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A continuum individual based model of
fragmentation: dynamics of correlation functions

ABSTRACT. An individual-based model of an infinite system of point parti-
cles in R? is proposed and studied. In this model, each particle at random
produces a finite number of new particles and disappears afterwards. The
phase space for this model is the set I of all locally finite subsets of RY.
The system’s states are probability measures on I' the Markov evolution of
which is described in terms of their correlation functions in a scale of Ba-
nach spaces. The existence and uniqueness of solutions of the corresponding
evolution equation are proved.

1. Introduction. Mathematical models describing large ecological com-
munities mostly operate with averaged quantities like the density of the
entities constituting the community and are deduced in a phenomenological
way, see, e.g. [3, 15, 17]. In a more advanced modeling, the dynamical acts
of each single entity are being taken into account. Among such individual-
based models one might distinguish those where the entities disappear (die)
or give birth to new ones, see, e.g. [5, 7, 9]. In the present paper, we in-
troduce and study an individual-based model of an infinite system of point
‘particles’ placed in R, in which each ‘particle’ produces at random a finite
‘cloud’ (possibly empty) of new ones, and disappears afterwards. A partic-
ular case of this model with the cloud being empty or consisting of exactly
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two offsprings can describe the dynamics of cell division. As is now com-
monly adopted, see [16], the phase space of such systems is the configuration
space I = I'(R?%) which consists of all locally finite subsets of RY, called con-
figurations. This set is endowed with a measurability structure that allows
one to employ probability measures defined thereon. Such measures are
then considered as the system’s states the Markov evolution of which is
described by means of the corresponding Fokker—Planck equation. Its dual
is the Kolmogorov equation involving observables — appropriate functions
F : T' —» R. Details of the analysis on configuration spaces can be found
in [1, 10, 12], see also [4, 5, 6, 7] for more on individual-based modeling of
continuum infinite-particle systems. In studying the model proposed in this
work we follow the so-called statistical approach in which the evolution of
states is described as the evolution of the corresponding correlation func-
tions. It is obtained by solving the evolution equation deduced from the
Fokker—Planck equation by means of a certain procedure, see [8]. In this
paper, we prove the existence and uniqueness of the classical solutions of
this evolution equation. It has been done by means of an Ovcyannikov-type
method, see [4, 18], in a scale of Banach spaces of correlation functions. As
typical of this method, the solution is shown to exist only on bounded time
interval.

2. Preliminaries. The configuration space I over R? is defined as
I={ycR?:|yNK]|< oo for any compact K C R%},

where | - | stands for cardinality. It is equipped with the weakest topology
for which the mappings
Tsye Y f),
dSe'

are continuous for all continuous compactly supported functions f : R — R.
This topology can be metrized in the way that makes I' a Polish space. We
denote by B(T") the corresponding Borel o-field on I'. The system'’s states are
probability measures on (I, B(T")) the set of which is denoted by P(I"). Note
that the points of I" can be associated with elements of P(I') by assigning
the corresponding Dirac measures v — 0, € P(I'). Such elements of I' are
called point states. The evolution of the states of a given system is described
by the Fokker—Planck equation

d

dt
in which the ‘operator’ L* contains the whole information about the system.
Along with states © € P(I") one can also consider suitable functions F': I' —
R, called observables. Then the number

/ Fdu
r

(21) ut = L*,U’ta /’Lt’t:() = Mo, t> 07
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is the value of F' in state p. In particular, F(v) is the value of F' in the
point state v. The evolutions of states and observables are related to each
other by the duality

(22) /Fod,ut :/Ftduo, t>0.
r r

Hence, the system’s evolution can also be considered as the evolution of
observables, obtained from the Kolmogorov equation
d

(2.3) @Ft = LF;, Filt=o=Fy, t>0,
dual in the sense of (2.2) to that in (2.1). For the most of such models,
also for that introduced and studied in this work, the direct solving of
(2.1) is possible only for finite systems, i.e., in the case where the states are
supported on the subset of I" consisting of finite configurations only, see, e.g.
[14]. As we are going to describe infinite systems, we will follow another
approach based on the use of correlation functions.

The space of finite configurations mentioned above can be given by writ-
ing it as the topological sum

Ty = |j| ),
n=0

where
r®—=q0}, 1™.={ncR?: |y =n}, n € N.

Here each I'™ is equipped with the topology related to the Euclidean topol-
ogy of the underlying space R?. One can show that I'g € B(I') and that the
corresponding Borel o-field of subsets of 'y coincides with the o-field

B(Fo) = {A Nly:Ae B(F)}

Furthermore, a function G : I'y — R is B(I'g)-measurable if and only if
there exists a family {G(},cn, such that: (a) G is just a real number;
(b) GM : RY — R is a Borel function; (c) for each integer n > 2, G :
(RH)™ — R is a symmetric Borel function; (d) G(® = G(@) and for each
n € N, the following holds

G (z1,. .. xn) = Gz, x}).

Note that, for G as above, the family of Borel functions {G(™},cy, is not
unique. Let Bjoc(I'g) stand for the set of all functions G : T'y — R for
each of which there exists the family as mentioned above with the following
properties: (a) each G, n e N, is continuous and compactly supported;
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(b) there exists N € Ny such that G =0 for all n > N. The Lebesgue-
Poisson measure A\ on I'g is defined by the following integrals

(2.4) G( )A(dn) = GO +Zn'/ ap)dey - dy,

where G runs through Bio.(Ip).

As mentioned above, the problem (2.1) will be solved in terms of corre-
lation functions. To introduce them we use Bogoliubov functionals, see
[2]. Let © be the set of all continuous compactly supported functions
0 :RY — (—1,0]. For a given u € P(T), the Bogoliubov functional is

(2.5) /H +0(x)) u(dy), 6¢co.

rey
The integral in (2.5) makes sense for each 6 € © as the map
v [ @+ 6(2))
xrey

is measurable and bounded. The key idea of the approach which we follow
in this work is to restrict the choice of g in (2.1) to the subset of P(T)
consisting of all the states p with the property: B, can be continued to
a function of § € L'(R?) analytic in some neighborhood of the point 6 =
0. This exactly means, see [8, 11], that (2.5) can be written down in the
following form

B = [ (

= - (n) ; ..

=1

o ohope

where A is as in (2.4) and k, (resp. k&n)) is the correlation function (resp.

n-th order correlation function) of the state p such that k:ftn) € L>®((RH)™)
for all n € N. Note that in this case k, and p are related to each other by

(2.7) / (ZG ) — [ GOk (M),

nCy To

holding for all G € Byo.(T'g). By means of (2.6) one can transfer the action of
L as in (2.3) from Fyp(7) = [[,¢, (1 +0(x)) to k, according to the following
rule, cf. (2.2) and (2.7),

(2.8) /F(LFe)(v)u(dv) =/F (L) (n) [ ] (=)

Ten
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This leads one from the Kolmogorov equation (2.3) to the problem

d
(2.9) i = L%, kilimo = Ky,

which we study in the next section. Among other methods we use the Minlos
lemma in the following form

Lemma 2.1 (Lemma 2.4 [8]). For Lebesgue—Poisson measure A defined in
(2.4) and for any measurable function M : I'o x g x I'o — Ry the following
holds

/FO S MG\ O | A = [ [ e

¢Cn
if both sides are finite.

3. The model. The model which we introduce and study in this work is
specified by the generator, see (2.3),

(3.1) = / (#O)[F(7\ 2 U€) — F(y)IAE).

xey

In (3.1), the kernel b(z|¢) > 0 describes the following act: the point = €
v disappears and a finite configuration (cloud) £ € Ty appears instead.
A particular case where b(z|0) = m(z), b(x|{y1,y2}) = c(z|y1,y2), and
b(x|€) = 0 for other &, is a cell division model, cf. [3, 15], in which each cell
can die with intrinsic mortality rate m(z) or split, with rate ¢(x|y1, y2), into
two new cells located at y; and yo. In this case L takes the form

=Y m)[F(y\z) = F(7)]

ey

//Z zlyr, y2) [F (v \z Uy Uyz) — F(v)].

rey
For

clalyn, ) = 5 (51— 2)a* (3 — ) + 6(32 — )a* (3 — )

it turns into the contact model studied in [13].
By (2.8) and Lemma 2.1 we obtain from (3.1) the following

(32 (LK) = / S Bk U\ O,

CCn,¢#0

where

BlC) = /F b(ale UQOAE), B(n) =3 B(al0).

xren
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Regarding the kernel b along with the standard measurability we assume
that:

(3.3) 3B>0 YneTo > bl0) < |nlB;

xen

3p >0 Vnely /Rdﬁ(:vln)dw =¢n) <P

Now we introduce the Banach spaces where we will solve the problem (2.9)
with L2 given in (3.2). According to the assumption as to the Bogoliubov
functional having the form (2.6) these are

Ko=1{k:To>R:[[kfa<oo}, a€cR,
where
lela = Sup =[5 o iy,
n€Np TL'

which can also be written as

1
(3.4) Ik ]lo = ess sup —e*k(n)].
nely ‘77‘
Clearly,
(3.5) k()| < Inlte™ M| k]la, 7 € To.

In fact, we will consider the scale of such spaces {K, : @ € R}. Naturally,
llkllor > ||k|lar for o > &”; hence, Ko < Ko, that is, each smaller space
is continuously embedded into each bigger one.

Let us write (3.2) in the form L® := A + B with

(3.6) (Ak)(n) = —E(n)k(n)
(BK)(n) = / S BlOkn U Oda.
RE cancz0

To define L? as a linear operator in a given K, we set
Do(A) ={k e Ky : Ak € Ko}
and define D, (B) analogously. Then the domain of L? in K, is set to be
Do(L?) = Do(A) N Dy(B).
Let us prove that
(3.7) Yo/ > a Ko C Do(LA).
By (3.3) and (3.5) we get from (3.6) the following estimates
(3.8) (AR))] < [n[Blnlte 1 k]l



A continuum individual based model of fragmentation... 79

EomI < [ Y AlOknus\Qlds

R concz0
< ST kllar (1ol = I¢] + 1)t ll(<=Der (/ ﬂ<m\<>dx)
CCn,C#0 Re
Il (i—1)o
_ o, e
< nllklla@lnlte M { Y a
i=1 ’
< [nll|kllaBlnlle > M H (o),
where we have also used that
|77| (i—l)o/ o0 (’L—I)O/ ea/
e e e —1 ,
7! = Z 7! - e = H(d')
i=1 i=1

Employing these estimates for calculating ||Ak| and || Bk, we readily
obtain (3.7).

By a classical solution of the problem (2.9), in a given K, and on the time
interval [0,7"), we mean a continuous map [0,T) 3 ¢+ k; € Do (L?) which
is continuously differentiable in K, on [0,T") and such that both equations in
(2.9) are satisfied. Our main result is then given in the following statement.

Theorem 3.1. Let ag and o, be any real numbers and ag > a,. Then
the problem (2.9) with L* as in (3.2) and (3.3) for ko € Ko, has a unique
classical solution ki in K, on the time interval [0,T (o)), where

Proof. We use a modification of the OQucyannikov method, similar to that
used in [6]. The estimates obtained above for ||Ak|, and || Bk||, can also
be used to define the corresponding bounded linear operators acting from

Ko to Ko, o > . Let || - ||aor denote the operator norm. By means of the
inequality

1
(3.9) Inle=M < — for a > 0 and 5 € I,

ea
we then get

B PH(o/)

3.10 Allgey < —12 Bllyy < 22
B10) Al S s (Bl < 2

Next, for t > 0 and the same «, o/, let us define the operator
(3.11) Ko 2k — \I/aa/(t)k € ]Ca,

where

(3.12) (oo (t)K) (1) = exp (—tE(n)) k(n).
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Clearly,

\Ilaa’ (t>\Pa’a”(3) = \Daa” (t + 3)7
holding for all ¢,s > 0 and o > o/ > a. Also
(3.13) Voo () laar <1, t > 0.

For t =0, (3.11) turns into the embedding operator I, : Ko — Kq. Note
that for each ¢ > 0, the multiplication operator (3.12) can be defined as
a bounded operator acting in the same space K,. We define as in (3.11)
to secure the continuity of the map [0,+00) > t — Y,k € K, for each
k € Ko . Indeed, by (3.10) we get, cf. (3.13),

oo (t) = Ina||aar < t]|A||aar — 0, as t— 0.

Let ap and . be as in the statement. For ¢ < T'(a,), we pick ¢ > 1 such
that also gt < T'(cv). For this g and some n € N, we introduce the following
partition of the interval [ov, ag):

(¢ —1)(ao — ) _ap — oy
qgn+1) p qn

(3.14) Qop =09 — P ,
(g —1)(ap — ax) _pao —

g(n+1) gn
where p =0,1,2,...,n. Note that ag,+1 = a.. Let

Qopr1 =g — (p+1)

Bnp+1: Kagpoy = Koy, P=1,2,...,n,

act as defined in (3.6). Then the norm || By —p11llas,as,_; can be estimated
as in (3.10), which yields, see (3.14),

an
(315) HBn_p“l‘l HQQpOprl S eT(Oé*) N

For each m € N, we then set
ktm - ‘I]a*ao )kO

t1 tpn— 1
3 16 + Z/ / / Oé2n+1042n tl)Bl\Ila2n71a2n72 (tl - tQ)BQ oo

X \I’a3a2 (tn—l — n)Bn‘I’alao( n)kodtn e dtl

By direct calculation we get that

d
dt
where A : D, (A) = Kq, and B : Kq,,, , = Ka,. Note that

t1 n— 1
- ktn 1 —/ / / a2n+1oz2n tl)Bl\I’azn 102n— 2( 1= tQ)B cee
X Wasas (tn1 — tn) Bn¥a, a0 (tn) kodty, . . . dty

(317) kt,m = Akt,m + Bkt,m—lv
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which yields by (3.15)
1 /n\" gt \"
318 Mo bl < o (2)" (7 ) Wl

e T ()

The operators under the integrals in (3.16) are continuous (as the products
of bounded operators), so ki, € K4, is continuous on t € [0,7(ay)). In
view of (3.18), {ksn}nen, is a Cauchy sequence, uniformly in s € [0, ¢]. Let
ks € K, be the limit of this sequence, which then is a continuous function
of s € [0,T(ay)). By repeating the above arguments one shows that the
same is true in Ko, 1 < Kq, for small enough e > 0. Hence ks € Dq, (L)
for all s € [0,T(cw)). Next, by (3.10) and (3.18), {dks n/ds}nen, is also a
Cauchy sequence for s € [0,t] and dk,/ds — dks/ds for n — co. Hence,
ks is the classical solution on [0, T (a)).

Now we show the uniqueness stated. Assume that u; and v; are two
solution of (2.9) with (3.2). Then wy = u; — vy satisfies (2.9) with the zero
initial condition. For each & < a, the embedding I, is continuous. Hence
wy solves (2.9) also in 4. Then it can be written in the form

t
(3.19) wy = / Usa(t — s)Bwsgds,
0

for some « € (@&, o). Here wy lies in K, and B acts from K, to K,. Now
for a given n > 1, we split [@, o] similarly as above, i.e., set € = (e, —&)/2n
and

oy = O — PE, =0,.

Then we reiterate (3.19) n times and obtaln

t1 tn—1
wy = / / / a2na2n 1( tl)Bl\IIOQn 20020 — 3(t1 _tQ)B

X \IIOC2061 (tn—l - n)antndtn co.dtq,

where wy, lies in Ko, and By, acts from Ko, ,, to K which yields

Q2pn—2k+1"
||Bk||a2n72k+1a2n72k > m'
Hence,
1 /n\n OH (o "
furlls < 2 (2)" (22220)" sup o
n: \e Oy — s€[0,t]

where the latter supremum is finite as w;y is continuous. Since n is arbitrary,
this means that ||w:||qg = 0 for

Oy — O
2g0H 2GH (o)

Then also [|w¢||o, = 0. To extend this to the whole range of ¢ mentioned in

the theorem one repeats the above construction due times. O
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