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Finsler foliation

ABSTRACT. The purpose of this paper is to define transversal Cartan connec-
tion of Finsler foliation and to prove its existence and uniqueness.

1. Introduction. Let (M, F) be a smooth n-dimensional manifold equip-
ped with a foliation F of codimension q. We put n = p + q. We denote
by (zf,y%), i = 1,2,...,p, « = 1,2,...,q the foliated (or distinguished)
coordinates with respect to the foliation F. If (xi/,ya/), i =1,2,....,p,
o’ =1,2,...,q is another foliated coordinate system, then

g g
xz = xl (x7 y)7

a/

y* =y ()

Let T'M be a tangent bundle of M. We consider an induced coordinate
system (2*,y%, a",b%) in TM, where (a’,b*) are coordinates of the vector
at a?:i + b 82a tangent to M at the point p = (z,y). Let Q(M) denotes the
normal bundle of the foliation F with the projection § : TM — Q(M). In
Q(M) we have the coordinates (z’,y®,b%), where b are coordinates of the

vector b"‘ay%. Here 8%1, ey aiyq is a local frame of (). The coordinates in ()

transform as follows

2’ =1 (z,y),
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v =y (),
b = I3 (y),
where J (y) = %Zi (y). If #, o = 1,...,q are the vectors of a local
frame in new coordinates in @, then
0 _ja 0
oy’ > Oy

Let us recall some basic facts from the theory of Riemannian foliations ([5]).
Let ¢” be a Riemannian metric in the normal bundle Q. The metric g7 is
called adapted to the foliation F if for any vector field X tangent to the
leaves of F and any sections Y, Z of the normal bundle

XQT(Y’ Z) - gT(é([X7 i}])? Z) - gT(Yvé([Xv /Z\]) = 07

where Y, Z are any vector fields on M such that §(Y) =Y, §(Z) = Z.

The vector field V' on M is called foliated if for any vector field X tangent
to the leaves of F the vector field [X, V] is also tangent to the leaves. Locally
in the foliated coordinate system foliated vector fields are of the form

i 0 0
V =a'(z,y) D oy

The section Y of the normal bundle is called a transverse vector field
if Y = 6(V) with V foliated. It is clear that the metric g7 is adapted if
the function g7 (Y, Z) is constant along the leaves for any transverse vector
fields Y, Z.

Let (z%,y%) be a foliated coordinate system on U C M. Denote by U
the local quotient manifold and let 7 : U — U be a local projection
m(x,y%) = (y*). The adapted metric g’ induces the metric g on U such
that for each point v € U, m, is an isometry between the transversal space
at u and the tangent space at m(u).

Let Bp(M) be the bundle of transversal frames of M and 67 be the
canonical form on Bp(M) with values in R?. P. Molino ([5]) has proved
that p-dimensional distribution Pr on Bp(M) such that

(1.1) Pr(e) = {X, € T,Br : ix,0r = ix,dfr = 0}

is completely integrable and the associated foliation (the lifted foliation) is
invariant by the right translations. Let Bp(U) be the bundle of transversal
frames on U and denote by B(U) the bundle of linear frames of local quotient
manifold U. Let 7p : Br(U) — B(U) be the natural projection. Then
locally X, € Pr(e) C T.Br(U) if and only if 77, (X) = 0.

Using the metric g7, we can define the bundle E% of the orthonormal
transversal frames. The bundle Eilp is saturated by the leaves of the lifted
foliation. The connection H in E} is called transverse if the distributions

tangent to the leaves of the lifted foliation are horizontal with respect to

+0%(y)
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H. The following theorem is fundamental in the theory of transversally
Riemannian foliations.

Theorem ([5]). For any transversal metric g° there exists in EL exactly
one torsion-free transverse connection.

A. Spiro in [6] has given the characterization of Cartan connection of
Finsler manifold (M, F) in terms of a bundle of Chern frames. The purpose
of this paper is to prove the similar theorem for the transversally Finsler
foliation.

2. Transversally Finsler foliations. We start with the definition of the
transverse Finsler metric.

Definition 2.1. A Finsler metric F7 in the normal bundle of the foliation
F is called transverse if for any transverse vector field X the function F'7(X)
is basic.

Consider a foliated coordinate system (z°,y®), where y!, ... y4 are trans-
verse coordinates. If V = a'(z,y) 8‘21 +ba(y)a% is a foliated vector field and

b (y)% is a corresponding transverse vector field, then F7 is a transverse

Finsler metric if and only if the function FT(x,y,b) does not depend on z.
Let m : U — U be a local projection. Then we have the Finsler metric
F on U defined by the formula F(y,b) = F*(y,b) such that 7 induces an

isometry between @, and TW(U)U, for any u € U.
A. Spiro in [6] has defined the bundle of spheres of the Finsler metric F'.

In our case we define the bundle of the transversal spheres.

Definition 2.2. The set S = {V € Q, : F'(u,V) = 1} is called the
transversal sphere at u. The manifold (J,c,, ST is called the transversal
spheres bundle.

Let us fix a vector V € Qu, u € M, u = (x,y), V = bo‘%(u) and put

ggﬁ(a:, y,b) = %a;b(f;l;; (z,y,b). In this way we obtained a bilinear form g’

on the tangent space Ty Q, for any u € M and V € Q.

Definition 2.3. (M, F, F) is called transversally Finsler foliation if F' is a
transverse metric and ¢ is a positively definite scalar product.

If 7: U — U and @ = 7(u), then Sy = m,(SL), where Sy is a sphere at
u with respect to F.

A. Spiro in [6] has constructed a bundle of Chern orthogonal frames for
the Finsler space. In the case of the transverse Finsler metric we can define
in a similar way a bundle of transverse orthogonal Chern frames.

For fixed V € @, there is the natural identification of the vector space
Q. with the space Ty Q, tangent to @, at V.
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Definition 2.4. The frame Fy, E1, ..., E4_1 of the vector space @, is called
the transverse orthogonal Chern frame if

(1) FT(u, Ep) = 1.

(2) The vectors Ey, ..., E, 1 are tangent to S at E.

(3) gEo(EaaE,B) = 50[/3, Oz,ﬁ = 1, NN 1.

Denote by OgT(ST(M )) the bundle of the transverse orthogonal Chern
frames. For a distinguished open set U the bundle O, (S”(U)) is a pull-back
of the bundle O4(S(U)) of orthogonal Chern frames of the local quotient
manifold U under the restriction 77 of 77 to Or (ST(U)). There is a natural
right action of the group O(R,q — 1) on O r (ST (M)).

Proposition 2.1. The bundle Oyr (ST(M)) is saturated by the leaves of the
lifted foliation and foliation of O,r(ST(M)) is invariant under the action
of OR,q —1).

Proof. Let X, € Pr(e) be a vector tangent at e to the leave of the lifted
foliation. Consider distinguished open set U and the projection

1 0y (ST(U)) — 0y(S(0)).

Then 77,(X.) = 0. But dim O;F(ST(U)) — dim Oy(S(U) = p, which means
that dim ker 77, = p. From (1.1) it follows that the foliation of O, (ST (M))
is invariant under the action of O(R,q — 1). O

Definition 2.5. A local section 0 —» OgT(ST(M)) is called foliated if for
all u € U the distribution Pr(co(u)) is tangent to o(U).

Equivalently o is a foliated section if it sends locally the leaves of F into
the leaves of the lifted foliation.
Let pr : Oy, (ST(M)) — M be the natural projection.

Proposition 2.2. For any e € Oy,.(ST(M)) there exists a local foliated
section @ : U — Oy, (ST(U)) defined in a neighborhood of ug = pr(e) such
that 5 (ug) = e.

Proof. Let ug = m(up), where 7 is a projection onto a local quotient man-

ifold U. The projection 7 : Br(U) — B(U) induces an isometry of

the transversal sphere SpTT(e) onto the sphere Sy, of the Finsler space

(U, F). The image of the transversal orthonormal frame e is an orthonor-
mal frame e at u with respect to F. Let € = (€p,€1,...,€4-1), where

F(up,€9) = 1 and ey,...,€,-1 is an orthonormal basis of Ts,Sz,. De-
note the transversal coordinates by (vo,...,ys—1). We can suppose that

& )8%0. We can use the scalar product g(w,Z)
"yg

0 )
Oy1’ """ Oyq—1

50— O = — 1
ey = B, Let Zp = =— 2

onto the tangent space Tz, Sz and next

to project the vectors
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applying the Gram—Schmidt orthonormalization process, we obtain an or-
thonormal frame Zi,...,%Z4—1 of T%,Sz. In this way we obtain a section
6 : U — Og(S(U)) such that 5(uop) = (Zo, . ..,Z¢—1) and zp = €y. Using an
appropriate element g € O(R,q — 1) we get a section 7 : U — O5(S(U))
such that 7(tg) = € = (€, ...,€-1). The section o : U — 0,7 (ST (U)) is
the unique section defined by the condition py oo =7 o .

The fibre VI = p;l (u) consists of the orthonormal frames of the transver-
sal sphere S . Denote by V. the subspace of T,,0,r (ST (M)) of the vectors
tangent at e to the fibre V;/'. Let A* be the fundamental vector field on
Br (M, F) associated to the element A € gl(q,R). We put

g. ={Aegl(qR): AL eV}
For any open U € M adapted to the foliation F and any g € GI(R, q)
(2.1) mro Ry = Ry oy,

where R, (resp. R,) denotes the right translation of By (U) (resp. B(U)).
U

Example 2.1. Let U be a distinguished open set and 7 : U — U. Denote
by (2%,%?) the coordinates of u € U. For any non-zero vectors V, W € TzU
put V.= W if and only if there exists A > 0 such that V = AW. Let
Py = TyU/ = and Py = U,y Pe. Then the bundle of spheres S(U) is
diffeomorphic to P and we can use the positively homogeneous coordinates

to get the coordinates in S(U). For V € Sz(U), V = U’B%, (y®, w?),
where w® = Av®, X\ > 0 are called homogeneous coordinates of V. Let 7 :

ST(U) — S(U) be a natural projection. Consider an open subset S*(U) of
S(U) such that V € S%(U) if and only if w? > 0. Then (y#, 2%), 2% = %7, are
coordinates in §*(U), (z%,y?, 2*) are coordinates in SI(U) = 71 (5%(U)),
7zt Yy, 2%) = (y®,2%) and (2%) are coordinates along the plaques of the
lifted foliation. Let e € OF (ST (U), e = (a, Yo, 2%, AS) where AS € O(R, ¢—
1). Then %T(xi,yﬂ,zo‘,Ag) = (yﬁ,za,A?;) and if g = G§ € O(R, ¢—1), then
Rg(wiv y/Ba Zaa Ag) = (xia y,67 Zaa AgG§)7 Eg(yﬁa Za? Aﬁ) = (yﬁv zav AgGg)
Proposition 2.3. The subspace gl is constant along the plaques of the
lifted foliation restricted to Oyr (ST (U)) and gl = @z, where §; corresponds
to the vertical subspace at € of the bundle Oz(S(U)) of the Finsler space
(U, F).
Proof. Proposition 2.3 is a direct consequence of (2.1). O
Let A = (A§)a,p=0,..9-1 € g.. Then A € g, and from [6] we know that
(2.2) A3 =0, AY = A,

(2.3) Hye,)(€arep,e4)Ag + AG + AP =0,
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where H is the Hessian at the point (u, ep) of the transversal Finsler metric.

Definition 2.6 ([6]). A non-linear connection in O (ST (M)) is a distribu-
tion H such that H is complementary to the vertical distribution and for
any h € O(q — 1,R), H,, = (Rh)*He-

Equivalently a non-linear connection is defined by a ge-valued 1-form w
on Og(ST(M)) which vanishes on H and w(A}) = A for any A € g..

A non-linear connection H is called adapted to the transverse Finsler
sphere bundle if the vectors tangent to the lifted foliation are horizontal.
The R? valued 2-form X7 = df1 + w A O is called the torsion of H. In the
similar way as in [5] we can prove the following proposition.

Proposition 2.4. A non-linear connection H is adapted to the transverse
Finsler sphere bundle if and only if ix.Xr = 0 for any X, tangent to the
lifted foliation and e € Og(ST(M)).

Proposition 2.5. Let F' be a transverse Finsler metric on a foliated man-
ifold (M, F). Then there exists on OF (ST(M)) an adapted non-linear con-
nection with zero torsion.

Proof. Let U be a distinguished open set and
Tr : Of (ST(U)) — 0y(S(U)).

There exists in O,(S(U)) a unique torsion free connection w. Then 74 (w)
is a torsion free connection in OF (ST(U)) adapted to the lifted foliation
restricted to Og(ST(U)). Consider a covering {U; : @ € I} of M by the
distinguished open sets and let m; : U; — U; be a local projection and w;
denotes a unique torsion free connection on O,(S(U;)). Let {f; : i € I} be
a partition of unity subordinate to the covering {U; : ¢ € I}. Then w =
> fiopTh(w;) is a torsion free connection adapted to the lifted foliation. [

Theorem 2.1. On the bundle O} (ST(M)) of the transversal Chern or-
thonormal frames there exists a unique torsion-free non-linear connection.

Proof. We need to prove the uniqueness of torsion-free non-linear con-
nection. Let w and & be the torsion-free non-linear connections. It is
enough to prove that for any e € OgT(ST(M )) w and @ agreed on on the
section ¢ : U — Og(ST(U)) such as in Proposition 2.2. Let a*(0r) =
(0°,61,...,0971) and 7*(w) = AS507, 7% (W) = BJs6", where wy = (A%g)
and Wy = (BJy) are the elements of g.. Since w and & are torsion-free it
follows that (w — @) A 7 = 0. We have

) AT, = B B,
or
?;/3 - B% = Agv - Bgv‘
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From (2.2) and (2.3) we get
A8y — By = —Ady + By = — A2y + BYy = 0.
For a,8=1,...,q — 1 we have
Ads — Bag = A%+ By = —Aj, — B,
= AGs + Hu,eo) (s €85 €4) Adg — Biig — Hu,eq) (€as €8, €4) Bl
= A§y — By = A% — By = —A%, + B, = —Als + BYj.
Ago - Bgo = _Agﬁ + ng =0.

g”/ - Bgv = _Aga - H(u,eo)(ea’ €y GH)A'EO + Bga - H(u,eo)(ea’ €, eH)BEO
= ~ Ao+ Bio = Hueo)(€ar €y, x)(Afo — Bfo) = = A}, + Bj,
= _Azyﬁ + Bz[a = _Ag'y + Bgﬂ/ - H(u,eo)(ew es,ex)(Ano — Bao)
- Agv - ng - A“B/a - Bga
= —AJs + BJg — Hue,) (€8 €as ex) (A5 — Blp)
= —Ajs + Bjg = —AG, + Bg,.

O

Example 2.2. Let F be a transversal Finsler metric in ) and g an arbitrary
Riemannian metric on M. Denote by (T,L)* an orthogonal complement
of T,y M with respect to g. The projection p, : T,M — @Q, induces an
isomorphism of (T,L)* onto Q,. Put for X ¢ T,M, X = X; + X¢,
X, € T,L, X{ € (T,L)*

F(u, X) = /gu(X1, X1) + F2(u, pu(X)).

Then F is a Finsler metric on M adapted to F in the sense of [3], [4], (T, L)+

is its transversal cone at u ([3]) and the metric F' induces the metric F' on
the bundle Q.
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