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ABSTRACT. Some properties of secantoptics of ovals defined by Skrzypiec
in 2008 were proved by Mozgawa and Skrzypiec in 2009. In this paper we
generalize to this case results obtained by Cieslak, Miernowski and Mozgawa
in 1996 and derive an integral formula for an annulus bounded by a given
oval and its secantoptic. We describe the change of the area bounded by a
secantoptic and find the differential equation for this function. We finish with
some examples illustrating the above results.

1. Introduction. Throughout this paper an oval will be a plane, simple,
closed curve given by the equation

(1.1) 2(t) = p(t)e' + p(t)ie' for t e [0,2n],

where p(t), called the support function of an oval, is of class C® and the
function R(t) = p(t) + p(t) is positive for all ¢ € [0,27]. Note that the
function R(t) = p(t) + p(t) is the curvature radius of the curve z(¢) at the
point ¢ and that the support function p(¢) can be extended to a periodic
function on R with the period 27. Let C' be an oval and let 5 € [0,7),
v € [0,7—p) and a € (B+7, ) be fixed angles. In [14] we defined the notion

of secantoptic Cy g~ of an oval C as the set of intersection points 2z, (%)
of secants s1(t) and so(t) to C for every t € [0,27]. This construction is
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FIGURE 1. A construction of a secantoptic

shown in Figure 1. The parametrization of a secantoptic C, g~ of an oval
C is given by

Za g () = (p(t) + A(t) sin B+ i(p(t) + A(t) cos B))e  for t € [0,27],

where

TEERCE L (—plt)cos(a — §) — (1) sin(a — )
+p(t+a—p—v)cosy+p(t+a—pF—)siny).

Let C be a fixed oval. We denote by e(C') the exterior of C' and by ¢ a
half line from z(0) in direction ie~*. The mapping

(1.3) Fpq i (B+7,m) x(0,27m) = e(C) \ ¢
is given by the formula

(1'4) Fﬂﬁ(a7 t) = 20475,7@)'

The Jacobian J(Fj3,,) of Fz, at (a,t) is given by

L(R(t +a—pF—)siny —pu(t))(R(t)sin + A(t)) > 0.

sin o

(1.5) J(Fpy) =



Integral formula for secantoptics and its application 51

Expressions in brackets are important for further purposes, so we denote
them by

(1.6) L(#)
(1.7) M(#)

A(t) + R(t)sin B,
w(t) — R(t+a— 5 —)sinn.

We may, as it was shown in [12], express a secantoptic of an oval C' as an
isoptic of pair of its evolutoids. If

Y_g(t) = p(t + ) cos B — p(t + B)sin
and
Py (t) = p(t — ) cosy + p(t — ) siny

are the support functions of evolutoids I'_g and I',, then the equation of
secantoptic C, g of an oval C' is given by

I_sl,

L (1) = () + (w ta)

it
o Yp_p(t) cot a) ie’.
2. Integral formula for annulus. Let 5 € [0,7), v € [0,7 — ) and
a € (B+,m). Let (x,y) be a point in the annulus CC, g~ and let s be
a secant line to the oval C' passing through (z,y) and points (z1,y1) and
(z2,y2) on C, where (x1,y1) € C is closer to (z,y) than (za,y2) or (z1,y1) =
(z2,y2). Let the secant s be such that after rotation about an angle 8 around
(x1,y1) € C we get the tangent line to C. Let t1(z,y) = 7(x,y) + Rsin g,
where 7(z,y) denotes the distance between (x,y) and (x1,y1), and let R be
a curvature radius of an oval C at (z1,y1).

Theorem 2.1. Let C be a given oval and C, g, its secantoptic. Then the
following integral formula holds

(2.1) // dmdy (COS’)/ - .cosﬁcosa B sinﬁ) 7
sina

Ca,8,~

where C’Ca57 denotes the annulus contained between C' and C,g, and
Lc = fo t)dt is the perimeter of C.

Proof. Let us consider the integral of % in the annulus CC, g, where
a € (B4 ,m). After changing variables from (z,y) to («,t) by means of
diffeomorphism Fjp , we obtain

d
[ i = ] [
t sin o

CCa,B,’y 0 6+’7
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The integrand can be expressed in terms of the support function of a given
oval in the following way

—M(t -1 sinvy ..
- (): ——p(t+a— B —7)cosacosy + — 7p(l‘,—i-Oz—B—'y)
sin a sin” o sin a
sin(a — ) . cos 3 sinf
+—47—4ﬁ+a—6—w+.2 p(t) + ——p(1).
sin” o sin® o sin” o

It is well known ([13]) that the length of a curve parametrized by a support
function is given by

2m
(2.2) Lo = / p(t)dt.
0

Hence
2
(2.3) /@@+a—ﬁ—wﬁ=LC
0
and
2T 27 2T
(2.4) /p'(t—ka—ﬁ—'y)dt: /p(t—koz—ﬁ—v)dt: /p(t)dt:().
0 0 0
Therefore we obtain
(2.5) // dxdy _ I / _cos.aQCOSfydOH_ / c:ozﬁ o
t1 sin” « sin“ o
CCoq,8,y + B+

If in the first integral we substitute sina = x,

sina

dzd d ro1
// s S Lo | —cosy / f—cosﬁ/ ——da |,
t T sin“ av

CCa,py sin(6+4) B+

then we obtain the following integral formula

// dwdy:LC (cos*y—.cosﬂcosa_sinﬁ>' O
t sina

CCqu 8~

If B =+, then the formula (2.1) simplifies to
dzd
(2.6) // e L¢ <tan g cos 8 — sinﬂ) =Lr_, (tan% — tanﬁ) :

3]
CCq s
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For 8 =~ = 0 we get the formula known from [3] for isoptics

dxd
(2.7) // L L(;tang.
31 2
CCq

3. The area bounded by a secantoptic. In this section, using a suit-
able function, we describe the change of an area of a domain bounded by a
secantoptic C, g of an oval C, where « is a variable. We derive the differ-
ential equation for this function and, using the formula (2.1), we estimate
the value of its first derivative at the left end of the domain. This reasoning
is a generalization of results obtained for isoptics in [3].

Theorem 3.1. The area of a domain bounded by a secantoptic Cy g~ of
an oval C, where 3 € [0,7) and v € [0,7 — ) are fived and o is from the
interval (B + ~y,m), can be described by a function

21
1
Agqle) =55 / (W25t = B) + W3 (t +a - B)
0
(3.1) —2¥_g(t — B)V,(t+ a — B) cos

—U_5(t— B, (t+a— B)sina
+ 0 (t+a—B)U_g(t - B) sina)dt.

Proof. Let us recall that if D is a domain bounded by a smooth curve K,
then the following Green formula holds

1
//dxdyzQ/xdy—ydx.
D K

We may use this formula to describe the area of a domain bounded by a
secantoptic C, g of an oval C

21

(3:2) Apy(a) = ;/[Za,ﬁ,v(t)’Zoz,ﬁ,v(t)]dt-
0
Since '
Za,p(t) = (p(t) + A(t) sin B+ i(p(t) + A(t) cos 5))e™,
then

20 (t) = (A(t)sin B — A(t) cos B+ i(R(t) + A(t) cos B + A(t) sin B))e.
Hence
[20,5.7(1): Za.4 ()] = p(E)R(t) + A(2) (p(t) cos B — p(t) sin §)
+ A(t)(p(t) sin B 4 R(t)sin B + p(t) cos B) + A (t).



54 W. Mozgawa and M. Skrzypiec

In terms of the support function of the oval C' we have

sin” a [20,87(1): Za,8~(1)] = (p(t) cos B — p(t) sin 6)2
+(p(t+a—pB—7)cosy +p(t+ o — f—7)siny)?
+ p(t) sinasin B(p(t + a — f — ) cosy
+p(t+a— B —7)sin7y)
+ p(t+ a— B —v)sinasiny(p(t) cos B — p(t) sin 3)
—2p(t+ a — B — ) cosasiny(p(t) cos 5 — p(t) sin 3)
— p(t)sinacos B(p(t +a — B —y) cosy
+p(t+a— B —7)siny)
—2p(t 4+ a— B — ) cosacosvy(p(t) cos B — p(t)sin 3)
+p(t+ a— B —v)sinacosy(p(t) cos 5 — p(t)sin 3).
If we use support functions of evolutoids I'_g and I';, of the oval C, then we
get
S0 [0 (), iy (6] = W25t — ) + W2 (¢ + 2 — )
—2¥_5(t - )V, (t+a—B)cosa

(3:3) —U_4(t— BV, (t+a—B)sina
+ 0, (t+a— B)U_g(t — B)sina.
Hence
2
Ag () = 2s111~12 - / (U2 5(t—B) + V2(t+a—pB)
(3.4) - 2\11_,3(3 —B)¥y(t+a—f)cosa

~U_5(t—B)W,(t+a— B)sina
+ 0 (t+a—B)U_g(t— ) sina)dt.

The formula (3.3) is a generalization of the formula

[2a(t), Za(t)] = 12 (P°() +p°(t + @) = 2p(t)p(t + @) cos a

—p(t)p(t + ) sina + p(t + «)p(t) sin 0‘)

for isoptics, known from [3]. O

Note that
2T 27

/\117(t +a—B)V_g(t—pB)dt = — / U_5(t— B, (t + o — B)dt

0 0
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and if 5 =+, then

2m 21
/\112_ (t — B)dt = /113(t+ o — B)dt
0 0
2m 2m
=cos? B [ p*(t)dt +sin® B [ p*(t)dt.
At

Hence for 8 =  the expression Ag ,(a) can be written in the following form

27
Apple) = —— [ (¥ 5(t= )~ Ws(t+a = 5)(¥_s(t - f)sina
0

+W_g(t — 3) cos a))dt

similar to
27
A(a)sin® o = / (p*(t) — p(t + @) (B(t) sin v + p(t) cos @) ) dt
0

for isoptics, known from [3].

Since we have assumed that the support function of an oval C'is of class
C3, then the support functions of its evolutoids W_g(¢) and W, (t) are of
class C? and we may differentiate the function Ag ().

Theorem 3.2. The function Ag(c) given by formula (3.4) for f € [0,7),
v €[0,m— ) and o € (B +,m) satisfies the following differential equation

(3.6) Ay (a)sina + 245, (a) cosa = G(a),

where
2

(3.7) G(r) = / (U_p(t — B)Uy(t+7—B) = T_g(t — B)T,(t+ 7 — B))dt
0

for T € [B+y,m]. Moreover, if 8# 0 or~y #0, then

3.8 0< A, (B+yh) <L Rty SnOsiny
(3.8) <A (B+7)7) < o max B 5 o)
Proof. Let

(3.9) Ag () sin® a = I(a),
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where

21
1

I(a) = 2/(\1125(15—@ +\I/?/(t+a—ﬁ)

0
—2¥_3(t - )V, (t+a— B)cosa

—U_4(t— BV, (t+a—B)sina
+ 0, (t+a— B)V_g(t — B)sina)dt.
Differentiating the formula (3.9), we obtain

(3.10) () sin® o + 245 () sinacos a = I'(a).
Hence
1
/ . oy
(3.11) g(@)sina + 245 (a)cosa =1 (04)7Sin o
and we can assume that
1
12 =T .
(312 Gla) = I'{a) =
After straightforward calculations we get
2m
I'(a) = sina / (Vp(t = B)Wy(t + = B) = W_p(t — B)y(t +a — B)))dt
0
and
2
(3.13) Gla) = / (W_p(t— B) U (t+a— B) —_(t — B0, (t+a— B))dt.
0

Now we estimate the right-hand side derivative of Ag, at 3+ . Using the
integral formula for annulus (2.1), we get

cosy — cos S cosa . dxdy
Le sina —sinf )= t1
C,

a,B,y

e )/
> dxdy
maXye(o,2n] L<a7 t)

CCa,8,v

_ Apq(a) — Ay (B+17)
maXqe(o,2n) L(aa t)

I

which can be rewritten as

0 < Agq(a)=Ag~(B+7)

3.14 —
(319 < Lc (COS7 .COSﬁCOsa - sinﬁ) max L(a,t)
s a te[0,27]
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and hence we obtain the following estimation of difference quotient for the
function Ag

Apr(a) — Ag(B+7)

0<

(3.15) - a—(+)
' < maxiec[o,2x] L(a,t) I cosy — cos fcosa _sin
a—(B+7) sina )

To get the estimation of the right-hand side derivative of Ag, at 5+ we
have to calculate the value of the limit

1 _
= lim Lo <COSfy .COS/BCOSCL — sin B) max L(a,t).
a—(B+)+ a — (B +7) sina t€[0,27]

We apply I’Hopital’s rule and calculate the limit

lg= lim L¢
a—(B+y)*

N (cosv —cosffcosa sinﬁ) s 8L(a,t)>.

5 max L(a,t)

cos § — cosycosa
sin“ a te[0,27]

sin a telo,2n]  Oa
Note that
3.16 lim max L(a,t)= lim max (A(a,t) + R(t)sin 3).
0 a= (B4 t€[0,2m} (1) a—(B+y)* te[o,2ﬂ( (a,2) + R(t) sin )

Since for fixed 8 € [0,7), v € [0,7 — ), a € (8 + 7,7) and t € [0, 27]
expressions A(a,t) and R(t)sin/3 are nonnegative and R(t)sin/ does not
depend on a, then

(3.17)  lim max L(a,t)= lim max A(a,t)+ max R(t)sinp.
a—(B+v)t t€[0,27] a—(B+v)t t€[0,27] t€[0,27]

Suppose that the value max¢(g2q A(a,t) is taken for some ¢; € [0,27] and
that 8 # 0 or v # 0. Then from (1.2) we have
lim max A(a,t1) = lim —p(t1) cos(a —
a—)(%-ﬁ—’y)*‘ t€[0,2}§r} (a 1) a—)(,lﬁ-i-’y)"' ( ( p( 1) (a /8)
—p(t1)sin(a — B) + p(t1 +a — B — ) cosy
+pti+a—B8-7) Sin’Y))

sina

1
_ (i) s
sin(ﬂ+7)( p(t1) cosy — p(t1) siny
+p(t1) cosy + p(t1)siny) = 0.
Therefore
(3.18) lim  max L(a,t) = max R(t)sinp

a—(B+~)t t€[0,27] te[0,27]
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and

lim <<COS’)/ —cosfcosa “in 5) ax dL(a, t)> _o

a—(B+7)* sina tefo,2nr]  Oa
Finally we get
sin 8 sin «y
3.19 lg=1L Rt)————.
9 n=be B M0 )

If 8 € (0,m), vy € (0,m—p) and t € [0,27] then the limit [y has real,
nonnegative value. If 8 = v = 0, i.e. for isoptics of ovals, we have I = 0.
Hence from 1'Hopital’s rule

| JLomaxican RIOSGEET, i B # 00y #0,
0, ifg=~v=0.

and we get (3.8). O

Let us try to illustrate on some examples the meaning of this estimation.
Example 3.1. Consider a circle C given by a support function p(t) = ret.
The equation of its secantoptic C, g is of the form

it

—— ((cos Bsin(a — B) + sin B cos )
sin a
+i cos B(cosy — cos(a — f3))) .

Using the first derivative of this parametrization

(3.20) Za,pa(t) =

rett

Za84(t) = (cos B(cos(aw — ) — cos~y)+i(cos Bsin(a — B)+sin B cos 7)),

sin av
we may consider the expression

7”2

sin? o

[Za,8~(t), 2a.8~(t)] = (cos? B — 2cos f cosy cos a + cos? ).

Using the Green formula, we get the function which describes the area of
the annulus

1 2 2
Ag () = = / _T2 (cos® B — 2 cos 3 cos y cos a + cos? y)dt
2 )y sin‘a
2
= WT(COS2 8 — 2cos B cosycos a 4 cos® )
sin” «v
and we calculate its derivative Aﬂﬁ (@)

2712

sin® o

Agﬁ () = (cos B cosy + cos B cosycos? o — (cos? B + cos® ) cos a).
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The limit of this derivative at o = 8 + v is equal to the value Aﬂﬁ(ﬁ +7)
and equals

2772 sin 3 sin y

AIB7(6+ ) SIH(B—F’}/)

Recall that for a circle C its perimeter is Lo = 27r and the curvature
radius is R(t) = r. Therefore, a circle satisfies with equality the formula
from Theorem 3.2.

Example 3.2. Now we are looking for an example of a curve for which

sin 3 sin «y
21 A L t)———.
(3.21) 0< Asy(8+7) < Le max B S0

We write the formula (3.1) in terms of the support function of a given oval C'

27
s [ (o 5 cos)g?(0) + s -+ sin? )0
—2p(t)p(t+ o — B —
+2p(t)p(t +a— B —~
+2p(t)p(t +a— B —~
—2p(t)p(t +a— B —~)s

Apy(a) =
cos a cos 3 cos y

(
(

sin accos 3 cosy — cosasin(f + 7))

cos asin fsiny — sinasin(f + 7))

—_— — ~— —

sin avsin 3 sin 7y)dt.

Let us consider an oval C', whose support function is given by p(t) = a +
bcos 3t, where a > 8b and b > 0. We have then p(t) = —3bsin 3t, p(t) =
—9bcos3t and R(t) > 0 for each t € [0,27]. For this oval C' the function
Ag () can be written in the form

1
2sin? a
+ (sin? B + sin® )9b? sin® 3t — 2(a® + abcos 3(t + o — B — )
+ abcos 3t 4+ b% cos 3t cos 3(t + a — B — 7)) cos a cos B cos
— 6(absin3(t+a— B —7) —b’cos3tsin3(t +a — B —7))

X (sin v cos B cosy — cosasin(f + 7))

4 18b? sin 3t sin 3(t+a— B —7)(cos asin Bsiny — sin asin(B + 7))

2m
Ag () = /0 <(cos2 B+ cos? y)(a® + 2ab cos 3t + b* cos® 3t)

—2-27b%sin 3t cos 3(t + o — B — ) sinasinﬁsiny)dt.
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After some simplifications we get

Agq(a) =

— (2@2((3os2 B 4 cos® v — 2cos acos B cos )

2sin”“ «

+ b?(cos® B + cos® v + 9(sin” B + sin®7)
—2cosacosfcosycos3(a— L —7)

—6sin3(a — B — ) (sinacos B cosy — cosasin(S + 7))

+ 18 cos 3(aw — f — ) (cos asin B siny — sinasin(B + 7))
+54sin3(a— 5 —7) sinasinﬁsin’y)) :
The area bounded by C' is equal to

Ag~(B+7) = m

+ 2sin B sin~y cos S cosy) + b2(cos2 B+ cos® v
+ 9(sin? B + sin? v) — 2cos(B + 7) cos f cosy
+ 18(cos(B + ) sin Bsiny — sin?(5 + fy)))) = 7(a® — 4b°)

and the derivative of the function Ag , after some calculations can be written
as

(2&2 (cos? B + cos? vy — 2 cos? B cos? y

. 2
Ag (o) = — ;T <a2 (cos B cosy — cos a(cos® B + cos® ) + cos
sin® av
+ b2( — 4sin® acos 3(a — B — 7)(cos B cosy — 9sin Bsin )
+ 12sinasin 3(a— B —7) sin(S+7) —cos a—4 cos a(sin® +sin’~)
+ cos? accos 3(av — B — ) (cos B cosy — 9sin B sin )
+ 3sinacosasin3(a — B — 7)(cos 5 cosy — 9sin Ssiny)

—3cos?asin3(a — f — ) sin(B + )

2

« cos [ cos ’y)

+ 9sinacosacos3(a — B — ) sin(B —|—'y))>.

At o = B+ v we get
2m(a? 4 32b%) sin 3 sin 7y
sin( + )
From the inequality (3.8) for a curve given by a support function p(t) =
a + bcos 3t we have

(3.22) Ag . (B+7) =

27

27 27
. c= t)dt = a—+bcos3t)dt = at|,” + =sindt| = 2ma,
(3.23) L / p(t)d / (a+bcos3t)d F g in3
0 0 0

R(t) = a+ bcos3t — 9bcos 3t = a — 8bcos 3t,

max R(t) = a + 8b.
t€[0,27]
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Hence the value of the derivative (3.22) and its estimation (3.8) lead us to

the inequality

27 (a? + 32b%) sin B siny
sin(5 +7)

sin ( sin 7y
sin(3 + )

which can be reduced to the form 4b < a. Hence the inequality (3.24) is
always satisfied if @ > 8b for the curve, but as we can see the value of

Ag (B +7) is less and is not equal to L¢ max;e|(o,2n] R(t)% in the

(3.24) 0< < 2m(a® + Sab)

inequality (3.8).
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