
doi: 10.17951/a.2018.72.1.69

ANNALES
U N I V E R S I T A T I S M A R I A E C U R I E - S K Ł O D O W S K A

L U B L I N – P O L O N I A

VOL. LXXII, NO. 1, 2018 SECTIO A 69–76

PAWEŁ OCHALIK and ANDRZEJ WŁOCH

On generalized Mersenne numbers,
their interpretations and matrix generators

Abstract. In this paper we introduce generalized Mersenne numbers. We
shall present some of their interpretations and matrix generators which are
very useful for determining identities.

1. Introduction and preliminary results. Let k ≥ 3 be a fixed integer.
For any integer n ≥ 0 let M(k, n) be the nth generalized Mersenne number
defined by the second order linear recurrence relation of the form

M(k, n) = kM(k, n− 1)− (k − 1)M(k, n− 2)

for n ≥ 2 with initial conditions M(k, 0) = 0 and M(k, 1) = 1. Then gen-
eralized Mersenne numbers form the generalized Mersenne sequence 0, 1, k,
k2 − k + 1, . . . .

If k = 3, then M(3, n) is the well-known nth Mersenne number and it is
denoted by Mn. Moreover, Mn = 2n−1 and consequently the Mersenne se-
quence has the form 0, 1, 3, 7, 15, . . . . The Mersenne numbers are discussed
mainly with the concept of Mersenne prime. Moreover, the Mersenne num-
ber is well known as the solution of the famous problem of the Hanoi tower.

The Mersenne numbers, their generalizations, properties and relations
with the numbers of the Fibonacci type were studied in many papers, see
for instance [8], [9], [11].
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In this paper we study generalized Mersenne numbersM(k, n), their prop-
erties, matrix generators and some combinatorial interpretations.

Theorem 1. Let n ≥ 0, k ≥ 3 be integers. Then

M(k, n) =
1

k − 2
((k − 1)n − 1).

Proof. If n = 0, 1, then the equality holds from the definition of M(k, n).
Let n ≥ 2 and let us consider the recurrence

M(k, n) = kM(k, n− 1)− (k − 1)M(k, n− 2).

Then solving the characteristic equation of the form rn − krn−1+
(k − 1)rn−2 = 0 and using initial conditions M(k, 0) = 1 and M(k, 1) = k,
the result immediately follows. �

Corollary 2. Let n ≥ 1, k ≥ 3 be integers. Then M(k, n+1) =
n−1∑
i=0

(k−1)i.

Proof. It immediately follows from Theorem 1 and the fact that
1

k−2((k− 1)n− 1) is the sum of n first terms of the geometric sequence. �

The equality M(k, n) = 1
k−2((k − 1)n − 1) is a Binet-type formula for

generalized Mersenne numbers M(k, n).

Theorem 3. Let k ≥ 3, n ≥ 1, p ≥ 1 be integers. Then

(a) M(k, n) =M(k, p+ 1)M(k, n− p)− (k − 1)M(k, p)M(k, n− p− 1),

(b) M(k, n) = (k − 1)pM(k, n− p) +M(k, p),

(c) M(k, n+ 1)−M(k, n) = (k − 1)n.

Proof. (a) (By induction on p). If p = 1, then M(k, 2)M(k, n − 1)−
(k − 1)M(k, 1)M(k, n− 2) = kM(k, n− 1)− (k − 1)M(k, n− 2) =M(k, n)
by the definition of the generalized Mersenne numbers. Assume that for
an arbitrary p > 1 the formula M(k, n) = M(k, p + 1)M(k, n − p) − (k −
1)M(k, p)M(k, n − p − 1) holds. We shall show that the equality is true
for p+ 1. Using the induction hypothesis and the definition of M(k, n), we
obtain

M(k, n) =M(k, p+ 1)M(k, n− p)− (k − 1)M(k, p)M(k, n− p− 1)

=M(k, p+ 1)(kM(k, n− p− 1)− (k − 1)M(k, n− p− 2))

− (k − 1)M(k, p)M(k, n− p− 1)

=M(k, n− p− 1)(kM(k, p+ 1)− (k − 1)M(k, p))

− (k − 1)M(k, p+ 1)M(k, n− p− 2)

=M(k, n− p− 1)M(k, p+ 2)− (k − 1)M(k, p+ 1)M(k, n− p− 2)

=M(k, n− (p+ 1))M(k, p+ 2)

− (k − 1)M(k, p+ 1)M(k, n− (p+ 1)− 1),
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which ends the proof.
(b) Let p = 1. We will show thatM(k, n) = (k−1)M(k, n−1)+1. By solving
the equation M(k, n) = (k− 1)M(k, n− 1)+1, being nonhomogeneous first
order linear recurrence equation, we obtain M(k, n) = 1

k−2((k − 1)n − 1)
and by the Theorem 1 the result follows.

Let p ≥ 2. Then using the above relation for M(k, n), we have

M(k, n) = (k − 1)M(k, n− 1) + 1 = (k − 1)[(k − 1)M(k, n− 2) + 1] + 1

= (k − 1)2M(k, n− 2) + 1 + (k − 1)

= (k − 1)2M(k, n− 2) +M(k, 2).

Repeating it p times, p ≥ 2, we obtain M(k, n) = (k − 1)pM(k, n− p) +
1 + (k − 1) + (k − 1)2 + (k − 1)3 + · · ·+ (k − 1)p−1.
Using the Corollary 2 we have that M(k, n) = (k−1)pM(k, n−p)+M(k, p),
which ends the proof.

(c) Immediately follows from Corollary 2. �

From the above we obtain identities for the classical Mersenne numbers.

Corollary 4. Let n ≥ 1, p ≥ 1 be integers. Then

(a) Mn =Mp+1Mn−p − 2MpMn−p−1,

(b) Mn = 2pMn−p +Mp,

(c) Mn+1 −Mn = 2n.

2. Matrix generators. Matrix methods are important in studying re-
currence relations. In the last decades some mathematicians have found
and studied miscellaneous affinities between matrices and linear recurrences.
Using matrix methods, different identities and algebraic representations of
considered sequences can be obtained, see for instance [3], [5], [6], [10].

In recurrence relations the Fibonacci numbers play an important role and
they are studied intensively also with the context of matrix generators. We
recall that the Fibonacci numbers are defined by the recurrence Fn = Fn−1+
Fn−2 for n ≥ 2 with F0 = F1 = 1. The wide theory of the classical Fibonacci
numbers includes a lot of identities and using some of them, we can show the
relations between generalized Mersenne numbers and the classical Fibonacci
numbers. As an example, we can write that M(k, n)− (k−1)M(k, n−1) =

Fn+1 −
∑n−1

i=0 Fi.
Interesting relations between (s, t)-Fibonacci numbers and Mersenne

numbers were given by Civciv and Turkmen in [2]. Relations between the
Fibonacci numbers and other numbers of the Fibonacci type were stud-
ied for instance in [3], [10]. In this section we study the matrix genera-
tors for the generalized Mersenne numbers, also using the Hessenberg ma-
trix. For the classical Fibonacci sequence, the matrix generator, named
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the golden matrix, has the form Q =

[
1 1
1 0

]
. It is well known that

Qn =

[
Fn Fn−1

Fn−1 Fn−2

]
, for n ≥ 2.

In this section we give some matrix generators for generalized Mersenne
numbers M(k, n).

Theorem 5. Let n ≥ 1, k ≥ 3 be integers. Then[
M(k, n+ 2) M(k, n+ 1)
M(k, n+ 1) M(k, n)

]
=

[
k 1
1 0

] [
k 1

−(k − 1) 0

]n
.

Proof. (By induction on n). If n = 1, then the result is obvious. Suppose
that the equality holds for an arbitrary n, n ≥ 2. We shall show that it is
true for n+ 1. Using the induction hypothesis, we have[

k 1
1 0

] [
k 1

−(k − 1) 0

]n+1

=

[
k 1
1 0

] [
k 1

−(k − 1) 0

]n [
k 1

−(k − 1) 0

]
=

[
M(k, n+ 2) M(k, n+ 1)
M(k, n+ 1) M(k, n)

] [
k 1

−(k − 1) 0

]
=

[
kM(k, n+ 2)− (k − 1)M(k, n+ 1) M(k, n+ 2)
kM(k, n+ 1)− (k − 1)M(k, n) M(k, n+ 1)

]
=

[
M(k, n+ 3) M(k, n+ 2)
M(k, n+ 2) M(k, n+ 1)

]
by the recurrence definition of the generalized Mersenne numbers. �

From Theorem 5 and basic properties of matrices we have

Corollary 6. Let n ≥ 1, k ≥ 3 be integers. Then

(a) M(k, n+ 2)M(k, n)−M2(k, n+ 1) = −(k − 1)n,

(b)
[
M(k, n+ 1)
M(k, n)

]
=

[
k −(k − 1)
1 0

]n [
1
0

]
.

The identity given in (a) will be named the Cassini formula for the gen-
eralized Mersenne numbers. If k = 3, then Mn+2Mn −M2

n+1 = −2n is the
Cassini formula for the classical Mersenne numbers.

A square matrix Hn = [hij ] of size n is the lower Hessenberg matrix if
hij = 0 for j − i > 1. Hessenberg matrices are used as matrix generators
of numbers of the Fibonacci type, see [7], [4]. In this paper we define a
Hessenberg matrix as the generator of the generalized Mersenne numbers.
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Let Hn be the lower Hessenberg matrix of the size n of the form

Hn =



k 1 0 . . . 0 0
k − 1 k 1 . . . 0 0
0 k − 1 k . . . 0 0
...

...
...

...
...

...
0 . . . . . . . . . k 1
0 . . . . . . . . . k − 1 k


.

In other words, hii = k, hi,i+1 = 1, hi−1,i = k − 1 for i = 1, . . . , n and
hij = 0 in the remaining cases.

Theorem 7. Let n ≥ 1, k ≥ 3 be integers. Then detHn =M(k, n+ 1).

Proof. If n = 1, then detHn = det [k] = k = M(k, 2). If n = 2, then

detH2 = det

[
k 1

k − 1 k

]
= k2−k+1 =M(k, 3). Let n ≥ 3. Suppose that

detHt =M(k, t+1) for t ≤ n. We shall show that detHn+1 =M(k, n+2).
By fundamental properties of determinants we obtain

detHn+1 =

∣∣∣∣∣∣∣∣∣∣∣∣∣

k 1 0 . . . 0 0
k − 1 k 1 . . . 0 0
0 k − 1 k . . . 0 0
...

...
...

...
...

...
0 . . . . . . . . . k 1
0 . . . . . . . . . k − 1 k

∣∣∣∣∣∣∣∣∣∣∣∣∣
= k · detHn − (k − 1)

∣∣∣∣∣∣∣∣∣∣∣

1 0 . . . 0 0
k − 1 k . . . 0 0

...
...

...
...

...
0 0 . . . k 1
0 0 . . . k − 1 k

∣∣∣∣∣∣∣∣∣∣∣
= k · detHn − (k − 1) detHn−1.

Using the induction hypothesis and the recurrence definition of the Mersenne
numbers, we obtain detHn+1 = k·M(k, n+1)−(k−1)M(k, n) =M(k, n+2),
which ends the proof. �

3. Interpretations of the generalized Mersenne numbers. Combi-
natorial interpretations of numbers given by the recurrence relations play
an important role in finding their distinct properties and were studied in
[1], [10].

In this section we give some interpretations of the generalized Mersenne
numbers. Let us consider the alphabet of k letters, k ≥ 3 of the form
A = {A1, . . . , Ak}. For n ≥ 1 we consider the word a1a2 . . . an of the length
n created from letters A1, . . . , Ak such that
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(i) ai 6= ai+1, i = 1, . . . , n− 1, or
(ii) aj = A1 for all j = 1, . . . , p, 1 ≤ p ≤ n and ai 6= ai+1, for all p+1 ≤ i ≤
n− 1

Let σ(k, n) denote the number of all words a1 . . . an satisfying conditions
(i) and (ii).

Theorem 8. Let n ≥ 1, k ≥ 3 be integers. Then

σ(k, n) =
1

k − 2
((k − 1)n+1 − 1).

Proof. Let A1, . . . , Ak be given letters, for k ≥ 3. Let n ≥ 1. We construct
the words of the length n. If n = 1, then we have k distinct words, so
σ(k, 1) = 1

k−2((k−1)
2−1) = k. In the next step for n = 2, we have k possible

words with the initial letter A1 and (k−1) possibilities for (k−1) remaining
cases. Consequently, we obtain k + (k − 1)2 = 1 + k(k − 1) distinct words.
Words with the initial letter A1 have the form A1A1, A1A2, . . . , A1Ak. In
the next step, if n = 3, the word A1A1 can be extended on k possibilities
and in each remaining k(k− 1) cases we can extend words on (k− 1) ways.
Consequently, for n = 3, we have k+k(k−1)2 words. Proving analogously for
fixed n ≥ 1, we have exactly k+(k−1)2+(k−1)3+· · ·+(k−1)n−2+k(k−1)n−1

possibilities. By simple calculations, using the sum of the finite geometric
series we have

k + (k − 1)2 + (k − 1)3 + · · ·+ (k − 1)n−2 + k(k − 1)n−1

= k + (k − 1)2
1− (k − 1)n−3

1− (k − 1)
+ k(k − 1)n−1

= k +
1

k − 2
(k − 1)2((k − 1)n−3 − 1) + k(k − 1)n−1

= k +
1

k − 2
(k − 1)n−1 − 1

k − 2
(k − 1)2 + k(k − 1)n−1

= k + (k − 1)n−1(
1

k − 2
+ k)− 1

k − 2
(k − 1)2

= k +
(k − 1)n+1

k − 2
− 1

k − 2
(k − 1)2

=
1

k − 2
((k − 1)n+1 − 1) +

1

k − 2
− (k − 1)2

k − 2
+ k

=
1

k − 2
((k − 1)n+1 − 1),

which ends the proof. �

From the above and by the direct formula for the generalized Mersenne
numbers, we have

Corollary 9. Let n ≥ 1, k ≥ 3 be integers. Then σ(k, n) =M(k, n+ 1).
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Now we consider another combinatorial interpretation of the generalized
Mersenne numbers M(k, n), using given earlier alphabet A = {A1, . . . , Ak}.
For k ≥ 3 and n ≥ 1 we consider words a1a2 . . . an of the length n such that
(iii) ai 6= A1 for all i = 1, . . . , n, or
(iv) aj = A1, for all j = 1, . . . , p, 1 ≤ p ≤ n and ai 6= A1 for p+ 1 ≤ i ≤ n.

Let σ∗(k, n) denote the number of all words a1 . . . an satisfying conditions
(iii) and (iv).

Theorem 10. Let n ≥ 1, k ≥ 3 be integers. Then

σ∗(k, n) =
1

k − 2
((k − 1)n+1 − 1).

Proof. (By induction on n). If n = 1, then σ∗(k, 1) = k is obvious. Let
n ≥ 2 and suppose that the theorem is true for an arbitrary n. We shall
show that it is true for n+ 1. By the induction hypothesis

σ∗(k, n) =
1

k − 2

(
(k − 1)n+1 − 1

)
=

(
1

k − 2
((k − 1)n+1 − 1)− 1

)
+ 1,

where the first summand denotes the number of words of the length n, where
an 6= A1 and the summand 1 corresponds to the word consisting only of A1

i.e. the word A1A1 . . . A1. Obviously, the word with n + 1 letters can be
obtained into 1

k−2(k−1)((k−1)n−1)−1)+k possibilities. Hence by simple
calculations we get

σ∗(k, n) =
1

k − 2
((k − 1)n+1 − k + 1)− (k − 1) + k

=
1

k − 2
((k − 1)n+1 − k + 1) + 1 =

1

k − 2
((k − 1)n+1 − 1)

=M(k, n+ 1),

which ends the proof. �
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