proof. By the Hoélder’s inequality, the function g(s,w) = fts a(r)zy(r,w)dr
satisfies
lgll7» < ab

— max

T T
t t

so T is a bounded operator from LP(m;) into LP(my). O
Theorem 4.4. There exists an optimal control v* € V.

Proof. Let {v}ren be a sequence of admissible controls such that Jy; (v ) —
u(z,t) as k — oo and let y¥, be the solution of (1) corresponding to v = wy.
Then Jy(vg) are uniformly bounded in k. By Lemma 1.9 the sequence
{y* Y ren is bounded in LP(m;) and hence, by the Banach-Alaoglu theorem
([12], Th. 3.15), there exists a subsequence (still denoted by {y¥}) and a
process yg; such that 3, — 3,4 in LP(my).

Fix k € N. Since the sequence {y’,};>) is also convergent to y., by the
Mazur theorem there exists

n(k) n(k)
2k = Zak:i Yups i >0, ZO"“ =1, k<n(k) < oo
i=k i=k

such that ||2¥, — yu|lr» < 1/k. In particular zF, — y,; in LP(my). Let

= xt
N = Z:L:(]Z) oy -v; be the control corresponding to z’;t in (1). Then n, € V.
Moreover by Lemma 1.7,

u(z,t) < Jpe(ng) < Z ap - Jpe(v;) < max )th(vi) pmis u(z,t).
i=k

i=k,...,n(k
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For s € [t,T] we have
2k, (5) — 2(s) — / Ca(r) () — () ) dr = mi(s — 1) — (s — 1),

Because {zF,} is convergent in LP(m;), 2¥, — 27 goes to 0 in LP(my) as
k,m — oo. Using Lemma 4.3 we conclude that {n;(- — ¢, ) }xen is a Cauchy
sequence in LP(m;) so it is convergent to a process v € LP(my). Without
loss of generality we may assume that v(0) = 0.

Now we choose a subsequence (still denoted by k) such that n(s,w) —
v(s,w) as k — oo for (s,w) € A, where (urep X P)(A) =T —t. For w € Q
and s € [0,T — t], we define

A, ={s€0,T—t]: (s,w) e A}, A;={weQ:(s,w) € A}.
Note that P(Ap) = 1 because 7;(0) = v(0) = 0 P-a.s. Furthermore, let
Q={weQ:pua(A) =T —t}, S={s€[0,T—1:P(A;)=1}.

Then P(Q) =1 and pz(S) = T —t. Let N be a countable subset of S,
dense in [0, 7'—t], including 0 and let Apnr = [),cpr As. We have P(Ay) = 1.

Let &x(s) denote the total variation of 7, on the interval [0,s]. Be-
cause Jy(ng) are uniformly bounded in k, there exists a constant C' > 0
such that E&,(T —t) < C for all k € N. In view of the Fatou’s lemma,
Eliminfy oo &(T —1) < liminfy_, oo B (T —1t) < C, so liminfy_,o §k (T — 1)
is finite a.s.

Fix w e Qand let IT C Ay, II = {to,t1,...,tm}, 0 =t) < t; < -+ <
m < T —t. Let ky, = kp(w) — o0 be a sequence of natural numbers such
that limg,, o0 &k, (T —t) = liminfy_,00 k(T — t). Then

m—1
Z‘v (tis1) 75Z = lim Z‘ﬁkn (ti+1) Ukn(ti)‘
=0

7L—>OO )

< hm fkn( —t) = liminf & (T —t).
k—ro0

Thus, v| 4, has bounded variation and hence it has left-hand and right-hand

limits at each point. Let v* = 0 on the P-zero set Q\ (AxyNQ). On AyNQ
let

. O = ’U(O), s = 0
v(8) =94 1im v(u) = lim v(u), se€ (0,7 —1].
A, duts N3uts

Then v* is progressively measurable, left-continuous and v*(0) = 0. More-
over, for w € Ay N and for each partition I = {tg,t1,...,tm}, 0 =ty <
t1 < - <ty <T —t, we can choose {tf}keN C A, such that ti-“ T t; as
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k— o00,i=1,2,...,m. Therefore,

m—1
Z ‘U*(ti_;,_l) —* ‘ = hm Z ‘ tz+1 )‘
=0
< Var( ,[O,T —tNA) < likminf.fk(T —t),
—00

so v* has bounded variation. This ensures us that v* € V.

For w € Ay N, the set A, N {s € [0,T — 1] : v(s,w) # v*(s,w)} is
countable, so its Lebesgue’s measure is equal to 0. Therefore v = v* my-a.e.
In particular, g — v* in LP(my). Proceeding as in Steps 3—4 in the proof
of Theorem 3.2 we can show that 3 — y% in LP(m;) and hence

(76) lim E / flygg(s),s)e oo ds =B / Pl (5), s)e™ fr I gs,
t

To finish the proof we need to check that

T T
(77) E/ c(s)e” I or)dr ge*(s — t) < liminf E/ c(s)e” I Ardr e, (s — t),
t t

k—o00

where £* is the total variation of v*. Fix w € Ay N Q and let 0 < 51 <
Sg < T —t. Let II = {to,tl,...,tm}, s1 =1g <t <+ <ty = 82 and
let {t¥}reny C Aw be such that t* +¢; as k — 00, i = 0,1,...,m. Then for
every kg € N

m—

m—1
Dot (tir) — ot Z v(tf) = o(tf)]
i=0

=0
< Var(v, [th, s] N Ay).

Letting kg — oo, we get > ;" |v (tiv1) — v*(t:)| < Var(v, [s1, s2] N Ay)
and hence

(78) Var(v*,[s1, s2]) < Var(v,[s1, s2] N Ay).

Let &(s) = Var(v, |0, s|NAy), s € [0,T—t]. Restricting I = {to,t1,...,tm},
s1 =ty < t1 < -+ <ty = s9 so that II C A, (in particular assuming
s1,82 € Ay), we get

m—1 m—1
> Joltipr) = v(ts)| = Jim > mk(tivn) = me(ts)]
1=0 =0
< liminf (¢x(s2) = &k(s1))-
As ||II|] — 0 we get
(79) (s2) —&(s1) < lim inf (€k(s2) — &k (s1))-

Now take II = {to,tl,...,tm}, O=ty<t1 < - <ty <T—1t, 1 C
N. In particular, IT C A, for all w € Ay. For every interval [t;,t;11],
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1=0,1,...,m—1,let l; = min{c(s)e‘ftsamd’" DSE i+t tiyr —i—t}}.

w e Ay NQ, by (78)(79), we have

._l

m—

m—1
Z l; - (f*(ti_;_l) l; - z+1 f(tz»
1=0

=0

< hmlnf Z l; - fk tit1) — gk(tz))

For

This together with the Fatou’s lemma and the fact that P(Ax N Q) =

yields
m—1 m—1
E Z i (€ (tig1) — €5 (1) < Ehmlnf Z li- (& (tiv1) — &x(t2))
1=0
m—1
< hmlnfE Z l;- ﬁk tit1) — fk(tz))
i=0

T
< lim infE/ c(s)e™ v amdrge, (s — ).
¢

k—o0

Letting ||IT|| — 0, ¢, 7T — t so that each partition in the sequence is con-
tained in the next one, by the monotone convergence theorem, we get (77).

From (76) and (77)
Jot(0*) < lminf Jp (i) = u(z, t).
k—o0

On the other hand, Jy:(v*) > wu(z,t) because v* € V and hence Jy (v

u(x,t) so v* is an optimal control.
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