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Certain subclasses of starlike functions
of complex order involving
the Hurwitz—Lerch Zeta function

ABSTRACT. Making use of the Hurwitz—Lerch Zeta function, we define a new
subclass of uniformly convex functions and a corresponding subclass of starlike
functions with negative coefficients of complex order denoted by TS} (e, 8,7)
and obtain coefficient estimates, extreme points, the radii of close to con-
vexity, starlikeness and convexity and neighbourhood results for the class
TS{ (o, B,7). In particular, we obtain integral means inequalities for the
function f(z) belongs to the class T'S}'(a, 3,7) in the unit disc.

1. Introduction. Let A denote the class of functions of the form
o

(1.1) f(z) = z+2anz"
n=2

which are analytic and univalent in the open disc U = {z: z € C, |z]| < 1}.
Also denote by T a subclass of A consisting of functions of the form

(1.2) f(2) :z—Zanz"; ap >0, zeU,
n=2

introduced and studied by Silverman [25]. For functions f € A given by
(1.1) and g € A given by g(z) = 2+ >_,-, b,2", we define the Hadamard
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product (or convolution) of f and g by
(1.3) (f*xg)(z) :z—l—Zanbnz”, zeU.

We recall here a general Hurwitz—Lerch Zeta function ®(z,s,a) defined
in [28] by

(1.4) Bz sa) =S o
7;) (n+a)

(a € C\{Zy }; s € C, R(s) > 1 and |z| = 1) where, as usual, Z; = Z\ {N},
(Z = {0,£1,£2,43,...}); N = {1,2,3,...}. Several interesting proper-
ties and characteristics of the Hurwitz—Lerch Zeta function ®(z, s, a) can be
found in the recent investigations by Choi and Srivastava [4], Ferreira and
Lépez [5], Garg et al. [7], Lin and Srivastava [16], Lin et al. [17], and oth-
ers. Srivastava and Attiya [27] (see also Raducanu and Srivastava [21], and
Prajapat and Goyal [20]) introduced and investigated the linear operator:

Tup: A— A
defined in terms of the Hadamard product by
(1.5) Tupf(2) = Gy * f(2)
(2z€U; be C\{Zy }; p € C; f € A), where, for convenience,
(1.6) Gup(z) = (1 +0)H[®(2,1,0) =07 "] (2 €U).

We recall here the following relationships (given earlier by [20], [21]) which
follow easily by using (1.1), (1.5) and (1.6)

(1.7) Tlf(z) =2+ Culb, p)anz",
n=2
where
1+b\"
(18) G =cutt = (353

and (throughout this paper unless otherwise mentioned) the parameters p, b
are constrained as b € C\ {Z; }; p € C.

(1) For p=0
(1.9) Ty (£)(z) = f(2).
(2) For u=1;b6=0

(1.10) /f dt = Lf(z Z( >anz
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(3) Forpy=1land b=v (v > —1)

TH)(2) = Fof(2) = 1;”/0 £ f(t)dt
z+§:2<n+z> :

(4) Fory=o0 (0 >0)and b=1

D) FNE =Y () e =T
n=2

(1.11)

n+1

where £ and F,, are the integral operators introduced by Alexander [1] and
Bernardi [3], respectively, and Z7 is the Jung—Kim—Srivastava integral op-
erator [11] closely related to some multiplier transformation studied by Flet
[6]. Motivated by the study on uniformly convex and uniformly starlike
functions (see [9, 10, 12, 13, 14, 15, 22, 23]) and making use of the operator
JY, we introduce a new subclass of analytic functions with negative coef-
ficients and discuss some usual properties of the geometric function theory
of this generalized function class.

For -1 <« <1, 8> 0and vy € C\{0}, we let S{'(ov, B,7) be the subclass
of A consisting of functions of the form (1.1) and satisfying the analytic

e (SIS )1 ()

z € U where J/' f(z) is given by (1.7). We also let

TSy (a, B,7) = Sy (e, B,7) N T

By suitably specializing the values of 1 and b, the class T'S} (e, 8,7) reduces
to various subclasses as illustrations, we present some examples of the cases.

Example 1. If 4 =0, then

R )

2f'(z)
>5’1+ ( 70 1> , zeU}.
Further TS(«, 8,7v) = S(a, B,7) NT, where T is given by (1.2).

Example 2. If 4 =1; b =0 and f(z) is as defined in (1.10), then

Rs(a, B,7) = {f cA: Re{l + }y (Z(Ef((z)))/ - a>}
(

>B‘1+i< 2L (ZZ))) 1> ,zGU}.
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Also TRs(ev, 8,7) = Rs(a, 53, )ﬂT Where T is given by (1.2) and Lf(z) is
given by Lf(z) =2-3 ", (%)an

Example 3. If y=1,b=v (v > —1) and f(2) is as defined in (1.11), then

)
>B‘1+ <}— >,zeU}

Further, TB,(a,3,7) = Bu(a, 8,7) N T, where T is given by (1.2) and

Fuf(z) is given by F, f(z) =2 —3 ", (T%l”/) anz".

Example 4. If y =0 (0 > 0), b=1 and f(z) is defined in (1.12), then

Li(a, B,7) = {feA Re { 7( AL ((ZZ))) —04)}
SN
Further TLE(a, 8,7) = L (o B,7) T, where T'is given by (1.2) and Z°(2)

is defined by Z7 f(z) ==z — > .7, (%) anz".

S\H

The main object of this paper is to study some usual properties of the geo-
metric function theory such as the coefficient bound, extreme points, radii
of close to convexity, starlikeness and convexity for the class TS{)‘ (o, B,7).
Further, we obtain neighbourhood results and integral means inequalities
for aforementioned class.

2. Basic properties. In this section we obtain a necessary and sufficient
condition for functions f(z) in the class T'S} (e, 8,7).

Theorem 2.1. A necessary and sufficient condition for f(z) of the form
(1.2) to be in the class TS} (v, B,7) is

o0

(2.1) Y I+ DA = B) = (@ = B)IChan < (1 — @) + [yI(1 - B),

n=2
where —1 < a < 1, >0 and v € C\{0}.
Proof. Assume that f(z) € T'S} (e, 3,7), then

refued (e )b ob 3 (3 )

)
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oo
) z(1—a)— > (n—a)Crapz"
Re 1+ — n=2
v z— Y. Chapz"
n=2
(o]
(n—1)Chapz"
>B1- = | =2
v z— Y. Chapz"
n=2
If we let z — 1 along the real axis, we have
o0
1 (1—a)= > (n—a)Chlay|
14+ — n=2
il - S C
> Culan|
n=2
(o.]
1 > (n—1)Chlan]
> 61— o =
1= X Calal
n=2
The simple computational leads the desired inequality
o
[0+ )1 = B) = (& = B)}Cran < (1= ) + 1|(1 - B).
n=2
Conversely, suppose that (2.1) is true for z € U, then
1 . ! 1 . !
Re{l+<W—a>}—B’l+ (W—l)‘ >0
Y\ Ff2) T\ J f(z)
if
o0
) (1—a)— > (n—a)Cpan|z|" 1
1+— n=2
ol 1— % Cpan|z|n1
n=2
o0
1 > (n— 1)Cnan|z|n_l
—B |- = | = >0,
ol 1— 3 Chan|z|m1
n=2
that is, if
o
S [0+ (1 = B) = (@ — B)|Caan < (1—a) + |11 - B),
n=2
which completes the proof. O
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Corollary 2.2. Let the function f(z) defined by (1.2) belong to TS{ (v, 8, 7).
Then

w < (1 —a) + [7[(1 - B)]
"+ DA = B) — (a = B)IC,
n>2 —-1<a<l1, >0 and~ € C\{0}, with equality for
(A-a)+PlA-F] .
[(n+ )1 —=B) = (a=B)Cn~

In the following theorem we give extreme points for the functions of the
class TS} (v, 3,7).

(2.2)

)=z~

Theorem 2.3 (Extreme points). Let

fi(z) =z and

(23) fu(2) =2 — (1 —a)+ i1 = B)] Z" forn=2,3,4,....

[(n+ 1y = B) = (a = p)|Cn

Then f(z) € TS} (o, B,7) if and only if f(z) can be expressed in the form
F(2) =300 A fu(2), where Ay, >0 and > 02 1 Ay = 1.

The proof of the Theorem 2.3 follows the lines similar to the proof of the
theorem on extreme points given by Silverman [25].

3. Close-to-convexity, starlikeness and convexity. Now, we obtain
the radii of close-to-convexity, starlikeness and convexity for the class

TS} (e, B, 7).

Theorem 3.1. Let f € TS} (o, 8,7). Then f is close-to-convex of order §
(0 <6 < 1) in the disc |z] < r1, that is Re{f'(2)} >, (0 <6 < 1), where

(L=8)[(n+ 1)1 = )~ (@=-B)] , ]™T

r1 = inf Cn
e[ (-0 bl B)
Proof. Given f € T, and f close-to-convex of order d, we have
(3.1) If'(z) =1 <1-6.

For the left hand side of (3.1) we have

oo
1F/(2) =11 < nag|z|".
n=2

The last expression is less than 1 — § if

[e.o]

n _
Zm&n|2|n 1 < 1.

n=2
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Using the fact that f € T'S}'(«, 8,7) if and only if

Chay, < 1,

[+ DA =B) — (a—B)]
2 (1—a)+[y[(1-5)

we can say (3.1) is true if

et (B0 8) — (@ 9)
S - +hl0-5)

n=2

Ch

1—-90

or, equivalently,

(L=9)[n+1)A=8)—(a=B)] , |
o< [ o]
which completes the proof. ]

Theorem 3.2. Let f € TS (o, 3,7). Then
(1) f is starlike of order 6 (0 < § < 1) in the disc |z| < ra, that is,

Re { Z}{;S)} > ¢, where

g [ O [ (A= B) — (@ =), 1T
= {0y e TRl O
(2) f is convex of order 6 (0 <6 < 1) in the unit disc |z| < r3, that is

Re {1 + Z}C,/ES)} > ¢, where

[ =0 (D=8 —(@=B)] T
e e R e I
Each of these results are sharp for the extremal function f(z) given by (2.3).

Proof. Given f € T such that f is starlike of order 4, we have

/
(3.2) z]{(S) ~1l<1-4.
For the left hand side of (3.2) we have
S n—1ay, [z[*1
S 5 (n=Da |2
f(2) 1= ap |z|n1
n=2

The last expression is less than 1 — ¢ if

“n—20
— n—1
g [ 5n || < 1.

n=2
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Using the fact that f € T'S}'(«, 8,7) if and only if

o [0+ DA = B) — (a—B)]
2 (1 —a)+q(1-5)
we can say (3.2) is true if

n—5‘z|n71 LN+ DA = B) (e - B)]

Cha, <1,

n=2

= G- ha-A) "
Or, equivalently,
21 < (1 =0)[(n+ 7)1 —pB) — (e = B)] c.

(n=0)[(1—a)+|y|(1-p)]
which yields the starlikeness of the family.

Using the fact that f is convex if and only if z f’ is starlike, we can prove
(2), on lines similar to the proof of (1). O

4. Integral means. Motivated by Silverman [26], the following subordi-
nation result will be required in our present investigation.

Lemma 4.1 ([18]). If the functions f(z) and g(z) are analytic in U with
9(z) < f(2), then

27 27
(4.1) /‘g(rew)’nde < / ’f(reie)‘ndé, n>0, z=re? and 0 <r<1.
0 0

Applying Theorem 2.1 with extremal function and Lemma 4.1, we prove
the following theorem.

Theorem 4.2. Letn > 0. If f(z) € TS{' (o, 8,7), and {®(c, B,7,1)}52 5 is
a non-decreasing sequence, then for z =re'? and 0 < r < 1, we have

27 27
(4.2) /}f(re“’)’"deg/‘fg(re”)‘"de,
0 0

where

_,_(=a)+hla-p)
PO = Ay

and ®(a, 8,7,n) = [(n + W) = 8) — (a = B)|Ch.

Proof. Let f(z) be of the form (1.2) and fa(z) = z — %22, then

we must show that

& T At |
1-— E an2" "t d@g/‘l— _ ol de.
! TL:2 0 Q(a7 /37 77 2)
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By Lemma 4.1, it suffices to show that

LS gt <1 - Q@)+ hl=p)
n=2

(e, B,7,2)
Setting

N -l A=) +hld-F)
(4.3) 1 nz_:g n2 =1 5(0.5.7.9) (2).

From (4.3) and (2.1), we obtain

RO = 3 e

[ a) +w\<1—/3>
a,B,7,n)
<'Z‘Z +|v|1— By

<z <1.

This completes the proof of Theorem 4.2.

O

5. Inclusion relations involving Ns(e). To study the inclusion relations
involving Nj(e) we need the following definitions. Following [2, 8, 19, 24],

we define the n,d neighbourhood of the function f(z) € T' by

(5.1) Ns(f) = {gET g(z —z—sz and Zn|an—b |<5}

Particulary for the identity function e(z) = z, we have

(5.2) Ns(e) = {gGT g(z —Z—anz and Zn|b \<6}

Theorem 5.1. Let
_ 2l -a)+ (=P
[(2+ [y = B) = (= B)]Ca

(5.3)

Then TS} («t, B,v) C Ns(e).
Proof. For f € T'S}'(«, 3,7), Theorem 2.1 yields

[+ /(A =5) = (o 022%_ (1=a)+ l(1-5)

so that

(1—a)+ (1 -8)
(5.4) Zan— @+ D= 8) — (a=BIC,
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On the other hand, from (2.1) and (5.4) we have

(1-p CQZnan— (I—a)+ (A -8)+(a=B)—(1-58 0220%

<A -a)+ Pl =p)+[(a=p5) -1 -p)
(1—a)+ 1 -5)

[(2+ (1 =8) = (a—B)C:

< A=)+ [ = B)2(1 — )
[(2+W)A=8)—(a=p)]

XCQ

2((1 —a) + (1 — 6)
> Z”“”— @+ hD{—5) (0 510 -

Now we determine the neighbourhood for each of the class T S{f (o, B,7)
which we define as follows. A function f € T is said to be in the class
TS (v, B,7,m) if there exists a function g € T'S} (e, 8,7) such that

(5.6) j—1‘<1—77, (zeU, 0<n<1).

Theorem 5.2. If g € TS{'(ov, 3,7) and

6[(2+ (A —B) — (= B)]Co
202+ DA =B) = (a=))C2 = (1 —a) + 4|1 = B)]’

then Ns(g) C TS (a, B,7,1).

(5.7 n=1-

Proof. Suppose that f € Ns(g), then we find from (5.1) that

e}

n|an, — bp| <6,
> |

n=2

which implies that the coefficient inequality

o
1)
_ < Z
E lan, — by| < 5
n=2

Next, since g € T'S{'(«, 8,7), we have

2[(1 —a) + |1 = B)]
Zb"_ [(2+ YA =8) = (e = B)ICs
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that
> apn — bn
9(2) 1= S b,
n=2
<9 [(2+ v = B) — (a = B)]Co
T2[(2+ [N =B) = (= B))C2 = (1L —a) + [y|(1 = B))]
<1l-n
provided that 7 is given by (5.7). Thus by definition, f € T'S) (e, 8,7,n)
n given by (5.7), which completes the proof. O

for

Concluding remarks. By suitably specializing the various parameters in-
volved in Theorem 2.1 to Theorem 5.2, we can state the corresponding
results for the new subclasses defined in Example 1 to Example 4 and also

for

many relatively more familiar function classes.
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