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ABSTRACT. In this paper, we introduce some subclasses of meromorphic func-
tions in the punctured unit disc. Several inclusion relationships and some
other interesting properties of these classes are discussed.

1. Introduction. Let M denote the class of functions f (z) of the form

(11) fE) =+
k=0

which are analytic in the punctured open unit disc
E*={z:2z€Cand 0 < |z|] <1} = E\{0}.
If f(2) is given by (1.1) and g(z) is given by

1 oo
1.2 == bpz"
(1.2) 9(2) Z+kzo K2
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we define the Hadamard product (or convolution) of f(z) and g(z) by
(1.3) (f *9)( *+Zakbkz (gxf)(2) (€ E).

Let Py(p) be the class of functions p(z) analytic in E with p(0) =1 and
R
(1.4) /‘ eplz ‘d9<k7r 2= rei?,

where k > 2 and 0 < p < 1. This class was introduced by Padmanbhan et
al. in [16]. We note that P;(0) = Py, see [17], Px(p) = P(p), the class of
analytic functions with positive real part greater than p and P»(0) = P, the
class of functions with positive real part. From (1.4) we can easily deduce
that p(z) € Px(p) if and only if, there exists p1(z), p2(z) € P(p) such that
for z € E,

(15) o= (5+3)ma- (5-3) e

In recent years, several families of integral operators and differential opera-
tors were introduced using Hadamard product (or convolution). For exam-
ple, we choose to mention the Rushcheweyh derivative [18], the Carlson—
Shaffer operator [1], the Dziok-Srivastava operator [4], the Noor integral
operator [14], also see [3,5,6, 11]. Motivated by the work of N. E. Cho and
K. I. Noor [2,9], we introduce a family of integral operators defined on the
space of meromorphic functions in the class M. By using these integral
operators, we define several subclasses of meromorphic functions and in-
vestigate various inclusion relationships and some other properties for the
meromorphic function classes introduced here.

For complex parameters a1, ...,oqand 31, ..., 0 (B €C\Zy, j=1,...,s;
Zy, ={0,—1,-2,...}) we now define the function ¢(a, ..., aq; B, ..., Bs; 2)
by

' 1 Ozl k41 - (aq)k—‘rl k
plar,...,aq P, Bs; 2) +Z (B1)k+1 - Bs)k+1(k+1) o

(g<s+1; SEN():NU{O};N:{LZ,...}; z € E),
where (v)y is the Pochhammer symbol (or shifted factorial) defined in
(terms of the Gamma function) by

_TPlw+k) 1 if k=0 and v € C\{0}
(W) = L(v)  |o(w+1)...(v+k—1) ifkeNandwveC.

Now we introduce the following operator

Iﬁ(alu"'vaqaﬁlv"wﬁs):M — M
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as follows: ,
Let Fp(z) = 1+ 372, (LZH) 2F p € No, u # 0 and let Fu_’;(z) be
defined such that
Flp(2) * Fﬂ_;(z) =o(a1,...,aq P1,...,Bs 2).
Then
(1.6) I(an, . aq, By, Be) f(2) = Fip(2) % f(2).
From (1.6) it can be easily seen

I(at,...aq B, ... Bs) f(2)

(1.7) _1 = K g (al)k+1~-(aq)k+1 arsk
_Z+§<k+u+1> BOkr1 - Boen b+ 1)1 7

For conveniences, we shall henceforth denote

(1.8) I(ar,...aq, Br,... Bs) f(2) = I})(a, B1) f(2).

For the choices of the parameters p = 0, ¢ = 2, s = 1, the operator
Il(cr, B1) f(2) is reduced to an operator by N. E. Cho and K. I. Noor [2] and
K. I. Noor [9] and when p=0,¢=2,s =1, a1 =\, aa =1, 1 = (n+ 1),
the operator I},(a1, $1)f(z) is reduced to an operator recently introduced
by S.-M. Yuan et al. in [20].

It can be easily verified from the above definition of the operator If; (a1, 1)
that

(1.9)  z(IE™(an, 1) f(2)) = plh(an, B1) f(z) = (u+ DIZ (ar, B1) f(2)
and
(1.10) 2(I5(a1, B1)f(2)) = aalfi(on + 1, 1) f(2) — (a1 + 1) IE(ay, Br) f(2).

By using the operator I},(a1, 81), we now introduce the following subclasses
of meromorphic functions:

Definition 1.1 ([9]). A function f € M is said to belong to the class
MRy(y) for z € E*, 0 <~ < 1,k > 2, if and only if

2f'(2)
— € Py(v),
7 <
and f € MV (y), for z € E*, 0 <~ < 1,k > 2, if and only if
R
f'(z)
We call f € M R () a meromorphic function with bounded radius rotation

of order v and f € MV () a meromorphic function with bounded boundary
rotation.

c Pk<’)/)
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Definition 1.2. Let fe M, 0<~v< 1,k >2, z€ E*. Then
f € MRy (a1, B1,7) if and only if If) (a1, 1) f € MRy(7).
Also
f e MV[ (a1, B1,7) if and only if If(a1, B1)f € MVi(y), =z € E".
We observe that, for z € E*,
feMVy (ar,B1,7) & —2f € MR (a1, B1,7).

Definition 1.3. Let A > 0, f €e M, p € Ny, 0 < v, p <1, 4 > 0 and
z € E*. Then f € B,;\’ﬁ(al,ﬂl,v,p), if and only if there exists a function
gE MVQIju(oq, B1,7), such that

- Blenmien [ eI gy

(Iii(ar, Br)g(2)) (Zi(e1, Br)g(2))

In particular, for \=0=p, k =q¢=p =2 and s = 1, we obtain the class
of meromorphic close-to-convex function, see [7], see also K. I. Noor [9]. For
A=1Lp=0,k=q=pu=2 s =1, we have the class of meromorphic
quasi-convex functions defined for z € E*. We note that the class C* of
quasi-convex univalent functions, analytic in E, was first introduced and
studied in [12], see also [13,15].

In order to establish our main results, we need the following lemma, which
is properly known as the Miller-Mocanu Lemma.

Lemma 1.1 ([8]). Let u = uj +iugz, v = v; +ive and ¥ (u,v) be a complex
valued function satisfying the conditions:

(i) ¥ (u,v) is continuous in a domain D C C2?,

(i7) (1,0) € D and Re ¥ (1,0) > 0,

(7i1) Re W (iug,v1) < 0, whenever (iug,v1) € D and v; < —% (1 + u%) .

If h(2) = 14 c1z + 222 + --+ is a function analytic in E such that
(h(z),2h (2)) € D and Re(V (h(z),zh/(z)) > 0 for z € E, then Reh(z) > 0
n E.

2. Main results.
Theorem 2.1. Let Rea; >0, p >0 and 0 <y < 1. Then

MRiﬂu(al + 176177) - MRZ];M(ahﬁl?p) - MRZ];:LI(OZMBI’T/)'

Proof. We prove the first part of the Theorem 2.1 and the second part
follows by using similar techniques. Let

fGMRi,u(a1+1’ﬂla7)a z€E”

and set

il B)f(2) (k1 o ko1 N
21) (Ih(ea, 1) f(2) (4 + 2) ha (2) <4 2) ha(z) = H(z).
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Simple computation together with (2.1) and (1.10) yields

(Tilor + 1, 81) f(2))" zH'(z)

22) ~ e T~ 1O+ SHG g a1 SO 2 €
Let

%)= g [1+ 2 5 +Zkz],
then

zH'(2)
H(2) % 29, (2 [ )+a1+1]
B ﬁ 1 zh(2)

(23) B (4 2) [ —hl(z) + a1+ 1}

-(5-2) [»0+ v

Since f € MR} (a1 +1,51,7), it follows from (2.2) and (2.3) that
zhl(2)
hi :
[ O F e+ a1
Let h;i(z) = (1 — p)pi(z) + p. Then

} € P(v), i=1,2, z€kE.

(1 = p)2pi(2) }
1 — (2) L p—~+ L eP, zeEFE.
We shall show that p;(z) € P, i =1, 2.
We form the functional ¥(u,v) by taking u = u; + iug = p;i(z), v =
v + tvy = zp,(z). The first two conditions of Lemma 1.1 can be easily
verified. We need to verify condition (iii) as follows:

\P(u,v)Z{(l—P)u+p_7+ _(1—p()2_—i31—}i-041+1}7

implies that

(I-p)(ar+1—pu
(1= p2ud + (—p+ o1 +1)*

By taking v; < —3(1 4+ u3), we have

Re U(iug,v1) =p—v+

A+ Bu3

Re U (iug,v1) < 50

where
A=2p—7)(ar1+1—-p)?=(1=p)ar+1-p),

B=2(p—7)(1—p)*=(1—p)(a1+1-p),
C=(g+1—-p>+01-p2ui>o0.
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We note that Re U(iug,v1) < 0 if and only if A < 0 and B < 0. From
A <0, we obtain

(2.4) p:i{(3+2a1+2'y)—\/(3+2a1+2'y)2—8},

and B <0givesus 0 < p < 1.
Now using Lemma 1.1, we see that p;(z) € P for z € E, i = 1,2 and
hence f € MR} (a1, B1,p) with p given by (2.4). O

In particular, we note that

p:i{(3+2a1)— \/(12a1+4a%)+1}.

Theorem 2.2. Let Reay, u > 0. Then
MV? (a1 +1,B1,7) € MV? (a1, B1,p) C MVE  (n, B, ).
Proof. We observe that
f(z) € MVkITu(oq +1,61,7) & —zf(2) € MRQH(OQ +1,61,7)
= —zf'(z) € MRg’H(al,ﬁl,p)
& f(z) € MV (a1, B1,p),

where p is given by (2.4).
The second part can be proved by means of similar arguments. O

Theorem 2.3. Let Reay, u > 0.Then

A A A
Bpb(ar+ 1, 81,71, p1) € Bi(eu, Bi, 72, p2) C Bk,’ﬁﬂ(al, B1,73, P3),
where v; = vi(pi, 1), © = 1,2,3 are given in the proof.

Proof. We prove the first inclusion of this result and the other part follows
along similar lines.

Let [ € B,i‘:ﬁ(oq + 1,51,71,p1). Then by Definition 1.3, there exists a
function g € MVQZZM(OQ + 1, 31,71) such that

(o + 1,8)7(2))
{(1 M0 (o + 1. 5)g(2))
(eI + 1,8 (2))
“[ (IB(cr + L A1)g(2))

(2.5)

} } € Py(p1)-

Set

(2.6) h(z) = {(1 ~ )

(B0, )I ) [
@(ar, g2y [

where h(z) is an analytic function in E with h(0) = 1.
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Now, g € MVQIfu(al +1,681,m) C MVQI?M(al,ﬁl,'yg), where 9 is given by
the equation

(2.7) 292 + (34201 — 27y1)72 — {271(1 + o) + 1} = 0.

Therefore,

q(z) _ _(Zlg(alyﬁl)g(z))/ c P(72)7 e E.

(Tu(on, Br)g(2))
By using (1.10), (2.5), (2.6) and (2.7), we have

29 i+ = A nin), g € Pl 2B
With
0 = (5 +5)10= o)+ = (5 = 5 ) 10 = podhale) + 52l

(2.8) can be written as

(5+ 1) fu-mam+ s LrRetiO)

4 2 —q(z)+ a1 +1
ko1 (1 — p2)Azhfy(2)
—(E_2Y = o)
(4 2) {< p2)ha(2) + p2 + —q(z)+ar+1]’
where
1 — po)Azhl(z )
{a=pmte) 4 pot CZ PP € i), e iz,
That is

(1 — p2)Azhi(2)
{(1 = p2)hi(2) + p2 — p1 + a0 t ot 1

We form the functional ¥(u,v) by choosing v = wu; + iug = hi(z), v =
v1 + ivg = zh}(z), and

}eRzeEi:Lz

(1 —p2)Av
—q(z)+ a1 +1

The first two conditions of Lemma 1.1 are clearly satisfied. We verify (ii3),
with v; < —3(1 4 u3) as follows:

w0 = {1 p)ut g + b -t

A1 — — D+ i
Re \I/(iUQ,Ul) = p2 — p1 +Re{ ( p2)vl{( g1+ a1+ )+ZQQ}}

(—q1+a1+1)2+q3
2pa — p1) =g+ a1 + 117 = A1 — po){(—q1 + o1 + 1)(1 + )

< 2
2|—q+ a1 + 1]

2
_ A+ Buj <0,
2C ~
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if A<0and B <0, where
A=2(p2 = p1)|—q+ o1+ 1> = A1 = p){(—q1 + a1 + 1),
B=-\1-p2){(—q1 + a1 +1) <0,
C=|—qg+a+17?>0.
From A < 0, we obtain
~ 2p1|—q+ a1+ 1" + ARe(—q(2) + a1 + 1)
2|—q+ a1+ 12+ ARe(—q(z) + a1 +1)

Hence, using Lemma 1.1, it follows that h(z), defined by (2.6), belongs to
Pi(p2) and thus f € B,’C\”z(al,ﬁl,*yg,pg) for z € E*. This completes the
proof of the first part. The second part of this result can be obtained by
using similar techniques and the relation (1.9). O

P2

Theorem 2.4. Let Reay, p > 0. Then
(7’) B]i\:ﬁ(al)ﬁlu/-% P) C Bg:Z(alyﬁla%ﬁM)-

(ZZ) B]i\’lpip(alvﬂlvwa ,0) C B;;\i;p(alaﬁl,%P)a fOT 0< A< A

Proof. (i). Let

(e, Br) f(2)
he) = (Iii(ea, B1)g(2))"”

h(z) is analytic in E and h(0) = 1. Then

(IBlan, B)I) , \ [ (Uer,B) ()
(2.10) {(1 Y (Zu(a1, Br)g(2)) A (Ii(a1, Br)g(2)) ]}
=h(z)+ A 2k (2) ,
—ho(z)
where

2(IF(« 2))")

Since f € Bg’z(al,ﬂl,%p), it follows that

2h (z)
—ho(z)

h(z) = (Z + ;) ha(2) — (Z - ;) ha(2).

Thus (2.10) implies that

[h(z) +A ] € Pi(p), ho € P(y), for z € E.

Let

zhi(z)
—ho(2)

[hi(z)+>\ ] € P(p), z€E, i=1,2.
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and using similar techniques, together with Lemma 1.1, it follows that
hi(z) € P(p4), i = 1,2, where

_2p lho(2))* + ARe ho(2)
2|ho(2)|> + ARehg(z)

Therefore h(z) € Py(p4), and f € Bg:ﬁ(al,ﬁl,%pzl), for z € E*. In partic-
ular, it can be shown that h;(z) € P(p), i = 1,2. Consequently h € Py(p)
and f € BZ:Z(Q1761777P) in E*.

For A = 0, we have part (i). Therefore, we let Ay > 0 and f €
B,i‘fl;p(al,ﬁl,fy, p). There exist two functions Hi(z), H2(z) € Py(p) such
that

@B+ LAY | U+ LA
{(1 M) (@ 1 Br)g(2)) “1{ (T(a1 + 1, B)9()) ”‘Hl”
(I + 1, 81) f(2)

/

)
s + 1. Ag(2)y 20
where g(z) € MVQZju(al, B1,7)-
Now
B+ L)) | [ (B + 180
o) GRSl aw e iaad R ceaw e al

Since the class Py(p) is convex, see [10], it follows that the right hand side
of (2.11) belongs to Py(p) and this shows that f € B,i‘ilp(al,ﬁl,'y,p) for
z € E*. This completes the proof. O

Inclusion properties involving the integral operator F.. Consider
the operator F,, defined by

z
Cc

(2.12) R = -5 /tcf(t)dt (f € M: ¢>0).
0
From the Definition of F, defined by (2.12), we observe that

(2.13) 2((I}(an, 1) Fef(2)) = c(Ih(ay, B1) f(2) — (¢ + 1) (IE (o, B1) F.f(2).
Using (2.12), (2.13) with similar arguments as used earlier, we can prove
the following theorem.

Theorem 2.5. Let f € MRi,u(al,ﬁl,y) or f € MV,ﬁu(al,ﬁl,'y) or f €

B,’f\”ﬁ(al,ﬁl,ﬁy,p), for z € E. Then F.(f) defined by (2.12) is also in the
same class for z € E*.
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