doi: 10.2478/v10062-012-0028-7

ANNALES
UNIVERSITATIS MARIAE CURIE-SKEODOWSKA
LUBLIN-POLONIA

VOL. LXVII, NO. 2, 2013 SECTIO A 33-41

MAMORU NUNOKAWA, EMEL YAVUZ DUMAN
and SHIGEYOSHI OWA

Properties of functions concerned with
Carathéodory functions

ABSTRACT. Let P, denote the class of analytic functions p(z) of the form
p(2) = 14 cpz™ + cup12™ ™ + ... in the open unit disc U. Applying the
result by S. S. Miller and P. T. Mocanu (J. Math. Anal. Appl. 65 (1978),
289-305), some interesting properties for p(z) concerned with Carathéodory
functions are discussed. Further, some corollaries of the results concerned
with the result due to M. Obradovié¢ and S. Owa (Math. Nachr. 140 (1989),
97-102) are shown.

1. Introduction. Let A, denote the class of functions f(z) of the form
(1.1) f)=z+ ) wz* (n=1,23,...)

which are analytic in the open unit disc U= {z € C | |z| < 1}. If a function
f(z) € A, satisfies

(1.2) Re (i{é?) >0 (ze€l),

then f(z) is said to be starlike with respect to the origin in U. We denote

by S the subclass of A, consisting of functions f(z) which are starlike with

respect to the origin in U. From the definition of the class S, we see that
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if f(z) € A, satisfies
2f'(2)
f(z)

then f(z) € Sf. We denote by 7, the subclass of S} consisting of f(z)
satisfying (1.3).
Obradovi¢ and Owa [5] have shown the following result:

Theorem A. If f(z) € Ay satisfies f(2)f'(z) #0 for 0 < |z| <1 and

2f"(2)| _ 5 ]2f'(2)
flz) |4l f(2)

(1.3) -1 <1 (2€0),

(1.4) 1+ (z € U),

then f(z) € T{.

In order to discuss our results, we have to recall here the following lemma
due to Miller and Mocanu [3] (also due to Jack [2]):

Lemma 1.1. Let
w(z) = a2 + a1z + ... (an #0)

be analytic in U. If there exists a point zg € U on the circle |z| = r < 1
such that

(1.5) max lw(2)| = |w(z0)l,

then we can write
(1.6) 20w’ (20) = mw(2o),
where m 1s real and m > n.

Example 1.1. We consider the function w(z) given by

6
(1.7) w(z):z"+n+1z"+1 (n=1,2,3,...).
Then, it follows that
6
(1.8) max |w(z)| = max |z|" |1+ C (14—
|2|<lzo] |2|<lzol n+1 n+1

for 29 = re™* € U. This shows that |w(z)| attains its maximum value at a
point zg € U on the circle |z| = r. For such a point zg = re~", we have that

zow/(zo) _ zg(n + eiQZO) . (Tl + 1)(n + T‘)

1. = . =
(1.9) w(2g) o (1 . ez > n+1+r

=m2>n

n+1
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Let P,, be the class of functions p(z) of the form

(1.10) p(z) =1+ Z ezt (cn #0)
k=n

which are analytic in U. We also denote by Q,, the subclass of P,, consisting
of f(z) which satisfy
(1.11) Ip(z) =1 <1 (z€0U).
Since p(z) € Q,, shows that Rep(z) > 0 (2 € U), p(z) € Q,, is said to be a
Carathéodory function in U (see Carathéodory [1]).
2. Conditions for the classes Q,, and 7. Applying Lemma 1.1, we

discuss some conditions for p(z) € P, to be in the class Q,,.

Theorem 2.1. If p(z) € P, satisfies

zp'(2)
(2.1) Re <p(z) +a o) > <+Van|p(z)| (z€0)

for some real o > 0, then p(z) € Q.

Proof. Note that p(z) # 0 (z € U) with the condition (2.1). Let us define
the function w(z) by

(2.2) p(z) =1+w(z) (z€l)
for p(z) € P,. Then w(z) is analytic in U and
(2.3) w(z) = 2™ + cpp12" T4

It follows that

2p'(z) azw'(z)
(2.4) p(2) + « o) 1+w(z)+ T+ w()
and that
1 zp'(2)
Re | p(z) +
(2.5) p(2)] < p(2) >

azw'(2)

) < ven

1
—mRe <1+w(z)+

for z € U.
We suppose that there exists a point zg € U such that

(2.6) max |w(z)| = |w(z)| = 1.

|z1<]20]
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Then, Lemma 1.1 gives us that w(zp) = € and zow'(29) = me® (m > n).
For such a point zg, we have that

1 207 (20) 1 0 ame'
Re <p(zo)+a ) = ’1+6i9|Re 1+e” + ,

[p(20)] p(z0 1+ eif
1 oam
=—-——— (14 cosl+—

(2.7) 2(1 4 cosb) ( 2 )

— s (VT )
\f < cos 24/1+ cos @
This contradicts the condition (2.1). Therefore, there is no such point zg €
U. This means that p(z) € Q. O
Corollary 2.1. If f(2) € A, satisfies f(2)f'(z) #0 for 0 < |z| <1 and
2f'(2) < Zf”(Z))} 2f'(2)

28) Req(l—-« +all+ <+an zeU
) mef0- o3 7 )<V e | EEY
for some real o > 0, then f(z) € T.

Proof. Letting p(z) = (()) in Theorem 2.1, we have that
20 (2) 2f'(2) < Zf”(Z)>
p(z) + o 1-«a +all+ .
O N [ 1)
The proof of the corollary follows from the above. O

Next we derive

Theorem 2.2. If p(z) € P, satisfies Rep(z) # 0 (z € U) and

(2.9) Re (p(z) + aZp/(Z)) < (1 + %> Rep(z) (z€ )

p(z) 4
for some real o > 0, then p(z) € Q.

Proof. Define the function w(z) by (2.2) for p(z) € P,. Then, w(z) is
analytic in U,

w(z) = 2" + Cnp1 2" 4
and
el p(z aZp/(Z) e w(z M
(2.10) : <p( O > - <1+ | )+1+w<z)> <1+

Rep(z) Re(1 + w(z)) 4

(z € U). If we suppose that there exists a point zyp € U on the circle
|z| = r < 1 such that

max [w(z)| = w(zo)] =1,
J2I<] o
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we can write that w(z) = ¢ and zyw’(z9) = me®. This shows that

zop/ (2
Re (p(zo) + 0402?(0)) 1+cos+ 20

p(20) 9 an
2.11 = >1 > 14+ —
(211) Rep(zo) 1+ cosf T 4 T
Since (2.11) contradicts our condition (2.9), |w(z)| < 1 for all z € U. This
means that p(z) € Q. O

If we take p(z) = ZJJ:ES) in Theorem 2.2, we have

Corollary 2.2. If f(z) € A,, satisfies Re <Z}CES)> #0 (2 €U) and

e -0 F va (1 L)) < (1 e (S

(= € U) for some real o > 0, then f(z ) i

Corollary 2.3. If f(z) € A, satisfies

(2.13) ‘m{ixgv<d%<?é?>+n_2 (z € U),

then f(z) € T,F.
Proof. If we write

2f'(2)
f(2)

we see that w(z) is analytic in U and

=1+w(z) (f(2) € An),

w(z) = cp2™ + cpp12" T L

For such a function w(z), we see that
) 2SN (2w _n=2
1 re (- =re (g 1) < g v

Supposing that there exists a point zp € U on the circle |z| = r < 1 such
that

max [w(z)| = [w(zo)] =1,
J2I<]

we can write that w(zp) = ¢ and zyw'(z9) = me'. Therefore, we have

20" (20) Zof'(20)> _ Re( ke B 1) _k n—2

(2.15) Re( o) f(z0) 1+ 2 1T

which contradicts the condition (2.13). This implies that f(z) € 7, O
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Example 2.1. Let us consider the function p(z) given by
(2.16) p(2) =14+a,2" (2 €0)
for some n € N = {1,2,3,...}, where a,, satisfies

ad +2a, —1<0 (0<a,<1).

Then p(z) € P, and p(z) # 0 (z € U). It is clear that p(z) satisfies the
condition (2.9) in Theorem 2.2 for z = 0.
Let us put z = € for p(z). Then we see that

2p'(2) anap(an + cosnf)
2.1 =1
(2.17) Re (p(z)—i—ap(z) ) +ancosn9+a%+1+2ancosn9
and
an an
(2.18) (1 + T) Rep(z) = (1 + T) (1+ ay, cosnb).

This gives us that

(1 + %) Rep(z) — Re (p(z) + aiﬁéi?)

an(1 + 2a, cosnf + a3 cosnd + 2a2 cos® nf)
4(a? + 1 + 2ay, cosnb)
an(l — 2a, — a?)

~ 4(aZ + 1 + 2a,, cosnb)

Therefore, the function p(z) satisfies the condition (2.9) for all z € U. In-
deed, we see that

(2.19) =

> 0.

Ip(z) — 1| = lapz"| <a, <1 (z€0U).
Furthermore, if we define the function f(z) € A,, by
2f'(2)
f(z)
with some real a,, (0 < a, < 1) satisfying

ad +2a, —1<0,

(2.20)

=1+a,z"

then we have that
(2.21) f(2) = zen?"
which satisfies the condition (2.12) in Corollary 2.2.
If we consider the function
glz)y=2>+2x -1 (0<z<1),
we see that g(0) = —1 < 0 and g (3) = § > 0. Therefore, there exists some
real z (0 < x < 1) such that g(z) < 0. Indeed, we see that

0.4533 < x < 0.4534.
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3. Properties for the classes P,, and A,,. We discuss some properties
for functions in the classes P,, and A,,.

Theorem 3.1. If p(z) € P, satisfies
/
(3.1) / Re <2p (Z)>’d9<7r
|z|=r p(z)
for z=re? (0 <r < 1), then Rep(z) >0 (z € U).
Proof. It follows from (3.1) that

(3.2) /|z|=r Re (Z]f;g))’da—/o%

This implies that Rep(z) > 0 for |z| = r < 1. Applying the maximum
principle for harmonic functions, we obtain that Rep(z) >0 (2 € U). O

dargp(z)
do

d@—/ |darg p(z)| < =.
|2=r

From Theorem 3.1, we have

Corollary 3.1. If f(2) € A, satisfies

2f"(z)  zf'(z)
3.3
(33) /..

Re (l—i- — )‘d9<7r
for z=re? (0 <r < 1), then f(2) € S;.

f'(z) f(z)

Further, applying the same method as the proof by Umezawa [5] and
Nunokawa [3], we derive the following result:

Theorem 3.2. If f(z) € A; satisfies

B () .
(3.4) 4ﬁ—1<R <f/(z)><'8 (z € )

for some real B > %, then Re f'(z) > 0 (z € U).
Proof. We note that if f/(z9) = 0 for some zg € U, then f(z) does not

satisfy the condition (3.4). This shows that f/(z) # 0 for all z € U. Applying
the same method by Umezawa [5] and Nunokawa [3], we have that

2f"(2) "2 dz . 2f"(z)
es) [ @~ [ =i f dz =0,
|z|=r f/(Z) |z|=r f/(Z) 1z |z|=r f/(Z)
We denote by C; the part of the circle |z| = r on which

(3.6) Re <z}‘/'£(zz))) >0

(3.7) / dargz = x.
C1
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On the other hand, let us denote by Ca the part of the circle |z| = r on
which

(3.8) Re <Zﬁéz)> <0

and

(3.9) /C dargz = 2w — x.

Putting 2

(3.10) v = /Cl Re (?:;i?) 6 = /61 (darigl(z)> df
and

(3.11) —yy = /CQ Re (Z;,/;S)) o = /CQ <‘mrigl(2)> do,

we have that y; —y2 = 0.
In view of the condition (3.4), we obtain that

y1 < PBr and 1o < 465_ 1(27r—:c).
If yy > 5, then yo = 31 > 5 and § < Bz. On the other hand, we have that
2775—% T
(3.12) y2<45_1(2ﬂ—$)<m:§.

This contradicts the inequality y2 > 5. Therefore, y1 = y2 < 5. Conse-

quently, we obtain that
2f"(z
(3.13) y1+y2 = /||— Re ( ]{’((z))> ’ do = /|— |darg f'(2)] <,

which implies that Re f/(z) > 0 (z € U). O

>
Finally, letting 5 — oo, 8 = i and g = % in Theorem 3.2, we have the
following corollary.

Corollary 3.2. If f(z) € A1 satisfies one of the following conditions

(3.14) Re (?:i?) > —% (z € ),
(3.15) Re <ZJ{/;(;))> < % (z € U),
(3.16) Re <Z£/;i§)) ‘ <1 (zeU),

then Re f'(z) > 0 (z € U).
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