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Solution of a class of the first kind singular
integral equation with multiplicative
Cauchy kernel

ABSTRACT. In the present paper, we give the exact solutions of a singular
equation with logarithmic singularities in two classes of functions and con-
struct formulae for the approximate solutions.

1. Introduction. Let us consider a singular integral equation of the form

1 p(&n) _ l-z, 1-y
(1) ﬂé/(§—x)(17—y)d§dn_f(x’y)ln1+$ln1+y7 (z,y) € D,

where D = (—1,1) x (=1,1), f(z,y) is a given Holder continuous function
in D, and ¢(z,y) is an unknown function. The equation (1) has applications
in the theory of aeroelasticity [1].

Note that the equation without logarithmic singularities was many times
considered in different classes of functions. In the literature the solutions
of the equation (1) in bounded domains [2, 5, 6, 9] as well as unbounded
[3, 4, 7, 8, 10], are known for both single and multiple integrals.

Let us introduce the function classes that will be used here.
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Definition 1. We write ¢(z,y) € h(—1,1) x h(—1,1), if it satisfies the
Hoélder inequality

(2) o (z,y) — ¢ (2/,y)| < K|z —2/|"" + Ko ly — /|2,

where 0 < p1,pe < 1, and Ky, Ky > 0 are constants independent of the
choice of points (z,y), (',y") € D.

Definition 2. We write p(z) € hy, if it satisfies the Hélder inequality in
each point of the interval (—1,1), and has the following representation

pi(z) 5 (x)
3 = 5 =
© o) = e 0 = G o
in a neighborhood of the points x = —1, = = 1 respectively, with 0 <

ap, a0 < 1, and @i (z), @i (x) satisfying the Holder inequality in the interval
[—1,1].

Definition 3. We write ¢(x,y) € ho X hy, if it satisfies the Holder inequality
(2) in each interior point of the set D, and has the following representation

o) = Fi@Y) o) = P2

(4) #ley) = (14 z)n #(@9) (1—z)2’
~ps(r,y) _walz,y)

Ao = e POY =T e

in a neighborhood of points of the lines z = -1, z =1, y = -1, y = 1,
respectively, with 0 < aj, < 1, and ¢} (x,y) belonging to the class A(—1,1) x
h(—1,1), for k=1,...,4.

2. Exact solution in the class hg X hg.

Theorem 1. Let the function f(z,y) € h(—1,1) x h(—=1,1). Then the
general solution of the equation (1) in the class hg X ho has the form

) = ! ) L W)
5)  wlzy) N ) R(f;2,y) F g v
where
\/ 1- £2 1- "72)f(£77]) In }Jrg ln 1+77
O Ry // (E=2)n—-y) e

and v1(x), v2(y) are arbitrary functions from the class hg.
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If the solution @(x,y) satisfies the conditions

1
1
(7) 77/‘/’ =g(z), —-l<z<1,
-1
1
(8) = @(é,y)dﬁ =h(y), -1<y<1,
-1
where g(x) and h(x) are given functions of the class hy such that
1 1
o) - [ode =~ [ ntapn =4
T g = n)an = A,
-1 -1
then the equation (1) has the unique solution given by the following formula:
iy gz h(y
p(r,y) = <2 ) + ()+ ()2
V(-2 V1-— Vi—z
(10) o

V=22 (1 -y?)

Proof. Denoting

1 T,
(11) Uy (z,y) = /gp( 9 gy,
T n—-y
-1
. 1
s E—x
~1
one can express the equation (1) in the form
1
L [V y) l—z. 1—y
13 d 1 In —=
(13) - [ = s m i m L
“1
or
| [ Wa(zn) 1 1
20, N -z -y
14 — dn = 1 In —=.
(14) -y = )
-1

Solving the equation (13) in the class hg, we obtain [9]

oW VISOREHGEY |
(15) \Ifl(x,y)——mﬂl = WK+
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where ¢1(y) is an arbitrary function from hy.
Next, solving (11), we have

o(z,y)

___R({fizy) 1/1 vi-wal , . c)
16) 1 —22)(1-y?) \/1—3?27? JoVT=y2(n - y) V1-y?

_ R(f;, y) 71() Y2 (y)

/A=) +\/1— MV

where R (f;x,y) is given by the formula (6), and ca(z), v1(x), Y2(y) are
arbitrary functions from hg. We get the same result solving the equations
(14) and, consequently, (12).

In order to determine the functions v1(x), v2(y), we substitute the general
solution given by (5) to the conditions (7)—(9). Then using the Poincaré—
Bertrandt formula, we prove that the unique solution of the equation (1) in
the class hg X hg is given by the formula (10). O

3. Exact solution in the class h(—1,1) X h(—1,1).

Theorem 2. Let the function f(x,y) € h(—1,1) x h(—=1,1). Then the
unique solution of the equation (1) in the class h(—1,1) x h(—1,1) exists if
and only if the following conditions:

1
1 [ fla n) /PO

n
T —£2 1+
. V1-¢ §
are fulfilled and it is given by the following formula:
(e, y)

(19) e (&) In ¢ In 151
= V- ”2//¢1—§2 %) (€ — ;(n—y)dédn'

Proof. Similarly to the previous proof we introduce denotations (11), (12)
and express the equation (1) in the form (13) or (14), respectively. Solving
the equation (13) in the class of bounded functions, having the condition
(18) fulfilled, we get [9]

)In =4 1n 1
(20) / / \/1_71;21+§_n;+y g
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Next, from (14) and condition (17) we get

1
51 f(z,n)Ini A
e1) gl [lenhm g,
T VI=nn—-y)

It is easy to verify that the conditions (17), (18) are also sufficient for solv-
ability of the equations (11) and (12), respectively in the class of bounded
functions, and the solution of the equation (1) is given by the formula
(19). O

4. Approximate solution in the class hg X hg. To find an approximate
solution of the equation (1) in the class hg x hy we introduce a new unknown
function u(x,y) by the relation

u(z,y)
V(I —a?)(1-y?)
@ ) A
= ¢(,y) N ¢L—ﬁﬁ_¢ﬂ—x%ﬂ—y%'
Then it is easy to show that the problem (1), (7), (8), (9) takes the form

1

(22)

1 [ u(z,n)
(24) - 1_77772d77 =0,
1

—=d¢

Now we find an approximate solution of the problem (23), (24), (25). For
this purpose we approximate the function f(x,y) by the interpolating poly-
nomial of the form

(26) fmn €T y Zka]x y )

k=0 5=0
and define the approximate solution w,,,(x,y) as a solution of the following
problem:
1—2 2) (€ —=z)(n—y)
o Vi@

1—

n
14z 1+y

—hﬂxwm

)
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1

1 mn 9

(28) L[ mnl@m)
s 1— 772
1 1

To find the form of an approximate solution, we use the relation (22) and
the exact solution in the class hg x hg given by (5) with the kernel (6).
Next, substituting the function f, ,(z,y) defined in (26) in place of the
given function f(z,y) and using the formula

k
(30) /\/1—t21n —t dt:—wx/l—mzxk—Pk(x), -l<z<1,

l+tt—x
we obtain
U (T, Y)
=/ (1= 22) (1= 9) frun(@,y) + 7V =22 ) fr2°Q;(y)
(31) k=0 j=0
+7r\/1_722fkjyjpk +ZZCWE v,

k=0 j=0 k=0 j=0
where Pj(x), Q;(y) are the polynomials of degree k and j, respectively,
defined as the principal part of the Laurent expansion of the following func-
tions:

(k) ()

—1
32 zk\/ZQ—lan = P +p71 +p72 +.
+1
z
~(J) ~(])
. w—1 q q
(33) w? w2_11nw+1 = Qj(w)+ iv +u2)2+...,

in a neighborhood of the infinity, cy; are the unknown coefficients.
To determine the coefficients c; we substitute the right-hand side of the
formula (31) to the equation (27), getting
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1 1 .
S 1 ¢k de 1 o dny
S e - 1

oo U \r imee-a ;_1 1—m2n—vy

e l+z 1+y
(34) _ki:o;f’” k/:&gk:cdg /jnnjydn
B[] (A

Denoting

(35) Pi(z) :pék)+pgk)z+. . .—|—p,(€k)zk, Qj(z) = q((]j)+q§j)z+...—|—q](.j)zj,

and taking into account the following formulae:

. 0, n =0,
1 t" — ol
(36) T j; mdt o [ 2 ] Mxn—mc—‘rl n>1
- (2k—1)(k!)24*% ’ -7
k=1
. log %’ n= 0,
(37) B gp =[]
_fl t—z 2k2_1xn—2k+17 n>1,
k=1

we compare the corresponding coefficients getting formulae for coefficients
ckjs k,j = 1,...,n. Then substituting the right-hand side of the formula
(31) to the conditions (28), (29), we get
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Z Ckj P 177 Qdﬁ o
k=0 j=0 el —-n
- 1
- w\/l—xQkaj Wdn | 2
k=0 1
(38) 1
o 1 Q;i(n) k
—7mV1— 22 fr — L _dn |«
m n 1
=3 > S | [ Adn | Pl
k=0 j=0 1
and
m n 1 1 {k
S (2 ]y
k=0 j=0 ”_1v1—§2 )
m n 1
— VIS S g | [ e | v
k=0 j=0 1
(39)

m n

1
T Y kzojz(:) ki o 1 %1_52 Y

m n 1

S35 g | [ €| @i,
1

k=0 j=0

respectively. From the above equations, using formula

1 ; n 0, n=1.35,...,
(40) W/ dt=1{ e gy
~1

V1 —t2 (n+1)(2E2n22n+27
we get the coefficients cq, coj, cro, j,k =1,...,n.
Finally,
m n
@) =3 fepld?, k=01,...m, j=0,1,....n,
r=k s=j

(r) (s

where p; 7, q; are the coefficients of the polynomials P.(z), Qs(y) given

in (32) and (33).
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5. Approximate solution in the class h(—1,1) X h(—1,1). As pre-
viously, we introduce a new unknown function u(z,y) defined by

(42) o(z,y) = /(1 —22) (1 — y?)u(z,y).

Then the equation (1) takes the form

I | I e ey e
D

(E—2)(n—y) l+z 14y

where the given function f(z,y) satisfies the conditions (17), (18). Next,
we approximate the function f(x,y) by the polynomial (26) and define the
approximate solution u,,,(z,y) as a solution of the following equation:

a — Umn (&, ) d&dn
//“ SR v Y g

(44)
" 1 17+Q1( )+ Q5(y).

1-—
= Jmn\L, 1
() 1
Note that the function fp,,(z,y) does not have to satisfy the conditions
(17), (18). Therefore the sum QF(z) + @5(y) is added. Substituting the
right-hand side of the equation (44) to the conditions (17), (18), we get the
relations

1 =21 [ fonz,m)n izt (=T . 1 Q)
(45) me7T1 0 dn Ql(x)+/11_n2dn_o,
Loyl [fanEE 1 7 xe
1 —yi mn\S» 1+¢ 1 1 N _
(46) n1+y7r_1 Jiie d +7r/1\/@d5+622() 0

Dividing (45) by v/ 1 — 22, integrating respect to z, and adding both sides
of the equations (45) and (46), we get

frn (&) In 55 In 1
Qi(z) + Q5(y // \/1_5211&_ 1)+n§

1 _
1=a1 [ fun(@n)nig

nl—l-a:; V1 —n2

-1

(47) -1

1 _
1—y1 fmn(f,y)ln%éd

1 T _ 2
—l—ywil V1-—¢€

—1In
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Similarly to the class hg X hg, it can be proved that the approximate solution
Umn(2,y) has the form

m—2n—2 7T2
Umn x y ijx y + fmn($ay)

kZO]ZO V(I —a22)(1—4?)

m n—2
(48) . — Fie, 422" Q5 (y)

7] J
V1—z? = =0
m—2 n
T

where Py_o(z), Q;j—2(y) are polynomials of degree k — 2 i j — 2, respec-
tively, defined as the leading part of the Laurent expansion of the following
functions:

2k z—1 f){k) fa{k)
4 1 = P —1 2
(49) 22_1nz+1 k—2(2) + +z +
j A(J) ~(7)
J -1
(50) S P = Qj_sw )+q17+‘17+

w2—1 w+1
in a neighborhood of the infinity. Here ci; are the unknown coefficients.
Substituting the right-hand side of the formula (48) to equation (44), we
get

ﬂff% 1/1\/@]6 /\/?nj

k=0 j=0
1
J
+ f Ldn
S (s Q
1 1
(51) m 2 1 [ V/1=02Q;(n)
— fr.i - —dn
m—2 n 1 1 _ 2
=) fria / v / ! §Pk f
k=0 j=0 1
= Funl ) I T 1+ Qi) + Q5 0,
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where Q7 (z) + Q5(y) is given by the formula (47). Using (37) and

[L“]
. / L
t—ua £ (2k — 1)(k1)24" ’
"lo 2" In 21
(53) ! 8 i B g — _ Res -t

) V1-—1t? z=00 /22 — 1
-1
we compare the coefficients and get

m—2n—2

(54) Z Z fr+2 s+2pk q] )

r=k s=j

k=0,1,....m—2,j=0,1,...,n — 2, where p,(:), qj(-s) are the coefficients
of the polynomials P.(z), Qs(y) given in (49) and (50), respectively.

6. Example. We give the approximate solution of (1) in the class hg x hg.
Let
1

(55) f(z,y) (7~ 35)(42 —10)’ g(x) =0, h(x)
Then the exact solution u(x,y) of the problem (23)—(25) has the form

(56)  ule,y) = VI H2VBlog5)(my/1 4 Vi5log )
1Y) = (x2_25)(y2_16)

and the problem (1), (7), (8), (9) has the solution given by the function
(mV1— 2% +2v6log 3)(m\/1 — y2 + V15 log %)
VI = 2?)(1 - y?)(a? — 25)(y?* — 16)

The function f(z,y) is approximated by the polynomial

W e e = 5553 (5)72 ()"

q=

67 wl,y) =

Taking m = n = 10, we compare values of the exact and approximate
solutions for some points (x,y) € D. The results are shown in Table 1.
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z Y Umn(2,y) — u(z,y)
0.9999 | 0.9999 | —2.8045206 x 1016
0.8976 | 0.3504 | 2.8428276 x 1018
0.4576 | 0.7234 | —8.6580677 x 10~18
0.0026 | 0.0211 | —4.9440984 x 10~18

—0.0015 | 0.9986 | 1.32194482 x 1016
—0.5523 | 0.6686 | —5.5595619 x 10718
—0.9853 | —0.0006 | 6.6776657 x 10~18
—0.3247 | —0.8954 | —3.0507894 x 1017
—0.0247 | —0.2354 | —5.260122 x 1018
0.4247 | —0.7554 | —1.0698026 x 10~17
0.9487 | —0.1554 | 4.2669215 x 1018

TABLE 1. Comparison of the exact and approximate solu-
tions in the class hg x hg.

The authors are now working on estimating errors of the approximate

solutions. The results will be presented in the next papers.

10
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