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Lagrangians and Euler morphisms on
fibered-fibered frame bundles from
projectable-projectable classical linear connections

ABSTRACT. We classify all F2Mon, mo.ny.mp-natural operators A transfor-
ming projectable-projectable torsion-free classical linear connections V on
fibered-fibered manifolds Y of dimension (mi,m2,n1,n2) into rth order La-
grangians A(V) on the fibered-fibered linear frame bundle Lf°(Y) on Y.
Moreover, we classify all F2Mn, my.ny .np-natural operators B transforming
projectable-projectable torsion-free classical linear connections V on fibered-
fibered manifolds Y of dimension (m1,m2,n1,n2) into Euler morphism B(V)
on L% (V). These classifications can be expanded on the kth order fibered-
fibered frame bundle L% (Y) instead of LA* " (v).

1. Introduction. Lagrangians and Euler morphisms are important tools
in the variational calculus. Several physical theories are using FKuler—La-
grange equations, which are related with the Euler morphism of an rth
order Lagrangian on a fibered manifold.

The idea of Lagrangians and Euler morphisms in the case of fibered man-
ifolds was described in [2]. The aim of the present note is the generalization
of results which were reached in [1] to the case of fibered-fibered manifolds.
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2. Fibered-fibered manifolds. A fibered-fibered manifold Y is any com-
mutative diagram

y 5 X

ql lp
N > M
where maps m, 7, q,p are surjective submersions and induced map Y —
X Xy N,y — (7(y),q(y)) is a surjective submersion. A fibered-fibered
manifold has dimension (mj,mg,n1,n2) if dimY = my + mg + n; + no,
dimX = m; 4+ mo, dimN = mq 4+ nq, dimM = my. For two fibered-
fibered manifolds Y1, Y5 of the same dimension (m;y, ma,n1,n2), a morphism
f: Y1 — Ysis quadruple of local diffeomorphisms f: Y7 — Ys, f1: X1 — Xo,
fo: N1 — Na, fo: My — Ms such that all squares of the cube in question
are commutative [3].
All fibered-fibered manifolds of the given dimension (mq,mg,n1,n2) and
their all morphisms form the category which we denote by F2 M, my 1 ns-
Every object from the category F 2/\/lm1,m27mm2 is locally isomorphic to
the standard fibered-fibered manifold

R™t x R™2 x R™ x R" —— R™ x R™2

! |

R™ x R™ e R™
which we denote by R™1:™2"1:"2 where arrows are obvious projections.

For fibered-fibered manifold Y we have the fibered-fibered linear frame
bundle

Lﬁb-ﬁb(y) _ {j(lo,0,0,0)w ‘ ¥ R™M1M2,01,M2 LV ig an szml,mz,nl,nz'map}

with the jet target projection 7wy : LiPib(Y) = v,
WY(j%0707070)w) = ¢(07 07 07 0)7

where (0,0,0,0) € R™*m2tm+nz  The bundle L*fP(Y) is a principal

bundle over Y with a structure group Gy, 1y nyny = L%)bﬁg 0) (Rm1,ma2,n1,n2)

acting on the right on LAPfP(Y) by the composition of jets. Every
F2 Moy mamymp-map f: Y — Yp induces a fibered map (a principal bun-
dle morphism) LAb-b(f). Lb-fb(y) — LAbb(Y1) over f by the compo-
sition of jets LAP-P(f) (j(lo,o,o,o)w) = j(10’0,070)(f o). The correspondence

LD P2 A gy s~ FM is a bundle functor [2].

3. Lagrangians and natural operators transforming connections
into Lagrangians. An rth order Lagrangian on a fibered manifold p :
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X — M is a base preserving morphism \: J"(X) — A™T*M from the r-jet
prolongation bundle

J(X)={jro|o: M — X is a local section of p: X — M, x € M}

into the bundle A™T*M of m = dim M-forms on M [2].

A classical linear connection V on a fibered manifold p: X — M is pro-
jectable if there exists a (unique) classical linear connection V on M such
that a connection i is p-related with a connection 6, that is T'po (ﬁwZ )=
(imz ) o p, where W and Z are projectable vector fields on X, which are
p-related with vector fields W and Z on M.

Let Y be a fibered-fibered manifold

y 5 X

ql lp

N "5 M
We say that a projectable classical linear connection V on Y is projectable-
projectable if there exists a unique projectable classical linear connection V
on X such that a connection V is m-related with a connection V.

In this paper we study the problem how a projectable-projectable tor-
sion-free classical linear connection V on a fibered-fibered manifold Y of
dimension (mq,mg,n1,n2) can induce an rth order Lagrangian A(V) on
my: LP(Y) — Y in the canonical way. To this aim we must determine
F2 Moy oy mp-natural operators

A ng)roj—proj N (JTLﬁb_ﬁb7AmT*)7

where m = mj + mg + n1 + ng, in the sense of [2].
We describe completely all such natural operators A in question.
An F2 M, my.ny np-natural operator

A Qgroj—proj N (JrLﬁb—ﬁb’ /\mT*)

(where m = mj +mg+n; +ng) sending projectable-projectable torsion-free
classical linear connections V on fibered-fibered manifolds Y of dimension
(m1,ma,n1,n2) into rth order Lagrangians A(V) on the fibered-fibered lin-
ear frame bundle 7y : Li*fP(Y) — Y for Y is the family of F2 Mo, 1mo .y na-
invariant regular operators

Ay : Qgroj-proj(y> N LagT’r(Lﬁb_ﬁb(Y))

for F2Mom, mymi ma-0bjects Y, where QPPI(Y) is the space of all
projectable-projectable torsion-free classical linear connections on Y and
Lagr” (Lﬁb‘ﬁb(Y)) is the space of all rth order Lagrangians on

my: L (Y) - v,
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The invariance means that if V. € QYP™)/(Y) and V; € QY™ (1y)
are f-related with respect to an FQMml,m%nlm—map f:Y — Y, then
Ay (V) and Ay, (V1) are also f-related. The regularity of a natural operator
Ay means that Ay transforms smoothly parametrized families of connec-
tions in QY P*(Y) into smoothly parametrized families of Lagrangians in
Lagr™ (L™ (y)).

To present an example of natural operator A in question we need some
preparations. Let M be an m-manifold with a torsion-free classical linear
connection V. Given a linear frame [ € L(M), the linear isomorphism
I: R™ — T,(M) defines a coordinate system in T,(M). Therefore, V-

exponential map Ea:p%: Ty(M) — M being the diffeomorphism, defines a
normal coordinate system ¢ with center z in M by the composition ¢ =

I"to (Exp%)_l M — R™ If 2% M — R™ is another i—normal coordinate
system on M with center z, then p, =109 for some linear isomorphism
I:R™ — R™ [4].

Let p: X — M be a fibered manifold of dimension (m,n) and let x € X,
z € M. Let V be a projectable torsion-free classical linear connection
on X with the underlying torsion-free classical linear connection V on M.
Since a connection V is p—related with V then p sends V geodesics into
V- geodesics. Consequently, the V-exponential map E:rpx T.(X) - X
at z is a local fibered diffeomorphism covering the i—exponential map

E:cp%: T,(M) — M at z, where T,(X) is treated as a fibered manifold
Tp: To(X) = Tx(M).

If we compose (Ezpy ) ~! with a fibered linear isomorphism (fibered linear
frame) [: R™"™ — T,(X) covering a linear frame [: R™ — T, (M), then we

obtain a fibered V-normal coordinate system ¢ = ["!o (Empf)_lz X =

R™™ with center z covering a V-normal coordinate system
Y= I~lo (Ea:p%)_lz M — R™

with center x. If p1: X — R"™" is another fibered V-normal coordinate Sys-
tem on X with center x, then ¢ = I oy for some fibered linear isomorphism
I: R™" — R™",

Quite similarly as above, if V is a projectable-projectable torsion-free
classical linear connection on a fibered-fibered manifold Y of dimension
(mq, mg,n1,n2) and y € Y, then there exists a fibered-fibered V-normal co-
ordinate system ¢: Y — R™L72.7072 with center y. If p1: Y — R™M1Mm2.m1,02
is another fibered-fibered V-normal coordinate system with center y, then

w1 = I o ¢ for some fibered-fibered linear isomorphism [: R™t™m2:71m2
R™M1,m2,n1,n2
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4. The first main result. Let Q7. .,; be the vector space of all s-
jets jfoooo)(v) at (0,0,0,0) € R™tm2tmi+n2 of projectable-projectable
torsion-free classical linear connections V on R™1™2:"1:72 gatisfying the con-

dition

mi1+meo+ni+n2
Z V;k(x)x]xkzo for i=1,...,m1+mgo+ni+ ns,
Jik=1
where V;k: R™MumanLn2 sy R for 4,5,k = 1,...,m1 +mo +ny + ny, are the
Christoffel symbols of a connection V in the usual fibered-fibered coordinate
system zt, ... gmitmetnitne on Rmamening,
Equivalently, ', ..., z™1+m2+tm+m2 are fibered-fibered V-normal coordi-

nates with center (0,0,0,0). The equivalence is a simple consequence of
the well-known equations of V-geodesics and the fact that in the V-normal
coordinate system V-geodesics passing through the center are straight lines.

Let ms: QR oi-proj — @proj-proj 10T 8 = 1,2,... be the jet projections. Let
e J7(LAPAD (Rmasmzinanz )y fib-fib(Rmime,ninz) he the jet projection.
Denote [y := j(10707010) (idleme,nl,nQ) c Lﬁb—ﬁb(Rmth,nhng).

Let Jj (LAb-fib(Rm1m2:n1n2)) be the fibre of 7§y at lp. Let p: Qprojproj X
Jy (LAb-fib(Rm1m2ninz)) 5 R We say that p satisfies the finite determi-
nation property, if for any p € Qi 105 and o € Jy (Lﬁb'ﬁb(Rm17m2’"17”2))
we can find an open neighborhood U C QF.: .05 of p, open neighborhood
VvV CJj (Lﬁb'ﬁb(leva’”h”?)) of o, a finite number s and a smooth map
fims(U) x V — R such that = fo (ms x idy) on U x V.

We are in a position to present the following example of the operator A
in question.

Example 1. Let (10 Q% 105 X Jf (LI (R™1m2:m1:m2)) — R be a function
satisfying the finite determination property. Given a projectable-projectable
torsion-free classical linear connection V on a fibered-fibered manifold Y of
dimension (mj1, ma,n1,ns), we define the rth order Lagrangian

A&)(v) J" (Lﬁb-ﬁb(Y)) - /\mT*(Y)
on my : Lib(Y) = Y by

AP (V)(0) = (55 0.00) (@5 V), I (L)) (0)) 1A oo AL g s 4
where m = my + mg + ny 4 ng, o € JJ(LP(Y)), 1 = j(0707070)(<p_1) €

(Lﬁb'ﬁb(Y))y, yevY,l, = T(%O_l)(%ko,o,o,o)) forte=1,...,m1 +mo +
ni + ng is the basis in T,(Y) and [} for ¢ = 1,...,m1 + ma + n1 + no
is the dual basis in T;(Y) and ¢: Y — R™™M2M72 s a fibered-fibered
V-normal coordinate system with center y such that J"(L>P(¢))(0) €
JZ:) (Lﬁb-ﬁb (le,mg,nl,ng )) .
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The definition of A& >(V)(J) is correct because germy(y) is uniquely
determined.

Consequently, for given a projectable-projectable torsion-free classical lin-
ear connection V on Y, we have an rth order Lagrangian

A§f> 2 J" (Lﬁb'ﬁb(Y)) — ANT*(Y), where m = my + ma + ny + no.

The family A% Q?mj_pmj ~ (J 7 Lfib-fib Am *) of operators
A&) . Qgroj-proj(y> N Lagrr (Lﬁb-ﬁb(y))’
vV — A(V)

for any F2 M, mo.nyme-0bject Y is an F2 M, my ny .np-natural operator.

The main result of the present note is the following:
Theorem 1. Any F2Mn, my.ny .ny-natural operator

A Qgr)roj—proj ~ (JT’Lﬁb—ﬁb7 /\mT*)’

where m = mq + ma + n1 + na, is of the form A = AW for a uniquely
determined function p: Q3o roi X JJ, (Lﬁb'ﬁb(le’m27”1’”2)) — R satisfying
the finite determination property.

Proof. Let A be a F2 My, my.ny np-natural operator in question. We must

define a map w: Qpoiproj X I, (Lﬁb-ﬁb(Rmhmz,m,nz)) — R by

M(j?5707070)(V), U) = <ARm1’m2’"1'"2 (V)(U), (l0)1 TARAN (lo)m1+m2+n1+n2>v
where lo=((l0)1, - - - ,(l0) mi+matnitny) is the basis in T(g g 0 0) (RMrtmatnitne )
Then by the non-linear Peetre theorem [2], i satisfies the finite determina-

tion property. By the invariance of A and A% with respect to fibered-
fibered normal coordinates we obtain A = A O

Remark 1. Quite similarly one can describe all F2 My, my ny ny-natural
operators A: ngj'pmj — (J’”Lﬁb'ﬁb’k, /\mT*) transforming projectable-pro-
jectable torsion-free classical linear connections V on szml,m2,n17n2—0b—
jects Y into rth order Lagrangians Ay (V) on wf.: Li-bk(Y) -V where

Lﬁb—ﬁb,k(y)
= {jé“0707070) () | : RMM2MN2 5 Y g a local ]:2./\/lm17m2,n17n2—map}

is the fibered-fibered kth order frame bundle for Y. All such natural oper-
ators in question are of the form A for functions

E Qg?oj_proj X Jl’r(‘) (Lﬁb—ﬁb,k(Rm1,m2,n1,n2)) SR
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satisfying the obviously modified finite determination property, where
gy, (Lﬁb'ﬁb’k(Rm17m27"1’"2)) is the fiber of

T fib-fib,k (pm1,ma,n1,n9 fib-fib,k (pm1,ma,n1,n9
Ji (L (R )) = L (R )

at the kth order frame [y = jé’“o 0,0,0) (idgmi.ma.nyng ) € LAPADE(RM1m2m1m2)

The generalized natural operators A% can be defined quite similarly as in
Example 1.

5. Euler morphisms and natural operators transforming connec-
tions into Euler morphisms. We recall that the rth order Euler mor-
phism on a fibered manifold p: X — M is a base preserving morphism
E: J(X)—= VYX)® A™T*(M), where m = dim M. Here V*(X) denotes
the vector bundle dual to the vertical vector bundle V(X) for X. Spe-
cial Euler morphisms can be obtained from Lagrangians by means of the
well-known Euler operator [2], [5].

Quite similarly as for Lagrangians, we can describe completely all
F2 My my.ny np-natural operators

B: Qgroj‘pmj N (J?"Lﬁlo—ﬁb7 V*Lﬁb—ﬁb Q /\7rLT>s<>7

where m = mq +mo +n1 +ne, transforming projectable-projectable torsion-
free classical linear connections V on fibered-fibered manifold Y of dimen-
sion (my,mg,ny1,n2) into rth order Euler morphisms By (V) on

my: L (y) - v
6. The second main result.

Example 2. We consider a function

i Qproproj X Jiy (L0 (R 2mm2)) — (L(G, )’

mi,m2,n1,n2
satisfying the obviously modified finite determination property, where
L(G} ) denotes the Lie algebra of Lie group G Given

m17m2»n17n2 . R i . ml,‘T)’LQ,nl,TLQ'
a projectable-projectable torsion-free classical linear connection on a fibered-

fibered manifold Y of dimension (mi, ma,n1,n2), we define an rth order Eu-
ler morphism Bé,m (V): Jr(LEP(Y)) — V*(LE(Y)) @ AmT*(Y), where
m=mj+mg+n,+ng, on Ty: Lﬁb‘ﬁb(Y) —Y by

(BY (V) (o)1)
= (10i35000) (=90 T (L (2)) (@), 1) 1 Ao Ay g s
for all o € (J7 (LT (Y)), 1 = (In,...,ln) € (Lﬁb'ﬁb(Y))y, y € Y, where
m =mi+ma+n1+n2, 1€ LG, myniny)> Where n* is the (vertical) fun-

damental vector field on the principal G} -bundle LE>-fP(Y") corre-

mi,m2,n1,n2

sponding to n and [7,...,[;, € T;Y is the dual basis to l1,...,ln € T,V
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and ¢: Y — R™M™20002 g 5 fibered-fibered V-normal coordinate sys-
tem on Y with center y such that ¢(y) = (0,0,0,0) € RmMitmatnitn:
and J" (L)) (o) € (J[O (LAP-fib(Rm1m2:n1n2))) - The correspondence

Bm . Qgroj'proj — (JrLﬁb'ﬁb,V*Lﬁb'ﬁb ® /\mT*), where m = mq + mo +
ny + ng, is ]-"QMm17m27n1,n2—natural operator.

Similarly as Theorem 1 one can prove the following:
Theorem 2. Any F2Mu, my.ny .ny-natural operator
B: Qgroj-proj — (JrLﬁb-ﬁb, V*Lﬁb-ﬁb Q /\mT*),

where m = my 4+ ma + ni + na, is of the form B = B for some uniquely
determined function

L QOO > le (Lﬁb—ﬁb(le,mg,nl,ng)) N (E(Gl ))*

proj-proj mi,m2,n1,n2

satisfying the modified finite determination property.
Proof. Similarly as in the proof of Theorem 1 we define

fib-fib *
1 Qprojeprog X iy (LTI (RTIMZINN2)) 5 (L(Groy 1y o ny))

by

<H(j(°§,0,0,0) (v)’ 0)7 77>
= <BRm1,m2,n1,n2 (V)<U)a 771*0 ® (ZO)I VANPIAAN (lo)m1+m2+n1+n2>,

where

n€L(G, )s 306.0.00) (V) € Qrojprojs 0 € Jj, (LI (RM1m2m1:02))

mi,m2,ni,n2

n* is the fundamental vector field on LAP-fib(R™1m2.m1:m2) corresponding to

n S £(G717117m2,n1,n2) and l() = ((10)1, ey (ZO)m1+m2+n1+n2) is the basis in
T((]’O’O’O)(Rm1+m2+n1+n2)' Then B = B<M)‘ 0

Remark 2. Quite similarly one can describe all F? My, my.ny.np-natural
operators B: QPOIPrOl _y (jrpfib-fibk vk pfib-fibk o xmpe) - where m =
m1+ms—+ni+nse, transforming projectable-projectable torsion-free classical
linear connections V on (mi,mg, ni, ne)-dimensional fibered-fibered mani-
folds Y into Euler morphisms By (V) on 7&: LE-PF(Y) — v of fibered-
fibered frames of order k of Y. All such natural operators are of the form
B for all

[ Qoo « ch) (Lﬁb—ﬁb,k‘ (le,mg,nl,ng)) — E(Gk

proj-proj mi1,ma,ny ,nz)

satisfying the obviously modified finite determination property. The natural
operators B can be constructed similarly as in Example 2.
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