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On canonical constructions on connections

ABSTRACT. We study how a projectable general connection I' in a 2-fibred
manifold Y? — Y' — Y and a general vertical connection © in Y? — Y —
Y induce a general connection A(T,0) in Y? — Y.

Introduction. In Section 1, we introduce the concepts of projectable gen-
eral connections I' and general vertical connections © in a 2-fibred manifold
Y? — Y! — Y% In Section 2, we construct a general connection X(T", ©)
in Y2 —» Y! from a projectable general connection I' in Y2 — Y — YO
by means of a general vertical connection © in Y2 — Y — Y9 In Section
3 we observe the canonical character of the construction ¥(I', ©). In Sec-
tion 4, we cite the concepts of natural operators. In Section 5, we describe
completely the natural operators A transforming tuples (I', ©) as above into
general connections A(T',0) in Y2 — Y. In Section 6, we prove that there
is no natural operator C' producing general connections C(T') in Y2 — Y'!
from projectable general connections I in Y2 — Y'! — Y. In Section 7, we
present a construction of a general connection %(T',©) in Y? — Y! from a
system I' = (I'2,T'!) of a general connection I'? in Y2 — Y and a general
connection I'' in Y'' — Y© by means of a general vertical connection © in
Y2 - Y! = YO In Section 8, we present an application of the obtained
result in prolongation of general connections to bundle functors.
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All manifolds considered in the note is Hausdorff, second countable, with-
out boundaries, finite dimensional and smooth (of class C*°). Maps between
manifolds are smooth (infinitely differentiable).

1. Connections. A fibred manifold is a surjective submersion p : Y — M
between manifolds. By [1], an r-th order holonomic connection in p : Y —
M is a section
r:-vy—-Jy
of the holonomic 7-jet prolongation 7} : J'Y — Y of Y — M. If Y — M
is a vector bundle and I" : Y — J"Y is a vector bundle map, I is called
a linear r-th order holonomic connection in Y — M. A linear r-th order
holonomic connection in the tangent bundle Y = TM — M of M is called
an r-th order linear connection on M. A first order linear connection on M
is in fact a classical linear connection on M.
A 1-order holonomic connection I' : Y — J'Y in a fibred manifold Y —
M is called a general connection in Y — M.
We have the following equivalent definitions of general connections in
Y — M, see [1].
A general connection in p: Y — M is a lifting map
I:YxyTM—=TY
i.e. a vector bundle map covering the identity map idy : Y — Y such that
Tpol(y,w)=w
for any y € Y, w € T, M, x € M. (More precisely, I'(y,w) = T,o(w),
where I'(y) = jlo.)
A general connection in Y — M is a vector bundle decomposition
TY =VY @y H"
of the tangent bundle TY of Y, where V'Y is the vertical bundle of Y. (More
precisely, Hg =im 7,0, where I'(y) = jlo.)
A general connection in Y — M is a vector bundle projection (in direction
HT)
prt :TY VY

covering idy .

A 2-fibred manifold is a system Y2 — Y — YO of two fibred manifolds
Y2 = Ytand Y! — YO

Let Y2 — Y! — Y? be 2-fibred manifold and

P Y Y 0<j<i<?
be its projections. Of course, p?® = p'% o p?!. Let
VAIY? = ker(Tp" : TY' — TYY)
be the vertical bundle of p : Y* - Y7 0<j <i<2.
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We introduce the following concepts of projectable general connections
and of general vertical connections in 2-fibred manifolds Y2 — Y — Y.
A projectable general connection in Y2 — Y — Y0 is a general connec-
tion
L:Y? xyoTY? - TY?
in p?° : Y2 — YV such that there is a (unique) general connection
L:Y! %o TY? 5 TY?
in pl: Y1 — YO satisfying
Tp*' o' =T o (p*! X idpyo) .
Connection I is called the underlying connection of T'.
A general vertical connection in Y2 — Y — YV is a vector bundle map

0 :Y? xy1 VIOV 5 y20y2
covering the identity map idy=2 : Y2 — Y2 such that
Tp? 0 0(y2,v!) = v!
for any 3% € Yy%, y' € Y!and o'l € VylloYl.

Equivalently, a general vertical connection in Y2 — Y! — Y9 is a
smoothly parametrized system © = (©,) of general connections

O 1 Y7 xy1 TY,) = TY;
in the fibred manifolds Y2 — Y;! for any 2 € Y, where Y2 is the fibre of

p?? 1 Y2 — Y0 over z and Y,! is the fibre of p!* : Y! — YO over x and
Y2 — Y is the restriction of the projection p?! : Y2 — Y1

2. A construction. Let I be a projectable general connection in Y? —
Y! — Y0 with the underlying connection I and © be a general vertical
connection in Y2 — Y1 — Y0,

We define a map %(I,0) = X : Y2 xy1 TY! — TY? by

S(y% wh) =0y pri(wh) + Ty, Tp"(w')) |

y? € Yy% ,yt e YU, w! € Ty, where prl : TY! — V10V s the
I'-projection.

Lemma 1. ¥ is a general connection in p*' : Y2 = Y1,

Proof. It is sufficient to verify that Tp?! o ¥(y?, w!) = w'. We consider
two cases.
(a) Let w' € VylloYl. Then % (y?, w!) = O(y?, w'), and then

Tp* o B(y*,w') = Tp* 0 Oy, w') = w!

as © is a general vertical connection in Y2 — Y — Y90,
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(b) Let w! € Hy%Yl, the I-horizontal space. Denote w® = Tp'°(w!).
Then X(y?, w!) = I'(y?,w), and then

Tp* o B(y? w') = Tp*' o T(y?, w°) = L(p* (y?), ") = Ly, u’) .
Then w' := Tp?! o B(y?, w') € Hy%Yl, w! e HZ’%Y1 and
Tp*(w') = Tp? o Tp* o T(y*,w’) = Tp™ o T(y*, w’) = w’ = Tp'*(w') ,
and consequently w’ = w!. O

3. Invariance. Let Y2 — Y! — Y0 be another 2-fibred manifold with
projections p¥ : Vi — VI, 0 < j < i < 2. Let I be a projectable general
connection in Y2 — Y! — Y0 and © be a general vertical connection in
Y25 Y 5 Y0 Let f=(f2fL0: Y2y 2Y) 5 Y25y
Y9 be a 2-fibred map, i.e. fi:Y? — Y fori=0,1,2 and p¥ o fi = fiopi
for0<j<i<2.

Lemma 2. IfT is f-related with T, (i.e. Tf2oT =T o (f2 x ;0 Tf°) and
then Tf'ol = Lo (f! X 50 T£9)) and © is f-related with © (i.e. VX200 =
Qo (f? x 1 VIOFY)), then & = X(T, ©) is f-related with ¥ =3(T,0) (ie.
Tf2oX =%o(f2xpuTfh))

Proof. If w € HYY'!, then w = ['(y!, w?) for some y' € Yyl0 and w® € Y;J%,
and then Tf(w) = D(f1(y!), TfOw®)) € HE. Then

TFHHEYY) ¢ HEY?! and (obviously) Tf1(VI0y!) c 1oyt .

Consequently, V10fl o prl = prE o Tf'. Using this formula and the as-
sumption of the lemma and the formula defining 3, one can easily verify
that

TNy w') = Yo (f(y*), Tf ("))
fory> € Y3, w' € TpY' yl e Y O

4. Natural operators. The general concept of natural operators can be
found in [1]. We need the following partial cases of this general concept.

Let FMng.m,.my be the category of 2-fibred manifolds Y? — Y1 — Y©
with dim(Y?) = mg, dim(Y!) = mg + my, dim(Y?) = mg + m1 + ms and
their 2-fibred local diffeomorphisms.

Definition 1. An F M, m, m.-natural operator transforming projectable
general connections I' and general vertical connections © in F Mg mi mo-
objects Y2 — Y1 — Y0 into general connections A(T,0) in Y? — Y! is an
F Mg .mi ,mo-invariant system A of regular operators (functions)

A Conproi(Y2 = YT = Y0) x Conyen(Y? = Y = Y0) = Con(Y? - Y1)
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for any F Mg m,,mo-0bjects Y2 5 Y! = Y0 where C’onp,noj(Y2 Y >
Y?) is the set of projectable general connections in Y? — Y! — Y70,
C’onvm(Y2 - Yl 5 YO) is the set of general vertical connections in
Y2 - Y! - Y% and Con(Y? — Y1) is the set of general connections
inY?2 -yl

The invariance of A means that if I' € Congyn(Y2 — Y1 — Y0) is f-
related with T € Conpmj(f/2 Yl }70) and © € Conyet(Y? = Y —
Y?) is f-related with O e C’onvm(f/2 Y= Yo) for an F Mg mi,mo-
morphism f = (f2, f1, %) : (Y2 5 Y Y% = (Y2 5 Y! = YY), then
A(T,©) is f-related with A(T,©).

The regularity of A means that A transforms smoothly parametrized
families into smoothly parametrized families.

Because of Lemma 2, the construction ¥(I", ©) defines an F M my mo-
natural operator in the sense of Definition 1. So, to describe all natural
operators A in the sense of Definition 1 it is sufficient to describe all natural
operators in the sense of the following definition.

Definition 2. An F M, m, m.-natural operator transforming projectable
general connections I' and general vertical connections © in F M, my mo-
objects Y2 — Y! — Y9 into sections B(I',0) : Y? — T*Y! @ V21y?
of T*Y' @ VHY? — Y2 is an F Mg m, m,-invariant system A of regular
operators

B:Conprpj(Y2 =Y 2 Y?) x Conyen(Y2 =Y = Y0) = O (T Y @ VHY?)

for any FMimgmy my-object Y2 — Y1 — YO where O35 (T*Y! @ V2Y?)
is the space of sections of the vector bundle T*Y*! ® V2'Y?2 over Y? (with
respect to the clear projection).

It is obvious that any natural operator A in the sense of Definition 1 is
of the form

AT, 0) =%(T,0) + B(T,0)

for a uniquely determined (by A) natural operator B in the sense of Defini-
tion 2.

A simple example of a natural operator in the sense of Definition 2 is the
one B° defined by

B(L,0)(5) (') = pr® 0 (s, pri(w)) € VEY?

for any F Mg my me-0bject Y2 = Y1 — YO T € Conpi(Y? — Y1 — Y0),
O € Conyen(Y? = Y1 = Y0), y? € Y3, y' € Y, w! € TpY?, where
pr>0) . 7y2 5 V21y2 is the X(I, ©)-projection.
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5. A classification. Let R™0"™2 be the trivial F M, m, m,-0object
R x R™ x R™ — R™ x R™ — R0 with the usual projections. Let
b, ™oyl y™ 2 2™2 be the usual coordinates on R™0:m1m2
Consider a natural operator B in the sense of Definition 2. Because of the
invariance of B with respect to 2-fibred manifold charts, B is determined

by the linear maps
B(T',0)(0,0,0) : T(g0)(R™ x R™) = Vgly o) (R™ x R™ x R™?)

for all T' € Conpr;(R™™172) and all © € Conyer(R™0™172) of the forms

0
E P E q
I' = FO+ F xyda:@ + F .T,'y, d.%' ®ﬁ,

d
0= @"—FZ@ x,y, )dyp®aq,

where the sums are over ¢ = 1,....mg, p = 1,...,m1, ¢ = 1,...,mo, and
where I'° denotes the trivial projectable general connection in R™0-71,m2
and ©° = > dy? ® a%p denotes the trivial general vertical connection in
ng,ml,mg.

Eventually, using a new 2-fibred manifold chart one can additionally as-
sume I'?7(0,0) = 0 and T'?(0,0,0) = 0. (More precisely, denote jio =
'0,0,0) and o(x) =: (z,6(x),5(z)). We consider the 2-fibred coordi-
nate system (z,y — d(x),z — o(z)). In the coordinate system I'(0,0,0) =
1°(0,0,0).)

Then using the invariance of B with respect to F M, m, mo-map %id
for ¢ > 0 and then putting ¢ — 0, we can assume I' = I'* and ©}(z,y, z) =
©1(0,0,0) = const. Consequently, B is determined by the maps

B(FO, 0° + Z Ofdy’ @ ;}) (0,0,0) : R™ x R™ — R™?
forall © e R, p=1,....,m1, ¢=1,...,ma.

Using the invariance of B with respect to tidgrmo X idgrm1 X idgm2 and
then putting ¢ — 0, we deduce that B(I'°,0° + > 0fdy? ® %)(0, 0,0) do
not depend on elements from R™. Consequently, B is determined by the
map & : R™ @ R™ — R ® R™2 given by

B .
((09)) = B(F", 0+ ety @ W) (0,0,0) € R™ @ R™ .

Using the invariance of B with respect to linear isomorphisms from
{tdrmo } x GL(m1) x GL(mz2), we deduce that ® is GL(m;) x GL(ma)-
invariant. Consequently, ® is the constant multiple of the identity. Then
the space of all F M, m, m,-natural operators B in the sense of Definition 2
is 1-dimensional. So, any natural operator B in the sense of Definition 2 is
the constant multiple of B°.

Thus we proved the following classification theorem.
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Theorem 1. Any F My m, m,-natural operator A in the sense of Defini-
tion 1 is of the form

AT, 0) = X(I',0) + 7B°(T, ©)
for a uniquely (by A) real number .

6. Why do we use auxiliary a general vertical connection? We
prove the following theorem.

Theorem 2. There is no F My m, m,-natural operator
C: Conproi(Y2 =Y 5 YY) — Con(Y? — Y1)

transforming projectable general connections I' in F Mg mi m,-objects
Y2 = Y! =YY into general connections C(T') in Y? — Y.

Proof. Suppose that such C exists. Let I'° be the trivial projectable general
connection in the 2-fibred manifold R"0"1™2 Then C(I'?) is p-invariant by
any F Mg m, mo-map ¢ of the form p(xg, x1, 22) = (2o, p1(x1), p2(z1,22)),
o € R™, 21 € R™, 29 € R™ (as ' is). Then j(lovo)a = C(T°)(0,0,0) is
p-invariant for any ¢ as above with ¢(0,0,0) = (0,0,0). Then for ¢ (z1) =
71 and @o(z1,72) = 29 + (21,0,...,0) we get j(1070)(<p oog) = j(1070)a, ie.

j(loyo)n = 0, where n(zg,z1) = (20,21, 1,0, ...,0). Contradiction. O

So, to construct canonically a general connection in Y2 — Y! from a
projectable general connection in Y2 — Y1 — YO the using of auxiliary
objects is unavoidable. In the present note we have used general vertical
connections as such auxiliary ones.

7. A generalization. Let Y2 — Y! — Y0 be a 2-fibred manifold.

A projectable general connection I' in Y2 — Y1 — Y0 is in fact a system
I' = (T, I) of two general connections in p?° : Y2 — Y? and p'?: Y! — Y©
(respectively), and T is determined by T

In this section, we present how to extend the construction of ¥(I', ©)
for I' = (I',I) into a construction X(T',0) for I' = (I'?,T!), where I'? :
Y2 xy0 TY? — TY? is a general connection in p?® : Y2 — Y0 and T'! :
Y! %30 TY? = TY! is a general connection in p'? : Y1 — Y0,

Let I' = (I'%,T!) and © be in question. We define a map %(I',0) = X :
Y2 xy1 TY! = TY? by

S(y?wh) =00 pr (wh) + T2y, w®) — Oy, pr’ o Tp? o T2(y%, u))
y? € Yy%, yte Yt wl e Tlel, w? = Tplo(wl) .
Lemma 3. ¥ is a general connection in p*' : Y2 — Y1,

Proof. We are going to prove that Tp?! o (3%, w') = w'. We consider two
cases.
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(a) Let w! € VylloYl. Then X(y?, w') = O(y?, w'), and next we proceed
as in the part (a) of the proof of Lemma 1.
(b) Let w' € HIY Y. Then

S(y? wh) = T2 u’) - 02 pr' o Tp? o T2 (1%, u))
and then
Tp* o 2(y?, wh) = Tp?t o T2(12, w') — prrl o Tp?t o T2(y2, w?) .
So, w' = Tp* o X(y? wt) € H@l:llY1 and w! € H;llY1 € H;IY1 and
Ty () = T o P27 ) ~ 0 = w = T
and consequently w’ = w!. O

8. An application. We can use the construction (T, 0) from the pre-
vious section in prolongation of connections to bundle functors.

Namely, let F' : F M, ,, — FM be a bundle functor in the sense of [1] of
order r, where F M is the category of fibred manifolds and fibred maps and
F M n is the category of fibred manifolds with m-dimensional bases and
n-dimensional fibres and their local fibred diffeomorphisms. Let p: Y — M
be an F M,, n-object. Let = be a general connection in p: Y — M and A
be an r-th order linear connection on M (i.e. r-th order linear connection
in TM — M). Thus we have the F-prolongation F(Z, \) (of Z with respect
to \) in the sense of [1, Def. 45.4]. F(Z,\) is a general connection in
FY — M. Let A\! be an r-th order linear connection in VY — Y. Using the
construction 3(I", ©) from the previous section, we can construct a general
connection F(E, A1, A) in F'Y — Y as follows.

Let Y2 = FY —» Y! =Y — Y = M be the 2-fibred manifold. We
have a general vertical connection © = O(A!) : Y2 xy1 VIOV — V20y2 in
Y2 5 Yl 5 Y0 by

O (Y%, v") = FX(y°) , jia(X) = Al(v'),
y? € Yy% Lyl e Y ol e VylloYl, where FX is the flow lift of X with

respect to F. Denote I' = (F(E,\),=). Consequently, we have a general
connection F (=, \,A!) in FY — Y by

FEMN =2, 000Y) .

Let =Z and X be as above and A be an r-th order linear connection on Y
(i.e. r-th order linear connection in TY — Y'). Using the above construction
F(Z,\, A1), we can construct a general connection F(Z,A,A) in FY — Y
as follows.

We have an 7-th order linear connection A\! = A(A,Z) in VY — Y by

A (v) :j;(prEoX) , JpX =Aw) ,veVY  yeY,
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where pr= : TY — VY is the =-projection. Then we have a general connec-
tion F(E,\,A) in F'Y — Y by

F(ENA) = FE NN D)) .
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