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for a class of analytic functions
of complex order defined by convolution

ABSTRACT. In this paper, we obtain the Fekete—Szego inequalities for the
functions of complex order defined by convolution. Also, we find upper bounds
for the second Hankel determinant ‘a2a4 — a%’ for functions belonging to the

class S (g(2); A, B).

1. Introduction. Let A denote the class of analytic functions of the form:
o0

(1.1) f(z)zz—l—Zakzk (zeU={z:z€Cand|z| <1})
k=2

and S be the subclass of A consisting of univalent functions. Furthermore,
let P be a family of functions p(z) € A.
Let g(z) € S be given by

(1.2) g(z) = z—i—Zbkzk.
k=2
The Hadamard product (or convolution) of f(z) and g(z) is given by

(1.3) (f+9)(2) =2+ Y arbpz" = (g% [)(2).
k=2
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If f and g are analytic functions in U, we say that f is subordinate to
g, written f < g if there exists a Schwarz function w, which is analytic in
U with w(0) = 0 and |w(z)| < 1 for all z € U, such that f(z) = g(w(z)).
Furthermore, if the function g is univalent in U, then we have the following
equivalence (see [6] and [19]):

f(z) < g(z) < f(0) = g(0) and f(U) C g(U).

For complex parameters aq,...,oq and Si,...,08s (B ¢ Zg; = {0,—1,
—2,...}; j = 1,2,...,s8), we now define the generalized hypergeometric
function (Fs(ou, ..., aq; b1, .., Bs; 2) by (see, for example, [29, p. 19])

o

qu(al,...,qu,,Bl,..-,,Bs,Z)_;)(Bl)k,,,(ﬂs)k k!

(¢ <s+1;q,s € No=NU{0}; N={1,2,...}; z € U), where (), is the
Pochhammer symbol defined, in terms of the Gamma function I'; by

T +v)
(H)V_W
(14) 1 (V=0 6.€C*=C\{0}),
190 +1)...04+v—1) (reEN; Q).

It corresponds to the function hgs(ar,S1;2) = h(at,...oaqP1...,Bs; 2),
defined by

hQ:S(ahﬂl;Z) = Zqu(ala s 7aq;517 s 758;'2)

(15) :Z+Zrk(al)zk7
k=2

where

(1.6) (o) = (@1)p-1-- - (@g)k-1

(BL)k=1---(Bs)p—1(k — 1)1

In [13] El-Ashwah and Aouf defined the operator IZS”(A (a1, 1) f(z) as follows:

1% (a1, B1) f(2) = f(2) * hgs(an, Brs 2);

I (1, 1) (2) = (1= N)(f(2) * hgs(ar, Br; 2))
- (14—2\)2’6_1 {Zg (f(z> * hq,s(al,ﬁlsz)) ;

(1.7) I (an, B1) f(2) = It (10 (an, B) £(2)).
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If f € A, then from (1.1) and (1.7), we can easily see that

1+204+XE-1)]™
(18) Iq se)\(al 51 z+ Z |: T ¢ ) Fk(al)akzk7

where m € Z ={0,+1,...}, EZOandAZO.
We note that when ¢ = 0, the operator

0 (1, B1) f(2) = DR, B1) f(2)

was studied by Selvaraj and Karthikeyan [28]. We also note that:
(i) I f/\f( ) = Hys(a1,51)f(2) (see Dziok and Srivastava [11, 12]);
(ii) Forq— s+1l,0=1(=1,....,s+1)and ;=1 (j =1,...,s), we
get the operator I(m, A, ¢) (see Catas [7], Prajapat [24] and El-Ashwah and
Aouf [14]);
(i) Forg=s+1, 04 =1 =1,...,s+1),55,=1(=1,...,9),A=1
and ¢ = 0, we obtain the Saldgean operator D™ (see Salagean [27]);
(iv)Forg=s+1, 0, =1(i=1,...,s+1),8;,=1(j=1,...,s)and A =1,
we get the operator I} (see Cho and Srivastava [8] and Cho and Kim [9]).
(V) Forg=s+1,04=1(=1,...,s+1),5,=1(j=1,...,s)and £ =0,
we obtain the operator DY* (see Al-Oboudi [2]).

By Specializing the parameters m, A, ¢, ¢, s, oy (i = 1,...,q) and f;
Jj= , ) we obtain:
i z;ﬁi(nﬂ, LA = I () () = 3 [0 " i

-1

(

(

(n > -1);

(i) Y (0107 (2) = [ (ase)f(e) = = + 5 [LeAlan) ™ (Wt
(

(i

(

k=2
aceR;ceR\Zy);

m, m e —_1m 2)k_
& )51€(=1”%+Uf()“Ixff@0=:”+§:[LMﬁi% U} (n{:$g_f%2k

neZ;n>-—1).
In 1976, Noonan and Thomas [23] discussed the gth Hankel determinant
of a locally univalent analytic function f(z) for ¢ > 1 and n > 1 which is
defined by

Qp, an+4+1 - An4q—1
An+1 an+4+2 ... Un+q
antq—1 Optq --- An42¢—2

For our present discussion, we consider the Hankel determinant in the case
q=2and n = 2, i.e. H2(2) = agay — a3. This is popularly known as the
second Hankel determinant of f.
In this paper, we define the following class Sf’/ (9(2);A,B) (0<~y<1,be
= C\ {0}) as follows:
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Definition 1. Let 0 <y <1, b € C*. A function f(z) € A is said to be in
the class Sg (9(2); A, B) if

a9 g (- LG g 1) <

1+ Bz

beC50<y<1 -1<B<A<I1; ze€U), which is equivalent to say
that
(1—9) L2E 4y (frg) (2) -1

< 1.
b(A=B)—B[(1-7) L2015 (feg) (2) -1

We note that for suitable choices of b, v and ¢g(z) we obtain the following
subclasses:
(i) S5(i%:A4,B) = SH(A,B) (0<y<1,beC", -1 <B<A<LI1) (see
Bansal [5]);

.s 0 « — T
(i) S50 (g T, et k1 1) = Ry (6,) (5 < 0 < 5,
0<p<l,aeC BeC\Z) (see Mishra and Kund [21]);

(i) S50 2+ DR, etk 1, —1) = S) (a,0) (m o€ N;

(m)g_
n, A € No; || < 550 <0 <1) (see Mohammed and Darus [22]);
(iv) ST(z4+ Y2y [T+ (apk + o — p) (k= 1)]7 (p)p_1 2% 1,—1) = Ra,p (0, p)
(0<pu<a<l;poeNy (see Abubaker and Darus [1]);
(v) Sf’y (z+ 320 k™M A B) = Gy, (7,b) (b€ C*, 0< v <1, m € Ny) (see
Aouf [3]).
Also, we note that:

(1) S,Z; <Z+Zzo:2 [%{}f—l)} Fk(al)zk; Aa B>:S§/()‘)£7 m,q,s,0q, ﬁla Aa B)

0

/

e e st (=) AN 4 (1 0, 50 1(2) - 1)

<1352, (beCH 0<y<L,meNg; £20; A>0; ¢<s+1;

QJGNMZGU%;
(i) SP (z + [Wﬂi—n} kA, B) — Sb (A, £,m; A, B)

= {rm e a1+ (-7 ZORE Lm0 f(2) 1)

<}Igi,(b€C*; 0<~y<1;meNy £>0; A>0; ZGU)};
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(iii) S C (0(2); A, B) = S7 [p,n, A, B, g(2)]
= {1y e e [(1-y) L2 45 (14 g) (2)]

< (1—p)cosn- }igi + pcosn +isinn,

(n<Z;0<y<1;0<p<1; -1<B<A<I; zetU)}

In this paper, we obtain the Fekete—Szego inequalities for the functions in
the class Sg (9(2); A, B). We also obtain an upper bound to the functional
Hy(2) for f(z) € S5 (g(2); A, B). Earlier Janteng et al. [16], Mishra and
Gochhayat [20], Mishra and Kund [21], Bansal [4] and many other authors
have obtained sharp upper bounds of Hy(2) for different classes of analytic
functions.

2. Preliminaries. To prove our results, we need the following lemmas.
Lemma 1 ([26]). Let

(2.1) h(z) = 1—|—§:an" =< 1+iann:H(z) (z € U).
n=1 n=1

If the function H is univalent in U and H(U) is a convex set, then

(2.2) eal < 141

Lemma 2 ([10]). Let a function p € P be given by
(2.3) p(z)=14crz+e2?+... (z€U),
then, we have

(2.4) len| <2 (n € N).

The result is sharp.

Lemma 3 ([17, 18]). Let p € P be given by the power series (2.3), then for
any complex number v

(2.5) |co — vel| < 2max{1;|2v — 1]}
The result is sharp for the functions given by
1+ 22 1+2

Lemma 4 ([15]). Let a function p € P be given by the power series (2.3),
then

(2.6) 29 = 3 + (4 — cF)
for some s, |»| <1, and
(2.7)  des=c 4204 — Ay — (4 — )P 424 - ) (1 - |%\2) 2,

for some z, |z] < 1.
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3. Main results. We give the following result related to the coefficient of

f(z) € 8 (g(2); A, B).

Theorem 1. Let f(z) given by (1.1) belong to the class S,l; (9(2); A, B),
0<~y<1,-1<B<A<1andbeC* then

(A—B) bl
ke N\{1}).
TG B e
Proof. If f(z) of the form (1.1) belongs to the class Sb( (2); A, B), then
1 (f = )() 1+ Az
g (0= 2 g 9 1) < g = n0a
beC50<~v<1 —-1<B<Ac<I1; ze€U), where h(z) is convex

univalent in U and we have

1+%(<1 DL 4o (fg) (2) - 1)

(3.1) lax| <

(3.2) L4k
=1+ Z (er”)bkﬂakﬂz’f <14+ (A-B)z—B(A-B)2* +
k=1

(z € U). Now, by applying Lemma 1, we get the desired result. O

Remark 1. Putting g(z) = % in Theorem 1, we obtain the result obtained
by Bansal [5, Theorem 2. 1]

It is easy to derive a sufficient condition for f(z) to be in the class
Sb (m, A\, ¢; A, B) using standard techniques (see [25]). Hence we state the
followmg result without proof.

Theorem 2. Let f(z) € A, then a sufficient condition for f(z) to be in the
class S,l; (9(2); A, B) is

(5.) > 13tk = linlae] < AT

In the next two theorems, we obtain the result concerning Fekete—Szego

inequality and an upper bound for the Hankel determinant for the class
S% (9(2); A, B).

Remark 2. Putting g(z) =
by Bansal [5, Theorem 2.2].

Theorem 3. Let f(z) given by (1.1) belong to the class Sg (9(2); A, B),
0<~y<1,-1<B<A<1andbeC* then

(A—DB) bl
(3.4) faz— H‘Ig} < A x29)bs . max{l,

z
1—2

pibbs (A — B) (1 +27)

B+
(147)*b3

This result is sharp.
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Proof. Let f(z) € Sg (9(2); A, B), then there is a Schwarz function w(z) in
U with w(0) =0 and |w(z)| < 1in U and such that

33 1y (- TEE () @) - 1) = o)
(z € U), where
(3.6)
D(z2) = 1122 =14+ (A—-B)z2—B(A-B)2> + B*(A-B)2* — ...

=1+ Byz+ B9z + B32® + . ..

(z € U). If the function p;(z) is analytic and has positive real part in U
and p1(0) =1, then

(3.7) p1(2)2%=1+612+@22+...

(z € U), since w(z) is a Schwarz function. Define
YNNI ET 1C B

oy M= (0= LB g () -1)

=1+diz+do2” +...
(z € U). In view of the equations (3.5) and (3.7), we have

Since

-1 1 2 2
(3.9) pl(z):[0124—(02—01)224—(03—1—01—clcg> 23—1—...],

pi(z)+1 2 2 4
we have
p1(z) —1 1 1 c 1 5] o

3.10) | ——— | =1+-B —-B - —= -B
( ) <p1(z)+1> +2 1C12+ 5 1| e 5 +4 oct| 27+ ,
and from this equation and (3.8), we obtain

1 1 c? 1
(311) dl == 53161, d2 = §Bl (CQ - 21> + ZBQC%
and

Bl Cil)’ BQCl C% Bgc?

3.12 dy = 2L (5 — a _a '
(3.12) 3% 5 <C3 0162+4>+ 5 (275 + 3
Then, from (3.6), we see that

(1+7) baaz (1 + 2v) bzas

(3.13) dy == and dy = ;
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Now from (3.6), (3.8) and (3.13), we have

(A— B)bc; b(A— B)

14 = — =———"—1200—ci(1+B
(3.14) a2 21+ )by’ as = A1+ 27) b3{02 01( + )}
and

b(A—B)
(3.15) ay = 8(i+3 {4c3 —4cier (1 + B) + ¢ (1 + B)?}
Therefore, we have
b(A
(3.16) az — pa3 = 5 (1 n 27 {CQ vei},
where

B ub(A — B) (14 2v)bs
(1+7)%3

Our result now follows by an application of Lemma 3. The result is sharp
for the functions

(3.17) 1+

T2

g1yt (a0 (g ) -1) — e

and

(3.19) 1+2<(1—7)("C*§)("7)+7(f*g)’ (z)—l) = ®(2).

This completes the proof of Theorem 3. 0

Remark 3. Putting g(z) =
Bansal [5, Theorem 2.3].
m
Putting g(z) = 2+ > 1oy [%&c_l)] Ii(ar) (m € No, £ >0, A >0,
g <s+1,q,s € Ny), where I'y (1) is given by (1.6) in Theorem 3, we obtain
the following corollary.

Corollary 1. Let f(z) given by (1.1) belong to the class Sg()\,ﬁ,m,q,s,oq,
BiAB),0<~y<1, - 1<B<A<1,meNy, (>0,A>0,qg<s+1,
q,s € Ng and b € C*, then

m
Putting g(z) = z 4+ > 10, [W*’&_l)} 2% (m € No; £ > 0; A > 0) in
Theorem 3, we obtain the following corollary.

(A= B)(1+0)™ |
o 8] € (1 B

(3.20) { L2 g (0n) (A-B) (1429)
X max

1’ B_|_ ;,Lb[ 1+f
This result is sharp.

14040 72™
()2 [ Then)
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Corollary 2. Let f(z) given by (1.1) belong to the class Sg (N ¢,m; A, B),
0<~y<1,-1<B<A<1,meNy, £>0, >0 andbe C*, then

A — B)|b| m
‘a3 'ua2| = (1 +2’}/) [ 1420 }
(3.21) b [ iths] " (A— By (1+27)

x max<{ 1, |B +

2m
2
(1+7) [141%)\}
This result is sharp.

Putting b = (1 —p)e "cosn (jn] < 5, 0 < p < 1) in Theorem 3, we
obtain the following corollary.

Corollary 3. Let f(z) given by (1.1) belong to the class S7 [p,n, A, B, g(z)],
0<~y<1,-1<B<A<1andbeC* then

(A—B)(1—p)cosn
Theorem 4. Let f(z) given by (1.1) belong to the class S,’; (9(2); A, B),

(1+2’7)b3
pib3 (A — B) (1 +27) (1 — p)e " cosy
0<~y<1,-1<B<A<L1 andbeC* then
(A—B)* b’

2
(1+7)" 03
(14 27) b2
Proof. Using (3.14) and (3.15), we have

|asas — 2] = (A= B)*|p]*
2T 16 (1+4) (1 + 37) babs

(1+7) (L +37) baby
(3.24) - EENY [4c3 — 4ctea(1+ B) + ¢1(1 + B)?]
3
= M |4cics — 4ccy(14 B) + ¢1(1 + B)?

— N [4¢3 — 4cfea(1 + B) + cf(1 + B)?]

|<13 - ,ua%‘ <

(3.22)
X max {1,

This result is sharp.

B+

(3.23) |a2a4 - a§| <

deres — Ac3ey(1+ B) + ¢i(1 + B)?

)

where

22
A=BPPE gy ) A+ 3)baby
16 (1+7) (14 37) baba (1427)°b3

The above equation (3.24) is equivalent to

(325) M =

(3.26) ‘a2a4 - a%‘ =M }46163 + dQC%CQ + d3c§ + d4cﬂ ,
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where
(3.27) dy =4, dy = —4(1+B)(1-N), d3 = —4N, dy = (1-N)(1+B)>

Since the functions p(z) and p(re?) (6 € R) are members of the class P
simultaneously, we assume without loss of generality that ¢; > 0. For con-
venience of notation, we take ¢; = ¢ (c € [0, 2], see (2.4)). Also, substituting
the values of ¢z and c3, respectively, from (2.6) and (2.7) in (3.26), we have

M
‘a2a4 — ag‘ = Z ‘C4<d1 + 2ds + d3 + 4d4) + 2%02(4 — 62)(d1 +do + dg)
F (4= A (—di® + d3(4 — ) + 2dye(4 — ¢2) (1 ~se? z> ] .

An application of triangle inequality, replacement of || by v and substi-
tuting the values of di, da, ds and d4 from (3.27), we have

lagas — a3| < % [4¢*(1 = N)B* +8|B| (1 = N)vc*(4 — ¢?)
+ (4= (4 +AN(4 = ) + 8c(4 — ) (1 — 1v?)]

(3.28) — M [¢*(1 = N)B? + 2c(4 — ) + 20 |B| (1 — N)*(4 — ?)
+12(4 =) (2 (1= N) = 2c+4N)]
= F(c,v).

Next, we assume that the upper bound for (3.28) occurs at an interior
point of the rectangle [0, 2] x [0, 1]. Differentiating F'(c,v) in (3.28) partially
with respect to v, we have

OF(c,v) 9 9
—2 =M |2|B|(1 - N)c*(4 —
(3.29) v [ IBI( Je(d =)
+ 2v(4 — %) (02 (1—-N)—2c+4N)].

For 0 < v < 1 and for any fixed ¢ with 0 < ¢ < 2, from (3.29), we observe
that %—f > 0. Therefore, F(c,v) is an increasing function of v, which con-
tradicts our assumption that the maximum value of F(c,v) occurs at an
interior point of the rectangle [0, 2] x [0, 1]. Moreover, for fixed ¢ € [0, 2],

(3.30) max F(c,v) = F(c¢,1) = G(c).
Thus

G(c)=M[c*(1-N)(B*-2|B| - 1)
(3.31) )

+4c¢*(2|B|(1 - N)+1—2N) + 16N] .
Next,
G'(c) = 4Mc[c*(1— N) (B?> - 2|B| - 1) +2(2|B| (1 = N) + 1 — 2N]
=4Mc[*(1-N) (B*-2|B|—1) +2{(1 - N) (2|B|+1) — N}].
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So G'(¢) < 0 for 0 < ¢ < 2 and has a real critical point at ¢ = 0. Also
G(c) > G(2). Therefore, maximum of G(c) occurs at ¢ = 0. Therefore, the
upper bound of F(c,v) corresponds to v =1 and ¢ = 0. Hence,

(A—B)* b
(14 29)? b3 '
This completes the proof of Theorem 4. O

‘a2a4 — a%‘ <16MN =

Remark 4. (i) Putting g(2) = 1% in Theorem 4, we obtain the result due
to Bansal [5, Theorem 2.4];
(ii) Putting
g(z) =z + i (a)k;—lzk
2 By
(@ €C,BEC\Zy), b= (1—ple P cosh (|0) <Z,0<p<1),y=0,A=1
and B = —1 in Theorem 4, we obtain the result due to Mishra and Kund
[21, Theorem 3.1];
(iii) Putting
o0
A+ D10k
g(z) =z + ————k"z
; (m)
(meN; AneNy), b= (1-ple“cosa (Ja| <5;0<0<1),v=0,
A =1and B = -1 in Theorem 4, we obtain the result due to Mohammed
and Darus [22, Theorem 2.1];
(iv) Putting

9(z) =2+ > [+ (apk + a — p) (k= 1)) (p),_, 2*
k=2

0<pu<a<l poeNy,b=y=A=1and B= -1 in Theorem 4, we
obtain the result due to Abubaker and Darus [1, Theorem 3.1].
m
Putting g(z) = 2+ > 1oy [%&g_l)] I'k(a1) (m € Ng, £ >0, A >0,
q<s+1,q,s € Ny), where I'p(a1) is given by (1.6) in Theorem 4, we obtain
the following corollary.

Corollary 4. Let f(z) given by (1.1) belong to the class SS(A,E,m,q,s,

a1,B1;4,B),0<y<1, -1<B<A<1,meNy,>0,A>0,qg<s+1,
q,s € Ng and b € C*, then

2 (p2
(3.32) ‘a2a4 — a%‘ < (4-B) |b2‘m )
(1+27)? [HE2 ] Th(an)

m
Putting g(z) = z + > 10, [W*’é_l)} 2% (m € No; £ > 0; A > 0) in
Theorem 4, we obtain the following corollary.
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Corollary 5. Let f(z) given by (1.1) belong to the class Sf’/ (N ¢,m; A, B),
0<~y<1,-1<B<A<1,meNy, £>0, >0 andbe C*, then

(3.33) ’a2a4 - a%’ <

(A= B)* b

2m
2 [ 14¢
(1+27) [1+e+2x]

Putting b = (1 —p)e cosn (|n] < Z, 0 < p < 1) in Theorem 4, we
obtain the following corollary.

Corollary 6. Let f(z) given by (1.1) belong to the class S7 [p,n, A, B, g(2)],
0<~y<1,-1<B<A<1andbeC* then

(3.34) lasas — a%‘ <

(1

2l
B8l
4]
[5]
(6]

(7]

(8]

(13]

(14]

(15]

2

(A= B)* (1 p)*cos’s
(1+27)” b3
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