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Abstract — The Cauchy problem for a semilinear parabolic equation is considered. Under the
conditions u(z, t) = X (x)T1(t) + T2(t), g—; # 0, it is shown that the problem is equivalent
to the system of two ordinary differential equations for which exact difference scheme (EDS)
with special Steklov averaging and difference schemes with arbitrary order of accuracy
(ADS) are constructed on the moving mesh. The special attention is paid to investigating
approximation, stability and convergence of the ADS. The convergence of the iteration method
is also considered. The presented numerical examples illustrate theoretical results investigated
in the paper.

1 Introduction

In which cases an EDS or an ADS approximating nonlinear parabolic equation can be
constructed? The paper deals with this question. The simple technique is presented and the
main features of the constructed scheme are considered.

Definition 2. [3] A difference scheme is exact if the truncation error is equal to zero or the
exact solution agrees with the numerical solution at the grid nodes.

The problem of constructing a difference scheme of high order of accuracy is topical. In
papers [1, 6] the EDSs and truncated difference schemes of an arbitrary rank were constructed
for the nonlinear second order differential equation and for the systems of first-order nonlinear
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94 Difference schemes of arbitrary order of accuracy for semilinear parabolic equations

ordinary differential equations, respectively. It is worth mentioning here the paper by Mickens
[9] in which nonstandard finite difference schemes are introduced. In [10] the investigations of
the order of approximation, stability, and convergence of the high accuracy difference schemes
for the nonlinear transfer equation % + ug—g = f(u) have been made. The EDS and the
difference schemes of an arbitrary order of approximation for the parabolic equations with
travelling wave solutions u(z, t) = U(x — at) were constructed in [7, 8].

It was earlier established that for the problems in the parabolic equations with separated
variables solutions u(x,t) = X (x)T3(t) + T>(¢) the EDS and the ADSs may be constructed
[3, 7]. The main aim of this paper is to investigate approximation, stability and convergence of
the nonlinear scheme of an arbitrary order of accuracy.

Let C™(Q7) be the class of functions with m derivatives in = and n derivatives in ¢, all
derivatives being continuous in the domain Q, where Q7 = R x [0, T.

Let us consider the Cauchy problem for the semilinear parabolic equation

ou 0 du
ot or (mm(wam) +f(u), 2 ER 0<t<T, =

u(z,0) = up(x), z € R. ()

Under the conditions u(x,t) = X (2)T1(t) + Ta(¢), % # 0, we show that problem (1)-(2) is
equivalent to the system of two ordinary differential equations [7]

i (@)
i c(x)ka(t), z(0) e R, c(x) = —T(i), 3)
du — F(u), u((0),0) = up(x(0)). *)

A | do —cayha(r)

From (3) we find the curve = x(t), along which we get from (4) the solution u(z,t) =
u(x(t), t) of the problem (1)-(2). Here z:(0) = 2° € R is the initial state of the curve z = x(t).

The ADS applying the trapezoidal rule is proposed in the case when the integrals in the EDS
cannot be evaluated exactly. We prove that the orders of approximation and accuracy depend
only on time step 7 divided by the natural constant m > 1. We also consider the convergence
of the iteration method which is used to find the solution of the nonlinear scheme. At the end
we present the results of the numerical experiments which illustrate theoretical results stated in
the paper. We also construct a difference scheme of an arbitrary order of accuracy applying the
Euler-Maclaurin formula instead of the trapezoidal rule [2]. We investigate numerically that

m

. 2M+2 ..
the error of this method equals O (( T ) + ) where m, M are positive, natural constants.

2 Statement of the problem

Let us investigate in the domain Q1 the Cauchy problem for the semilinear parabolic
equation
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ou 0 ou
- = — <
= 5 (B@ROF) + f). e R 0<t<T, ®
U(ZL',O) = UO(m)v T e Ra sup |u0| < 00, (6)
z€R
Ju —
u(x,t) :X(‘T)Tl(t)+T2(t)7 % 7&07 (.’,E,t) € QT7 @)

0 <my < ky(2)ka(t) < mo, (x,t) € Qr, my,mg = const, f(u) #0, ueR.  (8)

Let us assume that problem (5) - (8) has a unique solution v € C7} (@T) with all derivatives
bounded and k1 (z) € C3(R), k2(t) € C*([0,T]), f(u) € C*(R). Assumption (7) is the key
relation. Taking into account these assumptions, we rewrite problem (5)-(6) in the following
form

2 x gu x)up(x))
% _ _ Ox (kl( g)a’fZ(t) 61) _ _(k( u)()((;() )) k‘g(t) _ C(l‘)kg(t), x(O) c R, (9)
du _Ou  dxOu

_ = — 4+ ——
dt | s _ouyppry OF  dt OF

= (u), u(x(0),0) = uo((0)). (10)

We assume that c(z) # 0, = € R, ¢(x) € C? (R).

3 The difference scheme of an arbitrary order of accuracy

In this Section, the EDS approximating problem (5) - (8) is considered. The ADS is
constructed in the case when the integrals in the EDS cannot be evaluated exactly. The
trapezoidal rule is applied to approximate the integrals.

Let us introduce space and time grids

S T
D?L:{x?:ih?, z'EZ}7 W, = {tn:nr, n =0, Ny, 72}7
No
here hj* =z}, | — x} is the space step at time ¢ = £,,.
In [3, 7] the EDS approximating problem (5) - (8) was constructed

n+1 -1

n+l _ gn 1 T Y
L _ / T 1 / (1),
T g c(x) T (1)
x tn

k2
€@y, i€Z, n=0,Ng—1,
nt -1

n+1
Y; -

n 1 d .
oo | / T =), i€Z, n=0N, — L (12)

T y! yr f(w)

%



Pobrane z czasopisma Annales Al- Informatica http://ai.annales.umcs.pl
Data: 24/06/2026 17:44:36

96 Difference schemes of arbitrary order of accuracy for semilinear parabolic equations

Only in some cases the integrals in the EDS can be evaluated exactly. In other cases, applying
the trapezoidal rule, we approximate problem (9) - (10) by the difference scheme

JUZ;“ — Ty n o+l 0 0 -0 S VA
S (zhianit) @2 (tnytnyr), 2y = 2 €@y, i € Z, n=0,Ng — 1, (13)
ym—l -y 1 0 0 . PN

T = (i y ) vl = o), i €2, n=0,No — 1, (14)

where m > 1 is a natural number and ¢1, @2, 3 : R? — R are introduced as follows

-1

m—1
1 1 1 1 1
S$1,82) = | — + + — E TR )
4101( ! 2) 2m (C(Sl) 0(32)) b j=1 C(Sl +J 2m 1)

ool 52) = (kalor) 4 ha (52)) /2m) + 3 b ( +42 ;51> /m,

-1

( _1(1+1>+1’”1 1
s = o \Fo0 T Fe) T B T

j=1

Let us denote the approximate value of the curve x;(¢) on n — th level by 7, and the exact
value of this curve on n — th level by z?". The curve z;(t) is the solution of problem (9) with
the initial value 2. Here y!" is the approximate solution of problem (10) in the node (z%;,t,,)
and uf, uj, are the values of exact solution of this problem in the nodes (z7', t,,) and (z};, t,),
respectively.

Equation (13) introduces the moving grid in the domain Q-

w= {(xZi,tn) €Qr: al,=ih), i€Z t,=nt,n= O,No} )
Let us denote the error of the method by
Oxp; = Tp; — i’y OUp; = Ui’ — Up;.

Then the difference problem for the error of the method is written in the following form
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6$n+1 637 0 1

mfm — 5$Zi902(tm tn+1)% (xZu, xg;zl)
1

(9(,01
—5z2j1@2(tn7tn+1) 832 (zglw 224;1) = dﬂf"" (15)
629, =0,i€Z n=0Ny—1,
(Sunfi_l — ouy 8@3 8803
hi = hii_ gyp 53 Do, (Ugss, upit) — 5u";"18782( Bi> Upa; )

+ox H&c( o tg1) (7_ - 8752(116317 931))

n Bu n 1 8g03 o n
—556;”-%(%951-,%) (T + asl(u%i,ugﬁ)) = Y3,

6“21':071.627":07]\[0717

where z3 ;= af + 0,07y, ug, = ui + 0 (duy; +up; — ). Here and after 0, =
const, 0 < 9" < 1. The approximation error of the difference scheme (13) - (14) equals

o = Y1 + Yo,

£;7L+1 I S
i

where wﬁ 7’%4'991 ( ?7 ;H_l) 4102(tnyfn+1) 1%12 =4 +903( n+1)'

4 Approximation

In this Section, we prove the theorem on an order of approximation of difference scheme
(13) - (14).

Theorem 2. Suppose that

1 1 \®
() € C*(R), 0 <01§@S02, <c(w)) <c3 z €R, (16)
ka(t) € C2([0,T0), [ka(t)] < ca, K5 (8)] < 5, t € [0,T], (17)
(2)
f(u) € C*(R), 0 < ¢ < ﬁ <eq, <f(1u)> <cg, u€R, (18)
ou
‘ 5 . < ¢y, (19)

where constants ¢, > 0. Then difference scheme (13)-(14) approximates problem (9)-(10)
with the truncation error equal to O ((%) 2).
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. 2 . .
PROOF. Our first goal is to show that 7, = RP (Z)~, where the expression |R!'| is
bounded. It is straightforward to show that the approximation error ¢; satisfies the chain of

relations
517?+1 tnt1
-1 dx
Y1 = S / @ / ko (t)dt + 1 (z, 20Y) @a(tn, tngr)
3 3 I;n'
ntl_n 1 m—1 1 ;H—l d
7 b T
m 2c(x?) + 2c(9c”+1) + Zl oy Tt —a? - 17; c(z) - tnia
J cl x; +J7 o 1

x

‘ T n -1
/ ()] o1 (2 ait)]

i

+11—2 <l> Ky (tomn )1 (2}, 27 1) = (%)21{?,

where: € Z, n =0, Ny — 1 and

IZLJA*I? (dm(tem,))Q ( 1 )(2) 1 tni
12 dt c(zg9;) 1 k ( )dt n 7k2(

T

i o
! n -1
[ fn r?r)i' [901( T 1+1>] .

t@?n)‘pl( ?a ZLJrl)a

1
Tgoi =} + 05; (a7 = a}) | torn, tosn € (tn, tnt1).

Since (16), the function ﬁ has a constant sign for all x € R. Thus, the following estimate is

valid
i1 1 1 iy 1
n n+1\]1~ _
‘[901 («Tz‘ y Ly )] ‘ - m 20(:5?) + % (x;hLl) + ]2 (x +] n+1 ’I':") > cy.

Some tedious manipulations yields

|RY| < Ma, Mg = ((31_403(:2 + 01_1(35) /12.

Thus, difference equation (13) approximates differential problem (9) with the second order
with respect to -

<M ( ) =
oJnax U7 o A [¥1]lc = Sup|wlz|

Analogously, we can show that difference equation (14) approximates differential problem
(10) with the second order with respect to

T _
Jmax ||w2||CSMA( ). M = e 12
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Finally, we find that difference scheme (13) - (14) approximates differential problem (9) -
(10) with the second order with respect to

Jmax [0l < (Ma+2) ()

5 Stability

In this Section, stability of the ADS is investigated. Let us perturb the initial data of problem

(13)-(14)
et —an
% = (mm,xhz ) 0o (tn,tny1), x(,)” = ;vl, i€Z,n=0Ny—1, (20)
/g(l+1 yn
L . L =3 (y27yf+1) gj? uo(x,”) i€Z, n=0,Ny— 1. (21)

We give a theorem on stability of difference scheme (13)-(14).

Theorem 3. Suppose that

1 1 (1)
c(z) € C'(R), 0< 1 < @ < ¢, (c(x)) <ci, ¢ €R, (22)
ka(t) € CH([0,T)), [ka(t)| < ca, t €10, T, (23)

LA
f(u)ECl( ), 0<66_‘f < ey, <f(u)> <eci1, u €R, (24)

where the constants ¢, > 0. Then for sufficiently small 7 < min {7, 7;*} difference scheme
(13)-(14) is stable with respect to small perturbation of the initial values and the following
estimates hold

T (M2x+2My) H

max ||Z — ajllc <e

0<n<No 552_1‘2“07 My, My = const > 0,

_ T(Ms+2Ms3) _ _
o dnax 7" —y" o <e llto — woll o, M3, My = const > 0.

PROOF. Under assumptions (22), (24), the functions @1, 3 € C!(R?) have bounded

derivatives
01 Y1 2
——(85,82)| < My, | =—(s1,52)| < Ma, (s1,52) € R,
0589 0s1
0 0p:
S03(8 so)| < Ms, ﬁ(81782) < My, (s1,82) € R?,
0sa 0s1

where M), are positive constants.
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Subtracting equations (13) - (14) from (20) - (21) and introducing the notation Az}, =
Ty — wp, Ayl =g — yi', we get

Azl — Az}, n 0p1 1 3901
—h o <A Thiyo (xgloz»ffellz) + Az n+ (xglozazerlz)) pa(tntnt),

T 081 0589
Ax), =30 2% i€ Z, n=0Ny— 1
Ay;l-i-l B Ayz n 0803 n n n 8303
% A Yi 8 (y912i7y91—51) + Ay i 88 (y9122’y6’137)

Ay? = ﬂo(xhi) — uo(ajgi), i€Z, n=0,Ny—1

where ;= xp, + 0, (T, — @3,) 5 Yg, = yit + 0 (U — yi'). The following grid node’s
estimate is valid

0
‘szﬂy =T 8;021 (95910171“9112) lp2(tn, tnt1) HAmZ—H‘ +

8901 n
(17| 52 Caton i) leattnstur)] ) 183

(1 —7Mieyq) |Ax”+1| < (14 7Macy) |Axy;| < (14 7Macy) [|[Axy| o < e Mz2¢4 |Azy ]| -

For sufficiently small 7 < 7, where 735 = ﬁ, the following inequalities hold

+1 7 i (Ma+2M;y)
n n T C. n
|Azp ] < 1= rMycs [Azylle < ™ TV |Azy ||
Thus

HAmZHHC < e(Mo+2My)ey |Az . < e DT(Ma42My)es HA‘T?LHC'

wlle <

Because it is satisfied for any n = 0, Ny — 1, then

A n < T(M2+2]\/[1)C4 A 0 . 25
onax [Azp|c <e Az (25)
Analogously, we can prove that for sufficiently small 7 < 75, where 75" = 5 1\1/13

max [[Ay" o < eT M) | A (26)

0<n<Ny

Estimates (25), (26) express the stability of difference scheme (13) - (14) with respect to the
small perturbation of the initial values. (]
6 Convergence

In this Section, we prove the theorem on an order of accuracy of difference scheme (13) -
(14).



Pobrane z czasopisma Annales Al- Informatica http://ai.annales.umcs.pl

Data: 24/06/2026 17:44:36
Magdalena Lapinska-Chrzczonowicz 101

Theorem 4. Let the assumptions of Theorems 2 and 3 holds. Then for sufficiently small
7 < min {77, 75"} the solution of the difference scheme (13) - (14) converges to the solution
of the differential problem (9) - (10) and the estimates hold

2
max ||zy —z"||, < My (l) , Mz = const > 0,
0<n<No m

.
- < 7 = .
odax ly" —upll o < My (m) , M, = const >0

PROOF. Similarly to that before, the functions @1, 3 € C*(R?) have bounded derivatives

0

8@1 (s,82)| < My, £(81,32) < My, (s1,82) € R?,
S92 S1

0

‘8803(8’82) < M3, ﬁ(81782) < My, (s1,82) € R?,
So S1

where M), are positive constants. From the equation for the error of the method the following
estimates hold

0
527 < 7 szl (@8, Thot ’|<P2 tns tug1)| [0z | +

0
|14 752 Gttt (et 3]+ 7 1

(1= mMyca) [0y < (14 mMaca) 10yl + 7 197l -

For sufficiently small 7 < 77, where 7§ = m, we have
Mscy
ntl e’ T
|0z < T i, 0zk]lc + TSV Y1 lle <

< (MM 5| e g

The above inequalities are valid for any ¢ € Z, thus

||5xh+lH < eT(M2+2M1)C4 ||§x;LL||C + 7_62’7'M164 Hw?HC <

< oo < e T(Mz+2M)es ||5~”f2||c + Tie(nfk)T(M2+2M1)C4+2TM1c4 ||1/J]f||
k=0

< gmax 05| tote

T(M2+4M1)C4
Since ¥7; = O ((%)2), then

Jmax (527 < My (7) , My = eT(MataMeapyy 27)
m

To obtain the estimation of the error du;,; a little manipulation is needed
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8u
lous Ml < Mloy™ e+ [l =™l < Moyl + 025l |15

C(Qr)

where §y}' = y;' — u} satisfies the equation

oyi T = oyl . 0ps | 1093
% — 0y 5= D1 (Y9140 Yor5s) — ay; " D5y (%1%93&1) = Vi,

n+1l __ n+1 n+1 n+1
y014z - ’LL + 91416?/1 » Y150 = Wy + 0141 6

Our problem reduces to estimating the error éy;’. A reasoning similar to that used in the first
part of the proof, shows that
T(Ms+4Ms)

[0l < gmos [4] e

We get

Jmax [dufllo < TeT R max |yl

o lwllo <Mz (2 aag

+T€T(M2 +4M1 cy
o

Qr) O<k:<n

— TET(M4+4M3)M1/4 _|_ TGT(M2+4M1)C4MA H @ (28)

Tlle@r)

Finally, estimates (27) and (28) express the convergence of the solution of difference scheme
(13) - (14) to the solution of differential problem (9) - (10) with the second order with respect
to =. O

7 Iteration method

In this Section, convergence of the iteration method for difference scheme (13) - (14) is
discussed.

The following iteration method is used in connection with solving nonlinear difference
scheme (13) - (14)

s+1n+1 n
T — Xy sn+l
% =y (xZi’xhi ) 902(tn’tn+l)v (29)
ontl n n 0 0 0 T
Ty, = xp; +T(X); ) k2 (tn), Th =77 € Wy, n=0,Ng—1,
. n+1
5-517; o y:z - ( Sn+1)
T ©3 yz s Yi ) (30)
0n+1

v, =yr+7fyl), y —uo(xhz),zeZ n=0,Ny— L.
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We give a theorem on convergence of iteration method (29) - (30).

Theorem 5. Let the assumptions of Theorem 4 holds. Then for sufficiently small 7 <

7o, To < min { M‘IIC4 , MLS} , 0 < g < 1 the solution of iteration method (29) - (30) converges
to the solution of difference equation (13) - (14).

PROOF. Let 7 be chosen sufficiently small

¢ a4
M104, Mg

TSTO,Togmin{ },O<q<1.

. . . 1ntl A L
First, we estimate the difference between x,, and the initial approximation

1n+1 0n+1
Lhi — LThi

0n+1
o+ Tn (x ) paltstus) — s — Tolal)ka(ts)

+1

On
— r|er (xh . ) oot tuir) — el ha(tn)

< 27’061_184.

Now, let us estimate the difference between two successive iterations

sH17Hl gntl
T hi — Thy 31
n n sntl n n s—1m
= |zh; + 701 (Thi Thy ) P2t tnt1) — @ — 701 ( Thyy T | p2(tn, tat)
sntl 1t 1 0py n+1 snt+l  g_qntl
=T|Th — Ty sy (xhwxewi) lpa(tn, tny1)| < TMica |z, — oy,
sn+1 571”"'_1 1n+1 0n+1 1
<glxn, — T | << lap — x| < 2100 aad’.
s—1n+1 sn+1 s—1n+1 . .. .
where xgl'gl = T4, + 9%’; ! (xhi — T . We are now in a position to estimate the
1
n+1 snt
error T — Ty
1
n+1 sttt n+1 n n ntl
Tp,  — Tp, < ’whi —Thi — TP (xhiﬁmhi ) @Q(t”’t"”rl)‘

sn+1
+ ‘wﬁi + 701 (@hs T ) @2(tn, tag1) — 23 — T2 (fc’ﬁia Th; ) 902(tn=tn+1)‘

" " sn+1 sn+1
+ ‘xhi + 711 (xhivxhi ) Pa(tnstnt1) — Tpy }
1110 n+1 n+1
ntel SNt Y1 [ s+1 s
STZp  — Th D, \FhirToptt [p2(tns tng1)| + | T py — Ty
So 17i
1 n+1 n+1

n+1 sn+ s+1 s

S QTR Ty T i — Thg
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n+l _ gntl | gl sntl n+1
where zy " = " + 077 (2, — ;" | . Thus we have
1 n+1 n+1
n+1 snt s+1 S s . —1
T — x| < ¢ T — T | < Mpg®, My =219c] e/ (1 — q).

The above inequality is valid for any ¢ € Z, so we get

n+1
xy f:’éh HCSMIqS.

It remains to show that

The proof is similar to that used above.

Thereby the iterations converge with the rate of geometric progression and the limits exist
. n+ sn+1 sn+1
lim Hxh - H Y H =0. t
S5— 00

1
n+1 sn+
-y

y o S Mia*, Mp =27ocg" /(1= q).

n+1l

=0, lim
C s$—00

8 Numerical examples

In this Section, the example of the previously considered ADS is investigated. We also
construct the difference scheme with the Euler-Maclaurin formula instead of the trapezoidal

rule and investigate numerically that the error of the method equals O ((%)QMH) , where

m, M are the positive, natural numbers.
Let us consider the boundary-value problem

ou  O%u
- il 1 <T,
En az—!—unu O<z<l,0<t

where the boundary and initial conditions are coincidental with the exact solution u(z,t) =
exp {Boe —|— 53— —} and the function Q(u) = ulInw is a source for v > 1 and a sink for

O0<ux<l1 [12]. We approximate it by the difference scheme

-1

n+1
Ty
ot g 1 dz 0 —o - I
t = = x?+1—x“/$22 , 1, €Wy, 1 €Z, n=0,Ng—1, (32)
o
yln+1 yi' n+1 0 _ A 0O N-—1
T = (v y ) vl = wo(ahy), i €2, n =0, No — L. 33)

From (32) we find that 27" = \/2 + €7 ((27)2 — 2), where 0 < ¢, < In % for |2?] <
/2. To solve equation (33) we use iteration method (30). The stopping criterion in the iteration

method is
s+ 1n+1 sn+1
Y -y <k,

6n+1
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where € is previously given tolerance. When the above condition is satisfied, we advance to the
. 1+l .
next level with 4" ™' ="y, . Here [v"|lz = sup |vj|, where P™ determines the range of
" ieP,
possible values for every index ¢ of the grid nodes on the n — th level.

.

WL

Fig. 1. The moving mesh of scheme (13)-(14).

Table 1 presents the results of the numerical experiments, where S is the number of

iterations.

Tablel. [ =2, T=1,68=0.5e=10-10""% h? = 0.02.
T omo | max flzh o), | max vt —ua(ta)llz, | S
0.1 2 7.73-10718 2.01-10792 17
10 8.11-107%4 17
100 8.11-10796 17
1000 8.11-10798 17
0.01 2 1.60 - 10~17 2.01-107% 8
10 8.04 - 10706 8
100 8.04-10798 8
1000 8.04-10~10 8

Now we investigate numerically stability of the considered scheme. We perturb the initial

values 9 = g (7)) = ug(x?) + Es cos(100297/1), i € Py (see Fig. 2).
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Table2. [=2, T =1,8,=0.5,e=1.0-10"15 h? = 0.02, 7 = 0.001, m = 10.

Es | mmax [l5" —ylig,

10° 1.23 10101
10! 8.54 - 1070
1072 8.20 - 10792
10-° 8.16 - 1079
10~ 8.16- 10~ 10

mloan
L)
L]

1] z
o ] o ]
Fig. 2. The exact solution and Fig. 3. The exact solution and
g forl =2, T =1, = 0.5, g% forl =2, T =1, fo =
Es =101 h? =0.02. 0.5, Es =107%, h? = 0.02.

To obtain better numerical results, under the condition f(u) € C*M+2(R), where M =
const > 0, we use the Euler-Maclaurin formula instead of the trapezoidal rule [2]

wn !

1 m—1
dx yl"‘”' —yn

Yi ! .
f(u) m n+1 +;f<yl _|_ij y1)+2f(yf)

n+1 n\ 27 (25-1) (25—1)
g (BT _( 1 )
+;( E aj< m ) <f(y?“)> %R ’
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M S (2
where a; is calculated from 51— = =2+ Z: (—1)? @371 %- We estimate a posteriori

J
the error of this method [13]

p" =log, (DV/D*N),

where
1
D" = o2MT2 _q T Hy ~y*"||g, . af €, 27" € Tpryo,
1
D = o, max Hy ~ "Iz, » 7 € Bhrya, 2" € Dprya.

Here we use two additional grids Wy, /2, Wpr/4 With the time step twice and four times smaller
than 7, respectively. Tables 3 - 4 present numerically that the error o Jax, lly™ —u™||s of
7”7 0 n

the method applying the Euler-Macluarin formula equals O ((%) 5 +2).

Table3. o =05,1=2,T=1,M=1,e=1.0-10"° hrY =02, m = 1.

T max |y —ullg, | DY i
0.5 6.67 - 1072 — —
0.25 3.43-10793 2.14-107% | —
0.125 3.16 - 10794 1.98 - 10795 | 3.525
0.0625 2.75-10~% 1.72-10796 | 4.001
0.03125 1.71-1079 1.07 - 10797 | 4.000

Table4. Bo =05, 1=2, T=1,M=2,¢=1.0-10"1", hY =0.2, m = 1.

T Jax " —u"lg, | DY Y
0.5 2.80 - 10702 — —
0.25 4.32.107% 6.75-107% | —
0.125 1.02-1079° 1.59-10797 | 5.457
0.0625 2.32-10~%7 6.32-107% | 6.003
0.03125 3.61-10~% 5.65- 10~ | 6.001

9 Conclusions

In the paper, we have considered the EDS for the Cauchy problem for the semilinear
parabolic equation. The solution with the separated variables u(x,t) = X ()T (t) + Ta(t)
was a very important assumption. The ADSs have been constructed in the case when
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integrals in EDS cannot be evaluated exactly. The special attention was paid to investigate
approximation, stability and convergence of the nonlinear scheme. Convergence of the
iteration method was also considered. Numerical results have been presented to confirm the
theoretical results given in the paper.
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