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ABSTRACT. The relation between the Jacobian and the orders of a linear
invariant family of locally univalent harmonic mapping in the plane is studied.
The new order (called the strong order) of a linear invariant family is defined
and the relations between order and strong order are established.

1. A harmonic mapping f in the unit disk D = {z : |z| < 1} has a repre-
sentation:

(1.1) f(2) = h(z) +9(2)
where h and g are holomorphic functions in D.

We assume that f is locally univalent and sense-preserving in D, which
is equivalent to Jf(z) > 0, z € D, where J¢(2) denotes the Jacobian of f:

(1.2) Jp(z) = W ()" = g (2)]"

For the properties of harmonic mappings we can refer to surveys [1] and [2].
The notion of an affine and linear invariant family of univalent harmonic
functions was proposed by Sheil-Small [6], and extended to local univalent
mappings and then used efficiently by Schaubroeck in [5].
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For any holomorphic automorphism ¢ of D (¢ € Aut(ID)) we denote
13) (7o) — L) = )

@' (0)W ((0))
(1.4) A(f(2)) = W | <1, ecC.

The transformations (1.3) and (1.4) are called the Koebe transform and the
affine transform of a locally univalent harmonic function f = h 4+ 3.
Put

(1.5) Spe(f(2)) = Ac 0 Ty (f(2))
In what follows L denotes a family of locally univalent and sense-pre-
serving harmonic functions f = h + g in D which have the expansion:

(1.6) f(2) :Zan(f)z”+z+2a,n(f)2”, z € D.
n=2 n=1

A family L is called an affine and linear invariant ALIF if for any f € L
the function T,,(f) and A-(f) belong to L for all ¢ € Aut(D) and all |e] < 1.

A family L is called LIF (linear invariant family) if for any f € L and
all ¢ € Aut(D) the function T,,(f) € L.

The order of the family L is defined as ord L = sup{|az(f)|: f € L} (see
[5] and [6]).

Example. The best known ALIF family is the class Sy of univalent har-
monic mappings in D preserving orientation, as well as the subclasses Ky
of convex and Cp of close-to-convex mapping [2].

A simple example of a family which is LIF but not ALIF' is the family
of locally univalent holomorphic functions in D.

The properties of the transformation (1.3)—(1.5) have been used in [5] to
obtain some bounds for the Jacobian J(z) in terms of the order of a linear
invariant family.

In this paper we give an improvement of one result from [5] (Theorem 2.1)
and establish the relations between ord L and the new order called the
strong order ord L defined below. Introduction of the new order ord L,
allow us to prove Theorem 3.1 for arbitrary family L which is an extension
of Theorem 2.1, while L is ALIF family.

These relations depend on the upper bound for the Jacobian J¢(z) in the
terms of ord L and ord L.

We end this introduction with two definitions and one lemma.

Definition 1.1. The affine hull of the family L is defined as the set of
functions

A(L) ={A(f) : f € Ly el <1}
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Definition 1.2. The linear-affine hull of the family L is defined as the set
of functions

LAL) ={Spe(f): f €L, p € Aut(D), |e] < 1}.

Lemma 1.1. If L is a linear invariant family of harmonic functions (LIF),
then A(L) is affine and linearly invariant (ALIF).

Proof. By the definition of A(L) it is enough to prove that A(L) isa (LIF).
Every member of A(L) has the form
[+ ef
) = 1 eg0)
where f(z) = h(z)4g(z) € L. The functions h, g, h. and g. are holomorphic
functions in D and

=he+7:;, €€C, |g|<1,

h(z) +eg(z) 9(z) +€h(z)
he(2) = ————=, Z) ="
SR () R W)
We have to prove that T,,(f.) € A(L) for any
¢i0 zZ+a
= D, 6e€R.
¢ (2) T3a ¢€D fc

Let us fix ¢. Denote F. = T,(f.) = H. + G., where

HY(2) = W(p(z) +eg'(p(2))
) ((2(0)) +g'((0))) (1 + a@z)*’
GL(z) = 9'(p(2)) + 2N ((2)) 210
(1'(£(0)) +9'(£(0)))(1 + @z)?

Analogously, denote Ty(f) = F = H+ G € L, where

N ) )
HE = woyarar 9~ moo)a e
and
K)o
IEO)

We can write that A:(F) € A(L) because writing A:(F) = ®.(2) =
ﬁg + (A?s, where
Ay W(e(2)) +e19'(0(2)) _ (s
1O = W) +agte@  razp - )

/

Gy = — I HEN () e _
)) €1 ’

) ('((0)) + e19'(¢(0))) (1 + @z)?
we have ®.(z) = F, € A(L), for any €1, |e1]| < 1, due to the fact that £ was
arbitrary and |e| < 1. O

and
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Remark 1.1. As we see from the proof, the operators 7, and A. do not
commute, i.e. A; o T, # T, o A.. However, we have

{AcoT,(f): fe L, |e| <1, p € Aut(D)}
={T,0A(f): feL,|e| <1, pcAut(D)}.
2. We start with a slight improvement of Theorem 3.3 from [5].
Theorem 2.1. If L is ALIF, ordL = «a, a >0 and f € L, then

—r 200—2
(1= laa ) (e < ()
(2.1) e

< Gopper (L lea(P), el =r <1

The bounds in (2.1) are sharp and the sign of equality holds for the function

(2.2) f(2) = ka(2) + a—1ka(2),

where . . N
+z
ko(2) = — — 1.
(2) 2 [(1—2) ]

Observe that f(z) is univalent for « € (0, 2], which follows from univalence
of ko (z) for these o and the invariance of univalent harmonic functions w.r.t.
operator A..

Proof. (Theorem 2.1) The proof is exactly the same as in [5], only the
value J£(0) = 1— |a_1(f)|? has to be taken into account. Namely, using the
inequality from [5]:

dirlOg (1 _ 77:)2‘1 < Og [log (Jf(rew) (1 - r2)2>]

1+ r
d 1 200
Sdrbg<1i—:) . z=re?,

after integration along the segment [0,7], 0 < r < 1, we obtain (2.1).
For a linear invariant family L of holomorphic functions the inverse the-
orem holds (see [4]), i.e. inequality (2.1) implies that ord L < a. O

The next theorem is in some sense inverse to Theorem 2.1. We do not
assume even the linear invariance of the family L.

Theorem 2.2. Let f € L and assume that the upper bound in (2.1) holds
for some a > 0. Then there exists ¢, |e| < 1 such that

(2.3) aa(f) — 5| < @

The inequality (2.3) is sharp, which means that in the right side of the
inequality |e| < 1 we can not write any constant smaller than 1.
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Proof. We will apply the same ideas from [3]. By the assumption, f € L
satisfies (2.1) which implies that for z = re®

log J¢(z) —log J£(0) < (2a0 — 2) log(1 4 ) — (2 + 2) log(1 — 7).

For » = 0 the above inequality after differentiation gives

< 4a.
r=0

(2.4) W g“Jf(re )

But

S T1() = [ e eme? - o (re e

n {h’/(reie)h’(reie)ew _ g”(rei")g’(rew)e“’J .

Therefore, by (24) for every real 8 we have
0 16 0 " 7 " 7
- — J— <
. (Jf(re )) =2Re {e (h (0)h'(0) —g"(0)g (O))} 4an(0).

r=0
Thus

H'(0) = 7(0)g"(0)] < 20.75(0),
due to the fact that h'(0) = 1. The above inequality is equivalent to

’a2(f) —a—l(f)m’

(2.5) SPEGIE <.
Let us put

o(e) = L3 — a1 () + 2aal) — ) TN+
and

in(z) = LB =TI 25 ~ aa(HT()
I~ a1(fw(z) 1= Ja1(f)P

Because wy(0) = 0 and |w0(

24 ... .

| <1 we have

)

a3(f) —aa(f)a —1(f)‘ <1
1—la(f)P

On the other hand, (2.5) can be rewritten as

az(f)(1 — Ja-1(/)*) + a1 (f)(a2(f)a=i(f) — a=(f)) ’

(2.6)

< o

1—la1(f)?

or

az(f)a—1(f) —a—2(f)

(e | <"

‘ag(f) - %‘ <a where g|=

a-1(f)2
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In order to prove the sharpness consider the function

fo(z) = ho(z) + go(2),
where

Z+x

ho(z) = ka+%(z)a 90(2) = k?;Jr%(Z)m» r € (0,1).

We have as(fo) = a+ 5 and

2 2
/ | ztx
Jfo(z) B ka-‘r%(z)‘ <1 1+x2z > B (1 + 2)2(04—%) 1— ’2‘2
Js (0) 2 N _ 2043 | |1+ xz|?
£0(0) v ool a2 (1= z)2@t3) ]| \
a+3
Moreover,

‘m|in (11— 21+ 22)*) = min [(1—2rcosf + r?)(1 + 2z7 cos  + 2*r?)]
z|l=r S

= (1—7)*(1 4 2r)?
and the minimum is attained for § = 0. Therefore,

2a—1 )2 2a—2+26(x)
g () (et (- (1) |
zl=r J (0)  (1—r)20t3  (14+2r)2 = (1 —r)20+2+0()

which implies that inequality (2.3) for fy can be written in the form

oH—1 .
2 2

where 0 < §(z) - 0if z — 17, and

(fo)a—1(fo) —a—a(fo) _ .
1—fa-1(fo)|? 7

because 2a_s(fo) = 1— 2%+ 2as(fo)z. This makes the result of Theorem 2.2
sharp. [l

<a+6(z),

e = —a_1(fo)2"

Remark 2.1. Theorem 2.2 is also valid for holomorphic functions f(z). In
this case we have to put in the proof € = 0.

Remark 2.2. From the above proof we see that in the statement of Theo-
rem 2.2 it is sufficient to assume that f(z) satisfies only the right- (or left-)
hand side of inequality (2.1).

Corollary 2.1. If the family L is LIF and for any f € L inequality (2.1)
holds, then ord L < o + %
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3. Now we introduce the definition of new order ord L (we will call the
strong order) of a linear invariant family (LIF') of harmonic mappings L.
In terms of this new order one can formulate iff version of Theorem 2.1
without assuming family L to be affine.

Definition 3.1. Let L be LIF. The strong order ord L of a family L of
harmonic mappings f is defined by the formula

I = ey 12U — a(f)aa(f)]
(3.1) ord L = feg 1— Ja1(f)P :

Remark 3.1. In the case when f is holomorphic in D, definition (3.1)
coincides with that introduced by Pommerenke in [4].

Definition 3.2. For any fixed f € L we define

b a2 (Ty(f)) — a1 (T(f)) a2 (T, (/)]
peAut(D) 1- |(171 (Tgo(f)) |2 ‘

Of course, if L is LIF, ord L = «, then ord f < « for any f € L.

(3.2) ord f =

Theorem 3.1. If f € L, then ord f < « if and only if for every F = Fy =
Ty(f) and any z € D

(1-r)*2 _ Jp(2)
(1 + 7’)20‘""2 - JF(O)

(14 r)2a=2

(33) (1 _ r)204+2’

< |z| =r < 1.

Proof. Assume first that ord f < «, p(z) = fja‘lz, z,a € D and Ty (f) =
F = H+G, ¢ € Aut(D). Consider F,(z) = T,(F) = H, + G, where

H, H,, G and G, are holomorphic functions in D. By direct calculations we

find
v G(e(2)) 1y = ' (9(2)
Calz) = H'(a) - (1+az)?’ Halz) = H'(a) - (1+az)?’
and
0= 2. gy SN )t
"a _ a2
w1 (0) = 24 I);’l(a)| D
One can easily verify that
Jr (p(2))

T5&) = [P + aap

Moreover, for z = re’® € D we have

e _ype{e (m210) - GO ).

(3.4) .

r=0
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and by the definition of the order
oJ 6 )
M :2Re{€ZGJFa(Z)}
r=0 0z z=0

or
=2Re {eio(QaQ(Fa) — 2@(Fa)a—1(Fa)}
<da(l — |a_1(Fa)?).

(3.5)

Therefore, from (3.4) we obtain

dJr, (re") o [H'(@)(1—la]*)
F@r :2Re{ea[ H'(a) —2a

r=0
] Ii’((s))P (G"(a)(l — laf?) — 2aG'(a)> }

_Re {a [(1 “Jaf?) Jr(@) . (1 -|gt

[H' (@) 0z

Choosing first 6 = a, a # 0, we obtain (a = ge'?)

Ik, (re'?) 1 [ o 0Jp(0e™) o ]
e~ 7 =—— | (1 - |a|*)—————< — 4|alJr(0e™)] .
Applying (3.5), we get
1 0Jr , 4(a+ o)
-, A< = - < . a .
Jr(0e®) Do G 0?

Choosing now 6 = 7 + a, we obtain

i0 _
1 | 0Jp(ee )>4Q a
Jr(oe®) 90 T 1-¢?
Writing together the above inequalities, we get
5, _ d(log Jr(0e™))
2— (log(1 — 0)® ! —log(1 atly < 207 A" JJ
55 (o1 - o) og(1+0)*") < 5
0
<2— (log(l + Q)O‘_l —log(1 — Q)a+1) .

do
Integration over the interval [0, 7] implies (3.3).
Assume now that the right-hand side of (3.3) holds for some a > 0 and
€ (0,1). We have to prove now that ord f < a.
Because for the function F' = T,,(f) the inequality (3.3) holds, therefore
we have

log Jp(z) —log Jp(0) < (2a — 2) log(1 4+ r) — (20 + 2) log(1 — 7).

This implies, as in the proof of Theorem 2.2, the validity of equality (2.5)
for the function F' = T,(f), and we have ord f < a. O
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From the proof of the above theorem we obtain the following corollary.

Corollary 3.1. If L is LIF, then ord L < « if and only if the right-hand
side of (3.3) holds for any f € L and for every r € (0,5), 0 < < 1.

If Lis LIF, then by Theorem 3.1 we can give an equivalent definition of
the ord L. Namely,

Corollary 3.2.

(1+ |z])*2
(1 — |2])2e+2

Jr(2)
J¢(0)

ord L = inf{a : <
(3.6)

forany f €L and any z € ]D)}.
From Theorem 2.1 and Corollary 2.1 we derive the next corollaries.
Corollary 3.3. If L is LIF, then
ordL <ord L + 1.
Corollary 3.4. If L is LIF, then

(3.7) ordL < ord A(L), ord A(L) > ord L.
If L is ALIF, then
(3.8) ord L — 3 <ordL < ord L.

In particular, because the class S of harmonic univalent functions in D is
an ALIF, we have

ord Sy — % < ord Sy < ord Sg.
Indeed, since A(L) is a LIF, then by Theorem 2.1 for any f € A(L)

inequality (3.3) holds with a = ord A(L) and we have ord L < ord A(L).
The second inequality ord A(L) > ord L follows by the relation L C A(L).

From (3.7) and the fact that ZA(L) = L if L is an ALIF, we have (3.8).

Remark 3.2. The equality ord L = ord L is possible. Take for example
L = L A(ky), where k, is given by (2.2). However, the inequality ord L #
ord L can hold as well, as shows the following.

Example. Let ky(z) be the generalized Koebe function given by (2.2).

Put fo(z) = ka(2) + g(z), where ¢'(z) = zk[,(z). Consider the family
L = Z(fa), the linear— invariant hull of the function f,, i.e.

ZL(fa) = {Tcp(fa) : p € Aut D}.
If F € Z(fa), then there exists ¢ € Aut(D) such that

ka(p(2)) = ka(p(0)) | g(v(2)) — g(¢(0))
k4, (0(0))¢'(0) kL (0(0))¢'(0)

F(z) =
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Denote ord F = ord Z(F'). Therefore, ord F' = ordk, = « (see [4]) and
ord L = a.
)

Taking ¢(z) = £, (a € D) we find

a—1 2
JF(z) (1 + lz_:raaz> . (1 o a)a—i—l 1—
B o 1= af?

z+a
1+az

Jr(0) (1 _ zta

(3.9)

Notl| o2
(1—z%) |1+ az|

For z =7 > 0 and a € (—1,0), when a — —1 the right-hand side of the
latter expression tends to % and therefore, ord L > o + % (in fact
ord L = a+ 3). So ord L # ord L.
Theorem 3.2. Assume that f1, fo € L and L is LIF. If

Jn(z) _ Jp(2)

J1(0) — Jp,(0)

for every z € D, then ord f; = ord fs.

Proof. We conclude the proof of Theorem 3.2 by Corollary 3.2 because

inf{c : (3.3) holds for any F € Z(f1)}
= inf{a : (3.3) holds for any F € Z(f2)},
where Z(f) is defined as above in the Example. O
Definition 3.3. Put
UY = {L: Lis LIF and ordL < a}

and call it the universal LIF of strong order «.
Remark 3.3. From the definition it is obvious that f € U iff ord f < a.
Theorem 3.3. The family U is ALIF.
Proof. We have to prove that for any f € UX and |e| < 1, the function

f(z) +ef(2)

ceUH,
1+ea—1(f) @

Ac(f) = [fe(2) =

i.e. ord f- < a. Putting
e=0¢”, 0€[0,1), BER,

we can find that

(3.10) I _JE) e,

Jy.a)  Jy(a)’
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Indeed, we have for any harmonic function f = w + ‘v, where u and v are
real functions: J¢ = u,vy — uyv,. Therefore, for f. = A-(f) we obtain

Jp.(2) =
1

B uz(1+ ocosfB) +vzesin B uy(l + pcos ) + vypsin B
14 ea1(f)|? |ve(1 = ocos B) + ugosin B v, (1 — gcos 3) + uyosin 8
~ (1= ¢*cos® B)Js(2)
- T+ea(HF

which implies (3.10). By Corollary 3.2 putting |z| = r, we have

. TR (2) (1 +7)2
ord f. = inf {a A0) < (1= r)2at?

for any F. = T,(f.), ¢ € Aut(]D))}.

But from (3.10)

Jr (2 J z Jr(z
50 " o o e £
Therefore,
ord f. = inf {a : j}igg; < 8 i— :;ZZ; for any F =T,(f), ¢ € Aut(]D))}
—ordf <a,
because f € UH. O
Corollary 3.5. If L is LIF, then

ord L > 1.

Proof. Assume on the contrary that ord L < 1. Then from the left-hand
side of (3.3) it follows that

Jr(0)
This implies that the numerator of the above expression, which is |h/(2)

|9’ (2)|> = 400, and therefore, |h'(2)| — +o0. This is in contradiction with
the minimum principle because we would have

min |h/(2)] <1,
|z|=r<1

due to the fact that h'(0) = 1. O

— 400, as |z| =r —1".

-
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