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❚r❛♥s❢♦r♠✐♥❣ ❙♦✉r❝❡ ❈♦❞❡ t♦ ▼❛t❤❡♠❛t✐❝❛❧ ❘❡❧❛t✐♦♥s ❢♦r P❡r❢♦r♠❛♥❝❡

❊✈❛❧✉❛t✐♦♥

❍❛❜✐❜ ■③❛❞❦❤❛❤1∗

1❉❡♣❛rt♠❡♥t ♦❢ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱

❋❛❝✉❧t② ♦❢ ▼❛t❤❡♠❛t✐❝❛❧ ❙❝✐❡♥❝❡s✱ ❯♥✐✈❡rs✐t② ♦❢ ❚❛❜r✐③

❚❛❜r✐③✱ ■r❛♥

❆❜str❛❝t ✕ ❆ss❡ss✐♥❣ s♦❢t✇❛r❡ q✉❛❧✐t② ❛ttr✐❜✉t❡s ✭s✉❝❤ ❛s ♣❡r❢♦r♠❛♥❝❡✱ r❡❧✐❛❜✐❧✐t②✱ ❛♥❞ s❡❝✉r✐t②✮ ❢r♦♠ s♦✉r❝❡

❝♦❞❡ ✐s ♦❢ t❤❡ ✉t♠♦st ✐♠♣♦rt❛♥❝❡✳ ❚❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❛ s♦❢t✇❛r❡ s②st❡♠ ❝❛♥ ❜❡ ✐♠♣r♦✈❡❞ ❜② ✐ts ♣❛r❛❧❧❡❧

❛♥❞ ❞✐str✐❜✉t❡❞ ❡①❡❝✉t✐♦♥✳ ❚❤❡ ❛✐♠ ♦❢ t❤❡ ♣❛r❛❧❧❡❧ ❛♥❞ ❞✐str✐❜✉t❡❞ ❡①❡❝✉t✐♦♥ ✐s t♦ s♣❡❡❞ ✉♣ ❜② ♣r♦✈✐❞✐♥❣ t❤❡

♠❛①✐♠✉♠ ♣♦ss✐❜❧❡ ❝♦♥❝✉rr❡♥❝② ✐♥ ❡①❡❝✉t✐♥❣ t❤❡ ❞✐str✐❜✉t❡❞ s❡❣♠❡♥ts✳ ■t ✐s ❛ ✇❡❧❧ ❦♥♦✇♥ ❢❛❝t t❤❛t ❞✐str✐❜✉t✐♥❣

❛ ♣r♦❣r❛♠ ❝❛♥♥♦t ❜❡ ❛❧✇❛②s ❝❛✉s❡❞ s♣❡❡❞✐♥❣ ✉♣ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ ✐t❀ ✐♥ s♦♠❡ ❝❛s❡s✱ t❤✐s ❞✐str✐❜✉t✐♦♥ ❝❛♥ ❤❛✈❡

♥❡❣❛t✐✈❡ ❡✛❡❝ts ♦♥ t❤❡ r✉♥♥✐♥❣ t✐♠❡ ♦❢ t❤❡ ♣r♦❣r❛♠✳ ❚❤❡r❡❢♦r❡✱ ❜❡❢♦r❡ ❞✐str✐❜✉t✐♥❣ ❛ s♦✉r❝❡ ❝♦❞❡✱ ✐t s❤♦✉❧❞ ❜❡

s♣❡❝✐✜❡❞ ✇❤❡t❤❡r ✐ts ❞✐str✐❜✉t✐♦♥ ❝♦✉❧❞ ❝❛✉s❡ ♠❛①✐♠✉♠ ♣♦ss✐❜❧❡ ❝♦♥❝✉rr❡♥❝② ♦r ♥♦t✳ ❚❤❡ ❡①✐st✐♥❣ ♠❡t❤♦❞s

❛♥❞ t♦♦❧s ❝❛♥♥♦t ❛❝❤✐❡✈❡ t❤✐s ❛✐♠ ❢r♦♠ t❤❡ s♦✉r❝❡ ❝♦❞❡✳ ■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ♣r♦♣♦s❡ ❛ ♠❛t❤❡♠❛t✐❝❛❧ r❡❧❛t✐♦♥s❤✐♣

❢♦r ♦❜❥❡❝t ♦r✐❡♥t❡❞ ♣r♦❣r❛♠s t❤❛t st❛t✐❝❛❧❧② ❛♥❛❧②③❡ t❤❡ ♣r♦❣r❛♠ ❜② ✈❡r✐❢②✐♥❣ t❤❡ t②♣❡ ♦❢ s②♥❝❤r♦♥♦✉s ❛♥❞

❛s②♥❝❤r♦♥♦✉s ❝❛❧❧s ✐♥s✐❞❡ t❤❡ s♦✉r❝❡ ❝♦❞❡✳ ❚❤❡♥✱ ✇❡ ♠♦❞❡❧ t❤❡ ✐♥✈♦❝❛t✐♦♥s ♦❢ t❤❡ s♦❢t✇❛r❡ ♠❡t❤♦❞s ❜②

❉✐s❝r❡t❡ ❚✐♠❡ ▼❛r❦♦✈ ❈❤❛✐♥s ✭❉❚▼❈✮✳ ❯s✐♥❣ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ❉❚▼❈ ❛♥❞ t❤❡ ♣r♦♣♦s❡❞ ♠❛t❤❡♠❛t✐❝❛❧

r❡❧❛t✐♦♥s❤✐♣✱ ✇❡ ✇✐❧❧ ❞❡t❡r♠✐♥❡ ✇❤❡t❤❡r ♦r ♥♦t t❤❡ s♦✉r❝❡ ❝♦❞❡ ❝❛♥ ❜❡ ❞✐str✐❜✉t❡❞ ♦♥ ❤♦♠♦❣❡♥❡♦✉s ♣r♦❝❡ss♦rs✳

❚❤❡ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts s❤♦✇❡❞ t❤❛t ✇❡ ❝❛♥ s♣❡❝✐❢② ✇❤❡t❤❡r t❤❡ ♣r♦❣r❛♠ ✐s ❞✐str✐❜✉t❛❜❧❡ ♦r ♥♦t✱ ❜❡❢♦r❡

❞❡♣❧♦②✐♥❣ ✐t ♦♥ t❤❡ ❞✐str✐❜✉t❡❞ s②st❡♠s✳

❑❡②✇♦r❞s✿ ❉✐str✐❜✉t❡❞ ❙♦❢t✇❛r❡ ❙②st❡♠s✱ ❙♦✉r❝❡ ❈♦❞❡✱ ❙♣❡❡❞✲✉♣✱ ❉✐s❝r❡t❡ ❚✐♠❡ ▼❛r❦♦✈ ❈❤❛✐♥s

✭❘❡❝❡✐✈❡❞✿ ✶✽✳✵✺✳✷✵✶✺❀ ❘❡✈✐s❡❞✿ ✷✶✳✵✼✳✷✵✶✺❀ P✉❜❧✐s❤❡❞✿ ✷✹✳✵✾✳✷✵✶✺✮

✶ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ ♥❡❡❞ ❢♦r ❤✐❣❤ s♣❡❡❞ ❝♦♠♣✉t❛t✐♦♥ ✐♥ ❧❛r❣❡✲s❝❛❧❡ s❝✐✲

❡♥t✐✜❝ ❛♣♣❧✐❝❛t✐♦♥s ❢♦r ❛♥❛❧②③✐♥❣ ❝♦♠♣❧❡① s❝✐❡♥t✐✜❝ ♣r♦❜✲

❧❡♠s ✐s ✈❡r② ❤✐❣❤✱ s♦ t❤❛t t❤❡ ❝♦♠♠♦♥ ❝♦♠♣✉t❡rs ✇♦✉❧❞

♥♦t ❜❡ ❛❜❧❡ t♦ s❛t✐s❢② ✐t✳ ❚❤❡r❡❢♦r❡✱ ♥♦✇❛❞❛②s✱ ✉s✐♥❣ t❤❡

❞✐str✐❜✉t❡❞ s②st❡♠s ❛♥❞ ♣r♦❝❡ss✐♥❣ ♣♦✇❡r ♦❢ ♥✉♠❡r♦✉s

♣r♦❝❡ss♦rs ♦r ❝♦r❡s t♦ r❡❛❝❤ t❤❡ ❢❛✈♦r❛❜❧❡ s♣❡❡❞ ✐s ❦♥♦✇♥

❛s ❛ ❢❛❝t ❬✶❪✳ ❨❡t✱ ❛s ❛ ❢❛❝t✱ ❝r❡❛t✐♥❣ ❛ ❧❛r❣❡ s❝❛❧❡ ❞✐s✲

tr✐❜✉t❡❞ ♣r♦❣r❛♠ ✐s ❛❧✇❛②s ♠♦r❡ ❞✐✣❝✉❧t t❤❛♥ ❝r❡❛t✐♥❣

❛ ♥♦♥✲❞✐str✐❜✉t❡❞ ♣r♦❣r❛♠ ✇✐t❤ t❤❡ s❛♠❡ ❢✉♥❝t✐♦♥❛❧✐t②✱

❛s t❤❡ ❝r❡❛t✐♦♥ ♦❢ ❛ ❞✐str✐❜✉t❡❞ s②st❡♠ ❝❛♥ ❝❤❛♥❣❡ ✐♥t♦ ❛

t❡❞✐♦✉s ❛♥❞ ❡rr♦r✲♣r♦♥❡ t❛s❦✳

❙✐♥❝❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ♣r♦❣r❛♠s ❤❛✈❡ ♠❛♥② ❝♦♠♣✉✲

t❛t✐♦♥s✱ s♦ ✐ts ❡①❡❝✉t✐♦♥ r❡q✉✐r❡s ♠♦r❡ t✐♠❡✳ ❚❤❡r❡❢♦r❡✱ ✐❢

❛ ♣r♦❣r❛♠ ❞♦❡s ♥♦t ❤❛✈❡ t❤❡ ❛❜✐❧✐t② t♦ ❞✐str✐❜✉t❡✱ t❤❡r❡

✇✐❧❧ ❜❡ ❛ ❧♦t ♦❢ ✇❛st❡ t✐♠❡✳ ❚❤❡ ♠♦st ✐♠♣♦rt❛♥t t✐♠❡ ♦❢ ❛

❞✐str✐❜✉t❡❞ ♣r♦❣r❛♠ ✐s ✐♥✈♦❝❛t✐♦♥ ♦r ❝♦♠♠✉♥✐❝❛t✐♦♥ t✐♠❡

♦❢ t❤❡✐r ♠❡t❤♦❞s✳ ❚❤❡s❡ ❝❛❧❧s s♣❡♥❞ t❤❡ ♠♦st ❡①❡❝✉t✐♦♥

t✐♠❡✳ ❈❡rt❛✐♥❧②✱ ❜② ❞✐str✐❜✉t✐♥❣ ❛ ♣r♦❣r❛♠✱ ✐❢ t✇♦ ❝❧❛ss❡s

♦❢ ✐t ❝❛♥ ❜❡ ❞✐str✐❜✉t❡❞ ♦♥ t✇♦ ❞✐✛❡r❡♥t ♠❛❝❤✐♥❡s✱ t❤❡ ✐♥✲

✈♦❝❛t✐♦♥s ❜❡t✇❡❡♥ t❤♦s❡ ❝❧❛ss❡s ✇✐❧❧ t✉r♥ ✐♥t♦ t❤❡ r❡♠♦t❡

❝❛❧❧s✳ ❆s r❡❢❡r❡♥❝❡ ❬✷❪ s♣❡❝✐✜❡s✱ ✐♥ s♦♠❡ ❝❛s❡s✱ t❤❡ ♣r♦❣r❛♠

∗✐③❛❞❦❤❛❤❅t❛❜r✐③✉✳❛❝✳✐r

❞✐str✐❜✉t✐♦♥ ❝❛♥ ❤❛✈❡ ♥❡❣❛t✐✈❡ ❡✛❡❝ts ♦♥ t❤❡ r✉♥♥✐♥❣ t✐♠❡

♦❢ t❤❡ ♣r♦❣r❛♠✳ ❲❤❡♥ t❤❡r❡ ❛r❡ ♠❛♥② ❝❛❧❧s ❜❡t✇❡❡♥ t✇♦

♠❡t❤♦❞s✱ t❤❡ ♥❡t✇♦r❦ tr❛✣❝ ✐♥❝r❡❛s❡s ❛♥❞ ❛s ❛ r❡s✉❧t✱ ❡❢✲

✜❝✐❡♥❝② ♦❢ t❤❡ ❞✐str✐❜✉t❡❞ ♣r♦❣r❛♠ ✇✐❧❧ ❜❡ ❧♦✇❡r t❤❛♥ t❤❡

✐♥✐t✐❛❧ s❡q✉❡♥t✐❛❧ ♣r♦❣r❛♠✳ ❙♦✱ r❡❣❛r❞✐♥❣ t❤❛t ❝♦♥str✉❝t✲

✐♥❣ t❤❡ ❞✐str✐❜✉t❡❞ ♣r♦❣r❛♠ ❢r♦♠ t❤❡ s♦✉r❝❡ ❝♦❞❡ ✐s ❝♦♠✲

♣❧❡① ❛♥❞ t✐♠❡ ❝♦♥s✉♠✐♥❣✱ ✐t ✐s ❜❡tt❡r t♦ ♣r❡❞✐❝t ✇❤❡t❤❡r

t❤❡ s♦✉r❝❡ ❝♦❞❡ ✐s ❞✐str✐❜✉t❛❜❧❡ ♦r ♥♦t✱ ❜❡❢♦r❡ ❞✐str✐❜✉t✐♥❣

❛ ♣r♦❣r❛♠ ♦♥ t❤❡ ♠❛❝❤✐♥❡s✳ ◆♦♥❡ ♦❢ t❤❡ ❡①✐st✐♥❣ ♠❡t❤♦❞s

❛♥❞ t♦♦❧s ❝❛♥ t♦ ❛❝❤✐❡✈❡ t❤✐s ❣♦❛❧ ❢r♦♠ s♦✉r❝❡ ❝♦❞❡✳

✶✳✶ ❚❤❡ Pr♦❜❧❡♠ ❛♥❞ t❤❡ ❈❧❛✐♠

❚❤❡ ♦✈❡r❛❧❧ ♣r♦❜❧❡♠ ❛❞❞r❡ss❡❞ ✐♥ t❤✐s ♣❛♣❡r ✐s t♦ s♣❡❝✲

✐❢② ✇❤❡t❤❡r t❤❡ s♦✉r❝❡ ❝♦❞❡ ❤❛s t❤❡ ♣♦t❡♥t✐❛❧ ❢♦r ♣❛r❛❧✲

❧❡❧✐③❛t✐♦♥ ♦♥ ❤♦♠♦❣❡♥❡♦✉s ♣r♦❝❡ss♦rs❀ ✐✳❡✳✱ ✐♥ ❝❛s❡ ♦❢ ❞✐s✲

tr✐❜✉t✐♦♥✱ ✇❤❡t❤❡r ✐t ❜r✐♥❣s t❤❡ ♠❛①✐♠✉♠ ❝♦♥❝✉rr❡♥❝②

❝♦♠♣❛r❡❞ t♦ t❤❡ s❡q✉❡♥t✐❛❧ ♠♦❞❡✳ ❲❡ ❝❧❛✐♠ t❤❛t ✐t ✐s

♣♦ss✐❜❧❡ t♦ ♣r♦✈✐❞❡ ❛ s♦❧✉t✐♦♥ t♦ t❤❡ ♠❡♥t✐♦♥❡❞ ♣r♦❜❧❡♠

❜② ❞♦✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ t❛s❦s✿

✭✶✮ ▼♦❞❡❧✐♥❣ s♦❢t✇❛r❡✬s ♠❡t❤♦❞ ✐♥✈♦❝❛t✐♦♥s ❜②

▼❛r❦♦✈ ❝❤❛✐♥s ❛s ✭❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥ ■■■✮ ❛s ✿

• ▼❛r❦♦✈ ❝❤❛✐♥s ♥♦❞❡s r❡♣r❡s❡♥t ♠❡t❤♦❞s

❛♥❞ ❡❞❣❡s ❜❡t✇❡❡♥ ♥♦❞❡s r❡♣r❡s❡♥t ❝❛❧❧s

❜❡t✇❡❡♥ ♠❡t❤♦❞s✱

✼
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• ✇❡✐❣❤t ♦❢ t❤❡ ❡❞❣❡s ✐♥ ▼❛r❦♦✈ ❝❤❛✐♥s✱ s❤♦✇s

t❤❡ ♥✉♠❜❡r ♦❢ ❝❛❧❧s ❜❡t✇❡❡♥ t❤❡ ♠❡t❤♦❞s✳

✭✷✮ ❉❡t❡r♠✐♥❡ t❤❡ ♠❛①✐♠✉♠ ♣♦t❡♥t✐❛❧ ♦❢ ❞✐s✲

tr✐❜✉t❛❜✐❧✐t② ♦❢ ❡❛❝❤ ♠❡t❤♦❞ ✭❞❡s❝r✐❜❡❞ ✐♥

s❡❝t✐♦♥ ■■■✮

✭✸✮ ❉❡t❡r♠✐♥❡ t❤❡ ❡①♣❡❝t❡❞ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡

s♦✉r❝❡ ❝♦❞❡ ❢r♦♠ ♦❜t❛✐♥❡❞ ▼❛r❦♦✈ ❝❤❛✐♥ ✭❞❡✲

s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥ ■■■✮

✭✹✮ ♦♠♣✉t❡ t❤❡ s♣❡❡❞✉♣✳ ❙♣❡❡❞✉♣ ✐s ❞❡✜♥❡❞ ❛s t❤❡

❡①❡❝✉t✐♦♥ t✐♠❡ ♦❢ ❛ s❡q✉❡♥t✐❛❧ ♣r♦❣r❛♠ ❞✐✈✐❞❡❞

❜② t❤❡ ❡①❡❝✉t✐♦♥ t✐♠❡ ♦❢ ❛ ♣❛r❛❧❧❡❧ ♣r♦❣r❛♠

t❤❛t ❝♦♠♣✉t❡s t❤❡ s❛♠❡ r❡s✉❧t✳ ■♥ ♣❛rt✐❝✉❧❛r✱

❙♣❡❡❞✉♣ ❂ Ts/Tp ✇❤❡r❡ Ts t❤❡ s❡q✉❡♥t✐❛❧ t✐♠❡

❛♥❞ Tp ✐s t❤❡ ❡①♣❡❝t❡❞ ♣❡r❢♦r♠❛♥❝❡✳

✶✳✷ ❚❤❡ P❛♣❡r ❖✉t❧✐♥❡

❚❤❡ ♦t❤❡r s❡❝t✐♦♥s ♦❢ t❤❡ ♣❛♣❡r ❛r❡ ♦r❣❛♥✐③❡❞ ❛s ❢♦❧✲

❧♦✇s✿ ❆ ❧✐t❡r❛t✉r❡ r❡✈✐❡✇ ♦♥ t❤❡ r❡s❡❛r❝❤❡s ❝♦♥❞✉❝t❡❞ ❜②

♦t❤❡rs ✐s ❞✐s❝✉ss❡❞ ✐♥ s❡❝t✐♦♥ ■■✳ ■♥ s❡❝t✐♦♥ ■■■✱ ✇❡ ♣r♦♣♦s❡

❛ ♠❛t❤❡♠❛t✐❝❛❧ r❡❧❛t✐♦♥ ♦❢ t✐♠❡ ❡st✐♠❛t✐♦♥ ❜② ✇❤✐❝❤ t❤❡

♣♦t❡♥t✐❛❧ ❢♦r ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ s♦✉r❝❡ ❝♦❞❡ ❝❛♥ ❜❡ s♣❡❝✲

✐✜❡❞✳ ❈❛s❡ st✉❞② ✐s ❞✐s❝✉ss❡❞ ✐♥ s❡❝t✐♦♥s ■❱✳ ❆t t❤❡ ❡♥❞✱

s❡❝t✐♦♥ ❱ ❞❡❛❧s ✇✐t❤ ❝♦♥❝❧✉s✐♦♥s ❛♥❞ ❢✉t✉r❡ ✇♦r❦s✳

✷ ❘❡❧❛t❡❞ ❲♦r❦ ❛♥❞ ❇❛❝❦❣r♦✉♥❞

❚❤❡ ❝♦♠♣❧✐❝❛t❡❞ ❝♦♠♣✉t❛t✐♦♥❛❧ ❛♣♣❧✐❝❛t✐♦♥s ❝❛♥♥♦t ❜❡

❡①❡❝✉t❡❞ ✐♥ ❛♥ ❛❝❝❡♣t❛❜❧❡ t✐♠❡ ♦♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♠❛✲

❝❤✐♥❡✱ s♦ t❤❡② s❤♦✉❧❞ ❜❡ ❞✐✈✐❞❡❞ ✐♥t♦ s♠❛❧❧ t❛s❦s✳ ❲❡ ❝❛♥

✉s❡ ❞✐str✐❜✉t❡❞ ♦r ♠✉❧t✐♣r♦❝❡ss♦rs s②st❡♠s ❢♦r ❡①❡❝✉t✐♥❣

♦❢ t❤❡s❡ t❛s❦s✳ ◆♦✇❛❞❛②s✱ ♠♦st ❞✐str✐❜✉t❡❞ ❛♥❞ ♠✉❧t✐✲

♣r♦❝❡ss♦r t♦♦❧s ✉s❡ s❝❤❡❞✉❧✐♥❣ ♠❡t❤♦❞s ❢♦r ❞✐str✐❜✉t✐♦♥✳

❚❤❡ ❛✐♠ ♦❢ s❝❤❡❞✉❧✐♥❣ ✐s ❡①❡❝✉t✐♦♥ ♦❢ ❛ ♣r♦❣r❛♠ ♦♥ s❡✈❡r❛❧

♣r♦❝❡ss♦rs s✉❝❤ t❤❛t t❤❡ t✐♠❡ ♦❢ ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ ✇❤♦❧❡

♣r♦❣r❛♠ ✇✐❧❧ ❜❡ ♠✐♥✐♠❛❧✱ ❝♦♥s✐❞❡r✐♥❣ t❤❡ t✐♠❡ ♦❢ t❛s❦s

❛♥❞ ❝♦♠♠✉♥✐❝❛t✐♦♥ t✐♠❡ ❜❡t✇❡❡♥ t❤❡ ♣r♦❝❡ss♦rs ❬✸❪✳ ❚❤❡

s❝❤❡❞✉❧✐♥❣ ♠❡t❤♦❞s ❝❛♥ ❜❡ ❞✐✈✐❞❡❞ ✐♥t♦ t✇♦ ❣r♦✉♣s❀ ✐♥✲

❝❧✉❞✐♥❣ t❤♦s❡ ✇❤✐❝❤ ❝❛♥ ❛ss✉r❛♥❝❡ t❤❡ q✉❛❧✐t② ♦❢ s❡r✈✐❝❡✱

❛♥❞ t❤♦s❡ ✇❤✐❝❤ ❝❛♥♥♦t✳ ❚❤❡ ❢♦r♠❡r s❝❤❡❞✉❧✐♥❣ s②st❡♠s

❛r❡ ♣r❡❢❡rr❡❞ t♦ t❤❡ ❧❛tt❡r ♦♥❡s✳ ❈❖◆❉❖❘ ❬✹❪✱ ❙●❊ ❬✺❪✱

P❇❙ ❬✻❪ ❛♥❞ ▲❙❋ ❬✼❪ ❝❛♥ ❜❡ r❡❢❡rr❡❞ t♦ ❛s s♦♠❡ ♦❢ t❤❡

♠♦st ♣♦♣✉❧❛r ❛♥❞ ✇✐❞❡❧② ✉s❡❞ s❝❤❡❞✉❧✐♥❣ s②st❡♠s✳ ❚❤❡s❡

s❝❤❡❞✉❧✐♥❣ s②st❡♠s ❞♦ ♥♦t ❣✉❛r❛♥t❡❡ t❤❡ s❡r✈✐❝❡ q✉❛❧✐t②✳

❚❤❡s❡ t♦♦❧s ♣❡r❢♦r♠ t❤❡ s❝❤❡❞✉❧✐♥❣ ♦♥❧② ❛t t❤❡ ❥♦❜ ❧❡✈❡❧

❛♥❞ ♥♦t ❛t ❛♣♣❧✐❝❛t✐♦♥s✬✳ ❯♥❧✐❦❡ t❤❡ ❛❜♦✈❡ s②st❡♠s✱ t❤❡r❡

❛r❡ s♦♠❡ ✇❤✐❝❤ ♦❜s❡r✈❡ t❤❡ s❡r✈✐❝❡ q✉❛❧✐t② ✐♥ s❝❤❡❞✉❧✲

✐♥❣✳ ❙✉❝❤ s②st❡♠s ♦❜s❡r✈❡ ❏♦❜ ❈❤❛r❛❝t❡r✐st✐❝s✱ P❧❛♥♥✐♥❣

✐♥ ❙❝❤❡❞✉❧✐♥❣✱ ❘❡s❝❤❡❞✉❧✐♥❣ ❛♥❞ ❙❝❤❡❞✉❧✐♥❣ ❖♣t✐♠✐③❛t✐♦♥

✐♥ t❤❡✐r s❝❤❡❞✉❧✐♥❣✳ ❆♣♣❧❡❙ ❬✽❪✱ ●r❆❉❙ ❬✾❪ ❛♥❞ ◆✐♠r♦❞✴●

❬✶✵❪ ❛r❡ ❛♠♦♥❣ t❤❡ ♠♦st ❢❛♠♦✉s s②st❡♠s ♦❢ t❤✐s ❦✐♥❞✳

▼♦r❡♦✈❡r✱ ♥♦♥❡ ♦❢ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ s❝❤❡❞✉❧❡rs ❝❛♥ ♣r❡✲

❞✐❝t ✇❤❡t❤❡r ❛♥ ♦✛❡r❡❞ ♣r♦❣r❛♠ ❤❛s t❤❡ ♣♦t❡♥t✐❛❧ t♦ ❜❡✲

❝♦♠❡ ♣❛r❛❧❧❡❧✐③❡❞✱ ♦r ✇❤❡t❤❡r s♣❡❡❞✉♣ ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ✐♥

❝❛s❡ ♦❢ ♣❛r❛❧❧❡❧✐③❛t✐♦♥✳ ❆❧s♦✱ ❛ t♦♦❧ ❝❛❧❧❡❞ ❉❆●❈ ✐s ♣r❡✲

s❡♥t❡❞ t♦ ✜♥❞ t❤❡ ♦♣t✐♠❛❧ ❛r❝❤✐t❡❝t✉r❡ ❞✐str✐❜✉t✐♦♥ ❬✶✶❪✳

❉❆●❈ ✉s❡s ❝❧✉st❡r✐♥❣ ♠❡t❤♦❞ ❢♦r ✜♥❞✐♥❣ ♦♣t✐♠❛❧ ❛r❝❤✐✲

t❡❝t✉r❡ ❞✐str✐❜✉t✐♦♥✳ ❚❤❡ t♦♦❧ ✉s❡s ❛ ♠❛t❤❡♠❛t✐❝❛❧ r❡❧❛✲

t✐♦♥ t♦ ♠❡❛s✉r❡ t❤❡ q✉❛❧✐t② ♦❢ t❤❡ ♦❜t❛✐♥❡❞ ❝❧✉st❡rs✳ ❚❤❡

♠❛✐♥ ♣r♦❜❧❡♠ ✐♥ ♠❛t❤❡♠❛t✐❝❛❧ r❡❧❛t✐♦♥ ✉s❡❞ ✐♥ t❤✐s t♦♦❧

❛♥❞ s✉❝❤ t♦♦❧s ✐s ❞❡s❝r✐❜❡❞ ❛❜♦✈❡ ✐t ❞♦❡s ♥♦t ❤❛✈❡ t❤❡ ❛❜✐❧✲

✐t② t♦ ❞❡t❡r♠✐♥❡ ✇❤❡t❤❡r ❛ ♣r♦❣r❛♠ ❤❛s t❤❡ ❝❛♣❛❜✐❧✐t② ♦❢

❜❡✐♥❣ ♣❛r❛❧❧❡❧ ♦r ♥♦t✳ ■♥ t❤❡ ♣r❡✈✐♦✉s ✇♦r❦ ❬✶✷❪✱ ✇❡ ♣r♦✲

♣♦s❡❞ ❛♥ ❛♥❛❧②t✐❝❛❧ ♠♦❞❡❧ ❢♦r ❞❡t❡r♠✐♥✐♥❣ ❞✐str✐❜✉t❛❜✐❧✐t②

♦❢ ❛ s♣❡❝✐✜❝ ♠❡t❤♦❞✳ ❍♦✇❡✈❡r✱ ♦✉r ♠❡t❤♦❞ ✐♥ t❤❡ ♣r❡✲

✈✐♦✉s ✇♦r❦ ❝❛♥♥♦t ❞❡t❡r♠✐♥❡ ♦✈❡r❛❧❧ ❞✐str✐❜✉t❛❜✐❧✐t② ♦❢ ❛

♣r♦❣r❛♠❀ ❛❧s♦✱ t❤❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢ ❡❛❝❤ ♠❡t❤♦❞ ✐s ♥♦t ❝♦♥✲

s✐❞❡r❡❞ ✐♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ✐t✳ ■♥ t❤✐s r❡s❡❛r❝❤✱ ✇❡ ✇❛♥t

t♦ ❞❡t❡r♠✐♥❡ t❤❡ ♦✈❡r❛❧❧ ❞✐str✐❜✉t❛❜✐❧✐t② ♦❢ ❛ ♣r♦❣r❛♠ ✉s✲

✐♥❣ ❉❚▼❈ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢ ❡❛❝❤ ♠❡t❤♦❞✳

✷✳✶ ❖✈❡r✈✐❡✇ ♦❢ ❉✐s❝r❡t❡ ❚✐♠❡ ▼❛r❦♦✈ ❈❤❛✐♥s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❞✐s❝✉ss ❉✐s❝r❡t❡ ❚✐♠❡ ▼❛r❦♦✈

❈❤❛✐♥s ✭❉❚▼❈s✮✱ ✇❤✐❝❤ ✇❡ ✉s❡ t♦ ♠♦❞❡❧ t❤❡ s♦✉r❝❡

❝♦❞❡✬s ✐♥✈♦❝❛t✐♦♥s ❬✶✸❪✳ ❆ ❉❚▼❈ ✐s ❞❡s❝r✐❜❡❞ ❜② ✐ts

st❛t❡s ❛♥❞ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s ❜❡t✇❡❡♥ t❤❡ st❛t❡s❀

✇❤❡r❡ ✇❡ ✐♥❞✐❝❛t❡ t❤❡ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s ❜❡t✇❡❡♥

t❤❡ st❛t❡s ❛s ♦♥❡✲st❡♣ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t② ♠❛tr✐①✳ ❚❤❡

♦♥❡✲st❡♣ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t② ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡

♣r♦❝❡ss✱ ✇❤❡♥ ✐♥ st❛t❡ i ❛t t✐♠❡ n✱ ✇✐❧❧ ♥❡①t tr❛♥s✐t✐♦♥ t♦

st❛t❡ j ❛t t✐♠❡ n+ 1✳ ❲❡ ✇r✐t❡✿

✭✶✮ Pij(n) = P (Xn+1 = j |Xn = i) .

◆♦t❡ t❤❛t ❛❧❧ t❤❡ ❡❧❡♠❡♥ts ✐♥ ❛ r♦✇ ♦❢ P ❛❞❞ ✉♣ t♦ 1 ❛♥❞

❡❛❝❤ ♦❢ t❤❡ Pi,j ✬s ❧✐❡ ✐♥ t❤❡ r❛♥❣❡ [0, 1]✳ ❋♦r ♦✉r ♣✉r♣♦s❡✱

✇❡ ✉s❡ ❛❜s♦r❜✐♥❣ ❉❚▼❈✳ ❖♥❡ ❉❚▼❈ ✐s ❝❛❧❧❡❞ ❛❜s♦r❜✲

✐♥❣ ✐❢ ❛t ❧❡❛st ♦♥❡ st❛t❡ ❤❛s ♥♦ ♦✉t❣♦✐♥❣ tr❛♥s✐t✐♦♥✳ ❊❛❝❤

❉❚▼❈ ✇✐t❤ s❡✈❡r❛❧ ✜♥❛❧ st❛t❡s ❝❛♥ ❜❡ ❝♦♥✈❡rt❡❞ ✐♥t♦ ❛♥

❛❜s♦r❜✐♥❣ ❉❚▼❈✳ ■t ✐s ♣❡r❢♦r♠❡❞ ❜② ❛❞❞✐♥❣ ❛ ✜♥❛❧ st❛t❡

t♦ ❉❚▼❈✳ ◆❡①t✱ ❛ tr❛♥s✐t✐♦♥ ✐s ❞r❛✇♥ t♦ t❤❡ ❛❞❞❡❞ ❛❜✲

s♦r❜✐♥❣ st❛t❡ ❢r♦♠ ❛❧❧ t❤❡ ✜♥❛❧ st❛t❡s ❛✈❛✐❧❛❜❧❡ ✐♥ ❉❚▼❈✳

❲❡ ❝❛♥ ♣❛rt✐t✐♦♥ t❤❡ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t② ♠❛tr✐① ♦❢ ❛♥

❛❜s♦r❜✐♥❣ ❉❚▼❈ ❛s✿

✭✷✮ P =

[

1 0

C Q

]

.

■❢ t❤❡ ❉❚▼❈ ❤❛s n st❛t❡s ✇✐t❤ m ❛❜s♦r❜✐♥❣ st❛t❡s✱ Q

✇♦✉❧❞ ❜❡ ❛ (n−m)× (n−m) s✉❜✲st♦❝❤❛st✐❝ ♠❛tr✐① ✭✇✐t❤

❛t ❧❡❛st ♦♥❡ r♦✇ s✉♠ < 1✮ ❞❡s❝r✐❜✐♥❣ t❤❡ ♣r♦❜❛❜✐❧✐t✐❡s ♦❢

tr❛♥s✐t✐♦♥ ♦♥❧② ❜❡t✇❡❡♥ tr❛♥s✐❡♥t st❛t❡s✱ 1 ❜❡✐♥❣ ❛ m×m

✐❞❡♥t✐t② ♠❛tr✐①✱ 0 ✇♦✉❧❞ ❜❡ ❛♥ n×(n×m) ♠❛tr✐① ♦❢ ③❡r♦s✱

❛♥❞ C ✇♦✉❧❞ ❜❡ ❛♥ (n − m) × m ♠❛tr✐① ❞❡s❝r✐❜✐♥❣ t❤❡

♣r♦❜❛❜✐❧✐t✐❡s ♦❢ tr❛♥s✐t✐♦♥ ❜❡t✇❡❡♥ tr❛♥s✐❡♥t st❛t❡s ❛♥❞

❛❜s♦r❜✐♥❣ st❛t❡✳ ❚❤❡ (i, j)✲t❤ ❡♥tr② ♦❢ Qk ❞❡♥♦t❡s t❤❡

♣r♦❜❛❜✐❧✐t② ♦❢ ❛rr✐✈✐♥❣ t♦ st❛t❡ sj ❛❢t❡r ❡①❛❝t❧② k st❡♣s✱

✽

Pobrane z czasopisma Annales AI- Informatica http://ai.annales.umcs.pl
Data: 30/01/2026 07:38:41

UM
CS



❆■ ❳❱✱ ✷ ✭✷✵✶✺✮ ✼ ✲ ✶✸ ❆◆◆❆▲❊❙ ❯▼❈❙ ■◆❋❖❘▼❆❚■❈❆ ❉❖■✿ ✶✵✳✶✺✶✺✴✉♠❝s✐♥❢♦✲✷✵✶✺✲✵✵✵✺

st❛rt✐♥❣ ❢r♦♠ st❛t❡ si✳ ❍❡♥❝❡ t❤❡ ✐♥✈❡rs❡ ♠❛tr✐① (I−Q)−1

❡①✐sts✳ ❚❤✐s ✐s ❝❛❧❧❡❞ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ♠❛tr✐① F ✿

✭✸✮ F = (I −Q)−1 = I +Q+Q2 +Q3 + · · ·

∞
∑

l=0

Q1 .

▲❡t Xi,j r❡♣r❡s❡♥t t❤❡ ♥✉♠❜❡r ♦❢ ✈✐s✐ts t♦ st❛t❡ j st❛rt✲

✐♥❣ ❢r♦♠ t❤❡ st❛t❡ i ❜❡❢♦r❡ ♣r♦❝❡ss ✐s ❛❜s♦r❜❡❞✳ ■t ❝❛♥

❜❡ s❤♦✇♥ t❤❛t t❤❡ ❡①♣❡❝t❡❞ ♥✉♠❜❡r ♦❢ ✈✐s✐ts t♦ st❛t❡ j

✇✐t❤ st❛rt✐♥❣ ❢r♦♠ st❛t❡ i ✭✐✳❡✱ E[Xi,j ]✮✱ ❜❡❢♦r❡ ❡♥t❡r✐♥❣

❛♥ ❛❜s♦r❜✐♥❣ st❛t❡ ✐s ❣✐✈❡♥ ❜② t❤❡ (i, j)✲t❤ ❡♥tr② ♦❢ t❤❡

❢✉♥❞❛♠❡♥t❛❧ ♠❛tr✐① F ❬✶✹✱ ✶✺❪✳ ❙♦

✭✹✮ E[Xi,j ] = mi,j ,

mi,j ✐s t❤❡ (i, j)✲t❤ ❡♥tr② ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ♠❛tr✐① F ✳

❚❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ❡①♣❡❝t❡❞ ♥✉♠❜❡r ♦❢ ✈✐s✐ts ❝♦✉❧❞ ❛❧s♦

❜❡ ❝♦♠♣✉t❡❞ ✉s✐♥❣ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ♠❛tr✐①✳ ▲❡t σi,j ❞❡✲

♥♦t❡ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ✈✐s✐ts t♦ t❤❡ st❛t❡ j

st❛rt✐♥❣ ❢r♦♠ st❛t❡ i✳ ❉❡✜♥❡ FD = [mdi,j ] s✉❝❤ t❤❛t✿

✭✺✮ mdi,j =

{

mi,j if i = j

0 otherwise .

■♥ ♦t❤❡r ✇♦r❞s✱ FD r❡♣r❡s❡♥ts ❛ ❞✐❛❣♦♥❛❧ ♠❛tr✐① ✇✐t❤

t❤❡ ❞✐❛❣♦♥❛❧ ❡♥tr✐❡s t❤❡ s❛♠❡ ❛s t❤❛t ♦❢ F ✳ ■❢ ✇❡ ❞❡✜♥❡

F2 = [m2
i,j ]✱ ✇❡ ❤❛✈❡✿

✭✻✮ σ2 = F (2FD − I)− F2 .

❍❡♥❝❡✿

✭✼✮ V ar[Xi,j ] = σ2
i,j .

✸ Pr❡❞✐❝t✐♥❣ P❡r❢♦r♠❛♥❝❡ ❖❢ ❆ ❙♦✉r❝❡

❈♦❞❡

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❞❡s❝r✐❜❡ ♦✉r ❛♣♣r♦❛❝❤ ❢♦r ♠♦❞❡❧✐♥❣ ❛

s♦❢t✇❛r❡ s②st❡♠ t❤❛t ♠❡t❤♦❞ ✐♥✈♦❝❛t✐♦♥s ❛r❡ r❡♣r❡s❡♥t❡❞

❜② ❛♥ ❛❜s♦r❜✐♥❣ ❉❚▼❈❀ s✉❝❤ t❤❛t ❉❚▼❈ st❛t❡s r❡♣r❡✲

s❡♥t t❤❡ s♦❢t✇❛r❡ ♠❡t❤♦❞s✱ ❛♥❞ t❤❡ tr❛♥s✐t✐♦♥s ❜❡t✇❡❡♥

st❛t❡s r❡♣r❡s❡♥t tr❛♥s❢❡r ♦❢ ❝♦♥tr♦❧ ❢r♦♠ ♦♥❡ ♠❡t❤♦❞ t♦

❛♥♦t❤❡r✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ s②st❡♠ ❝♦♥s✐sts ♦❢ n ♠❡t❤✲

♦❞s✱ ❛♥❞ ❤❛s ❛ s✐♥❣❧❡ ✐♥✐t✐❛❧ st❛t❡ ❞❡♥♦t❡❞ ❜② 1✱ ❛♥❞ ❛

s✐♥❣❧❡ ❛❜s♦r❜✐♥❣ ♦r ❡①✐t st❛t❡ ❞❡♥♦t❡❞ ❜② n✳ ❈♦♥s✐❞❡r

❋✐❣✳ ✶✳ ◆✉♠❜❡rs ♦♥ ❡❞❣❡s ✐♥❞✐❝❛t❡ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢

♠♦✈❡♠❡♥t ❢r♦♠ ♦♥❡ ♠❡t❤♦❞ t♦ ❛♥♦t❤❡r ♠❡t❤♦❞✳ ■♥ t❤✐s

♣❛♣❡r t❤❡ ♣r♦❜❛❜✐❧✐t② t♦ ❣♦ ❢r♦♠ ♠❡t❤♦❞ x t♦ ♠❡t❤♦❞ y

✐s ❝♦♠♣✉t❡❞ ❛s ❬♥✉♠❜❡r ♦❢ ♠❡t❤♦❞ ❝❛❧❧ ❢r♦♠ x t♦ y ✴ t♦✲

t❛❧ ♥✉♠❜❡r ♦❢ ♦✉t ♠❡t❤♦❞ ❝❛❧❧ ♦❢ x ✭✐✳❡✳ ❢❛♥ ♦✉t✮❪✳ ❚❤❡

♠❡t❤♦❞ ✐♥✈♦❝❛t✐♦♥s ♦❢ t❤❡ s♦✉r❝❡ ❝♦❞❡ ❛r❡ ❣✐✈❡♥ ❜② t❤❡

♦♥❡✲st❡♣ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t② ♠❛tr✐① P ✳

❋✐❣✉r❡ ✶✳ ▼♦❞❡❧❧✐♥❣ ♠❡t❤♦❞ ✐♥✈♦❝❛✲

t✐♦♥s ❢♦r ❛ s❛♠♣❧❡ ♣r♦❣r❛♠ ✇✐t❤ ❉❚▼❈

❊q✉❛t✐♦♥ ✭✽✮ s❤♦✇s t❤❡ ♦♥❡✲st❡♣ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t②

♠❛tr✐① P ❢♦r ❋✐❣✉r❡ ✶✳

✭✽✮ P =























0 0.5 0.5 0 0 0 0

0 0.25 0 0.25 0.25 0 0.25

0 0 0 0 0.5 0.5 0

0 0 0 0 0 0 1

0 0 0 0.5 0 0 0.5

0 0 0 0 0 0 1

0 0 0 0 0 0 1























.

▲❡t PDi ❞❡♥♦t❡s t❤❡ ♣♦t❡♥t✐❛❧ ♦❢ ❞✐str✐❜✉t❛❜✐❧✐t② ♦❢

♠❡t❤♦❞ i t❤❛t ✐♥❞✐❝❛t❡❞ ❜② ♥♦❞❡ i ✐♥ t❤❡ ❉❚▼❈✳ ❉✉r✲

✐♥❣ ❛ s✐♥❣❧❡ ❡①❡❝✉t✐♦♥✱ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ s♦❢t✇❛r❡✱

❞❡♥♦t❡❞ ❜② t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ P ✐s ❣✐✈❡♥ ❜②✿

✭✾✮ P =

n
∏

i

PD
X1,i

i .

✇❤❡r❡ X1,i ❞❡♥♦t❡s t❤❡ ♥✉♠❜❡r ♦❢ ✈✐s✐ts t♦ t❤❡ tr❛♥s✐❡♥t

st❛t❡ i st❛rt✐♥❣ ❢r♦♠ t❤❡ st❛t❡ 1✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❡①♣❡❝t❡❞

♣❡r❢♦r♠❛♥❝❡ ♦❢ ❛ s♦❢t✇❛r❡ s②st❡♠ ✐s ❛s ❢♦❧❧♦✇s✿

✭✶✵✮ E[P ] = E

[

n
∏

i

PD
X1,i

i

]

=

n
∏

i

E

[

PD
X1,i

i

]

.

❚❤✉s t♦ ♦❜t❛✐♥ t❤❡ ❡①♣❡❝t❡❞ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ s♦✉r❝❡

❝♦❞❡✱ ✇❡ ♥❡❡❞ t♦ ♦❜t❛✐♥ E
[

PD
X1,i

i

]

✱ ✇❤✐❝❤ ✐s t❤❡ ❡①✲

♣❡❝t❡❞ ♣♦t❡♥t✐❛❧ ♦❢ ❞✐str✐❜✉t❛❜✐❧✐t② ♦❢ ♠❡t❤♦❞ ✐ ❢♦r ❛ s✐♥❣❧❡

r✉♥ ♦❢ t❤❡ s♦❢t✇❛r❡✳ ❯s✐♥❣ t❤❡ ❚❛②❧♦r s❡r✐❡s ❡①♣❛♥s✐♦♥✱

E
[

PD
X1,i

i

]

✐♥ r❡❧❛t✐♦♥ ✶✵ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s r❡❧❛t✐♦♥ ✶✶✳

✭✶✶✮

E
[

PD
X1,i

i

]

= PD
E[X1,i]
i +

1

2
(PD

E[X1,i]
i )(logPDi)

2V arPDi .

▲❡t E[X1,i] = m1,i ❛♥❞ V ar[Xi,j ] = σ2
i,j ✱ r❡❧❛t✐♦♥ ✭✶✶✮

♠❛② ❜❡ ✇r✐tt❡♥ ❛s✿

✾
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✭✶✷✮

E
[

PD
X1,i

i

]

= PD
m1,i

i +
1

2
(PD

m1,i

i )(logPDi)
2σ21, i .

m1,i ✐s t❤❡ ❡①♣❡❝t❡❞ ♥✉♠❜❡r ♦❢ ✈✐s✐ts t♦ st❛t❡ i ❛♥❞ σ2
1,i

✐s t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ✈✐s✐ts t♦ st❛t❡ i✳ m1,i ❛♥❞

σ2
1,i ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ ❉❚▼❈ ❛♥❛❧②s✐s✳ ❘❡❧❛t✐♦♥ ✭✶✵✮

❝❛♥ t❤✉s ❜❡ ✇r✐tt❡♥ ❛s✿

✭✶✸✮

E[P ] =

[

n
∏

i

(PD
m1,i

i +
1

2
(PD

m1,i

i )(logPDi)
2σ2

1,i)

]

.

✸✳✶ ❈♦♠♣✉t✐♥❣ P♦t❡♥t✐❛❧ ❖❢ ❉✐str✐❜✉t❛❜✐❧✐t② ❖❢

▼❡t❤♦❞ ✐

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ❞❡t❡r♠✐♥❡ P♦t❡♥t✐❛❧ ♦❢

❉✐str✐❜✉t❛❜✐❧✐t② ✭PD✮ ♦❢ ❡❛❝❤ ♠❡t❤♦❞ t♦ ❞❡t❡r♠✐♥❡ ♦✈❡r✲

❛❧❧ ♣❡r❢♦r♠❛♥❝❡ ✭✐✳❡✳✱ P ✮ ♦❢ ❛ ♣r♦❣r❛♠✳ ❋♦r ❛❝❤✐❡✈❡ t❤✐s

❛✐♠✱ ✇❡ ❞❡t❡r♠✐♥❡ PDi✱ t♦ ♠❡❛s✉r❡ t❤❡ ✈❛❧✉❡s ♦❢ ❞✐✛❡r❡♥t

❞✐str✐❜✉t✐♦♥s ❢♦r ♠❡t❤♦❞ i✳ ■♥✈♦❝❛t✐♦♥ ✭♦r ❝❛❧❧✮ ❜❡t✇❡❡♥

♠❡t❤♦❞s ❛r❡ t✇♦ t②♣❡s ♦❢ ❛s②♥❝❤r♦♥✐❡s ❛♥❞ s❡q✉❡♥t✐❛❧✳

■❢ ❜② ❞✐str✐❜✉t✐♥❣ ❛ ♣r♦❣r❛♠✱ t✇♦ ♠❡t❤♦❞s ♦❢ t❤❡ ♣r♦✲

❣r❛♠ ❞✐str✐❜✉t❡ ✐♥ t✇♦ ❞✐✛❡r❡♥t ♠❛❝❤✐♥❡s✱ ❝❛❧❧s ❜❡t✇❡❡♥

t❤♦s❡ ♠❡t❤♦❞s ✇✐❧❧ t✉r♥ ✐♥t♦ ❛s②♥❝❤r♦♥✐❡s❀ ❛♥❞ ✐♥ s❡q✉❡♥✲

t✐❛❧ ❝❛❧❧✱ t✇♦ ♠❡t❤♦❞s ♦❢ t❤❡ ♣r♦❣r❛♠ ❛r❡ ♣❧❛❝❡❞ ♦♥ t❤❡

s❛♠❡ ♠❛❝❤✐♥❡✳ ❈♦♥s✐❞❡r✐♥❣ ♦❢ ❝♦♠♠✉♥✐❝❛t✐♦♥ t✐♠❡✱ ♦✉r

♠❡t❤♦❞ ❝♦♥s✐❞❡rs t✇♦ ❛s②♥❝❤r♦♥✐❡s ❛♥❞ s❡q✉❡♥t✐❛❧ ♠♦❞❡

❢♦r ❡❛❝❤ ❝❛❧❧❀ t♦ ❞❡t❡r♠✐♥❡ ✇❤✐❝❤ ♠♦❞❡ ✭s❡q✉❡♥t✐❛❧ ♦r ♣❛r✲

❛❧❧❡❧✮ ❝❛♥ r❡❛❝❤ ❛ ♠❛①✐♠✉♠ s♣❡❡❞ ✉♣✳

❚♦ ❡st✐♠❛t❡ t❤❡ s♣❡❡❞✲✉♣✱ t❤❡ ❡①❡❝✉t✐♦♥ t✐♠❡ ♦❢ ❛❧❧ ✐♥✲

str✉❝t✐♦♥s s❤♦✉❧❞ ❜❡ ❡st✐♠❛t❡❞✳ ❚❤❡ ❡①❡❝✉t✐♦♥ t✐♠❡ ♦❢ ❛❧❧

✐♥str✉❝t✐♦♥s✱ ❡①❝❡♣t t❤❡ ♥❡st❡❞ ❝❛❧❧s✱ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❜②

t❤❡ ❡①✐st✐♥❣ ♠❡t❤♦❞s ❬✶✻✲✶✼❪✳ ❚❤❡ ❡①✐st✐♥❣ ♠❡t❤♦❞s ❝❛♥✲

♥♦t ❜❡ ❛♣♣❧✐❡❞ ❡❛s✐❧② t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❡①❡❝✉t✐♦♥ t✐♠❡ ♦❢

♥❡st❡❞ ❝❛❧❧s ❜❡❝❛✉s❡ t❤❡ ❡①❡❝✉t✐♦♥ t✐♠❡ ♦❢ ❛ ❝❛❧❧❡r ♠❡t❤♦❞

✐s ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❢❛❝t t❤❛t t❤❡ ❝❛❧❧s ✐♥s✐❞❡ ✐t ❛r❡ ❝❛rr✐❡❞✳

♦✉t ✐♥ ❛ s❡q✉❡♥t✐❛❧ ♦r ❛s②♥❝❤r♦♥♦✉s ♠❛♥♥❡r✳ ❋♦r ❡①❛♠✲

♣❧❡✱ ❝♦♥s✐❞❡r ▲✐st✐♥❣ ✶✳ ■♥ t❤❡ ▲✐st✐♥❣ ✶✱ ✐♥ t❤❡ t✐♠❡ t1✱

t❤❡ ❝✉rr❡♥t ♠❡t❤♦❞ ✭❝❛❧❧❡r ♠❡t❤♦❞✮ ✇✐❧❧ ❝♦♥t✐♥✉❡ t♦ ✇♦r❦

✐♥ ❛ ♥♦♥✲st♦♣ ♠❛♥♥❡r ✉♥t✐❧ r❡❛❝❤✐♥❣ t❤❡ ✉s❡ ♣♦✐♥t ♦❢ t❤❡

r❡s✉❧ts ♦❢ ❛ ❝❛❧❧❡❡ ♠❡t❤♦❞✳ ❲❡ ❝❛❧❧ t❤❡s❡ ♣♦✐♥ts✬ s②♥❝❤r♦✲

♥✐③❛t✐♦♥ ♣♦✐♥ts ❬✶✽❪ ❛♥❞ ✐s s❤♦✇♥ ❜② S✳ ❙♦✱ ♦♥❡ ♠❡t❤♦❞

❝♦♥t✐♥✉❡s t♦ ✇♦r❦ ❛❢t❡r ❝❛❧❧✐♥❣ ❛ ♠❡t❤♦❞ ❢r♦♠ ❛ r❡♠♦t❡

❧♦❝❛t✐♦♥s ✭♦t❤❡r ❞✐str✐❜✉t❡❞ s❡❣♠❡♥ts✮ ❛♥❞ ✇❛✐ts ❢♦r ❛ ❝❛❧❧

r❡s♣♦♥s❡ ♦♥❧② ✇❤❡♥ r❡q✉✐r❡s t❤❛t r❡s♣♦♥s❡✳ ❆s s❤♦✇♥ ✐♥

▲✐st✐♥❣ ✶✱ t❤❡ ❧❡✈❡❧ ♦❢ ❝♦♥❝✉rr❡♥❝② ✐♥ ❡①❡❝✉t✐♥❣ t❤❡ ❝❛❧❧❡r

❛♥❞ t❤❡ ❝❛❧❧❡❡ ♠❡t❤♦❞s ❞❡♣❡♥❞s ♦♥ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ ❜❡✲

t✇❡❡♥ t❤❡ ❝❛❧❧ ♣♦✐♥t ❛♥❞ ✉s❡ ♣♦✐♥t ♦❢ t❤❡ ❝❛❧❧ r❡s✉❧ts✳ ❚❤❡

♣r♦❜❧❡♠ ✐s t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤✐s ✐♥t❡r✈❛❧ t✐♠❡✳ ❆s s❤♦✇♥

✐♥ ▲✐st✐♥❣ ✶✱ t❤❡r❡ ♠❛② ❜❡ ♦t❤❡r ❝❛❧❧s ❜❡t✇❡❡♥ t❤❡ ❝❛❧❧

♣♦✐♥t ❛♥❞ ✉s❡ ♣♦✐♥t ❛♥❞ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ t❤❡s❡ ❝❛❧❧s ❝❛♥

❜❡ ❡✐t❤❡r s②♥❝❤r♦♥♦✉s ♦r ❛s②♥❝❤r♦♥♦✉s✳

▲✐st✐♥❣ ✶✳ ❙❡✈❡r❛❧ ♥❡st❡❞ ❝❛❧❧s

▼❡t❤♦❞ ♠ ✭ ✮ ④

❙♦♠❡ st❛t❡♠❡♥ts ✴✴ t✵

❈❛❧❧ ❘

❙♦♠❡ st❛t❡♠❡♥ts ✴✴ t✶

❯s❡ ❘ ✴✴ ❙

❙♦♠❡ st❛t❡♠❡♥ts ✴✴ t✷

⑥

▼❡t❤♦❞ ❘ ✭ ✮ ④

❙♦♠❡ st❛t❡♠❡♥ts ✴✴ t✸

❈❛❧❧ P

❙♦♠❡ st❛t❡♠❡♥ts ✴✴ t✹

❯s❡ P ✴✴ ❙

❙♦♠❡ st❛t❡♠❡♥ts ✴✴ t✺

⑥

▼❡t❤♦❞ P ✭ ✮ ④

❙♦♠❡ st❛t❡♠❡♥ts ✴✴ t✻

⑥

✸✳✶✳✶ ❊st✐♠❛t❡❞ ❡①❡❝✉t✐♦♥ t✐♠❡ ❢♦r s❡q✉❡♥t✐❛❧ ♠♦❞❡

■♥ ▲✐st✐♥❣ ✶✱ ❝♦♥s✐❞❡r✐♥❣ ♠❡t❤♦❞s m✱ R ❛♥❞ P ✱ ✐❢ ❛❧❧ ♦❢

t❤❡♠ ❡①❡❝✉t❡❞ s❡q✉❡♥t✐❛❧❧② ✭♦r s②♥❝❤r♦♥♦✉s❧②✮✱ t❤❡ ❡st✐✲

♠❛t❡❞ ❡①❡❝✉t✐♦♥ t✐♠❡ ✇✐❧❧ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❛s ❢♦❧❧♦✇s✿

✭✶✹✮ PDsequential
m = t0 + t3 + t6 + t4 + t5 + t1 + t2 .

❲❡ ❝❛♥ ✇r✐t❡ ❛❜♦✈❡ r❡❧❛t✐♦♥ ❢♦r ▲✐st✐♥❣ ✶ ✐♥ t❤❡ r❡✲

❝✉rs✐✈❡ ❢♦r♠ ❛♥❞ ❡①♣❛♥❞ ✐t ❢♦r t❤❡ ♥❡st❡❞ ❝❛❧❧ ✇✐t❤ ❛♥②

❞❡♣t❤✳

✭✶✺✮ PDsequential
m = t0 + PDsequential

R + t1 + t2 .

✭✶✻✮ PDsequential
R = t3 + PDsequential

P + t4 + t5 .

✭✶✼✮ PDsequential
P = t6 .

●❡♥❡r❛❧❧②✱ ❢♦r t❤❡ s❡q✉❡♥t✐❛❧ ❝❛❧❧✱ ❡st✐♠❛t❡❞ ❡①❡❝✉t✐♦♥

t✐♠❡ r❡❧❛t✐♦♥✱ ✐s ❛s r❡❧❛t✐♦♥✿

✭✶✽✮ PDsequential
m =

∑

ti + PDsequential
R .

✸✳✶✳✷ ❊st✐♠❛t❡❞ ❡①❡❝✉t✐♦♥ t✐♠❡ ❢♦r ❛s②♥❝❤r♦♥♦✉s

♠♦❞❡

◆♦✇ ✇❡ ❝❛❧❝✉❧❛t❡ t❤❡ ❡st✐♠❛t❡❞ ❡①❡❝✉t✐♦♥ t✐♠❡ ✇❤❡♥

♠❡t❤♦❞s ❛r❡ ❡①❡❝✉t❡❞ ♣❛r❛❧❧❡❧ ✭♦r ❛s②♥❝❤r♦♥♦✉s❧②✮✳ ❙❡❡

❛❣❛✐♥ ▲✐st✐♥❣ ✶✳ ■❢ ♠❡t❤♦❞s m✱ R ❛♥❞ P ❛r❡ ❡①❡❝✉t❡❞

✶✵
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❛s②♥❝❤r♦♥♦✉s❧②✱ t❤❡ ❡st✐♠❛t❡❞ ❡①❡❝✉t✐♦♥ t✐♠❡ ✇✐❧❧ ❜❡ ❝❛❧✲

❝✉❧❛t❡❞ ❛s ❢♦❧❧♦✇s✿

PDasynch
m = t0 + t1 + Iinit+

max(PDasynch
R − t1 + Ct + Iinit, 0)

+t2 .

✭✶✾✮

PDasynch
R = t3 + t4 + Tinit+

max(PDasynch
P − t4 + Ct + Iinit, 0) + t5 .

✭✷✵✮

✭✷✶✮ PDasynch
P = t6 .

Ct ✐s t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ t✐♠❡ ❛♥❞ Iinit s❤♦✇s t❤❡ ♣r❡♣❛r❛✲

t✐♦♥ t✐♠❡ ❢♦r ❞♦✐♥❣ r❡♠♦t❡ ❝❛❧❧✳ ●❡♥❡r❛❧❧②✱ t❤❡ ❡st✐♠❛t❡❞

t✐♠❡ r❡❧❛t✐♦♥ ❢♦r t❤❡ ♣❛r❛❧❧❡❧ ✭♦r ❛s②♥❝❤r♦♥♦✉s✮ ✐s ❝❛❧❝✉✲

❧❛t❡❞ ❛s ❢♦❧❧♦✇s✿

PDasynch
m =

∑

ti +
∑

Iiniti+

max(PDasynch
R − ti + Ct + Iinit, 0) .

✭✷✷✮

✸✳✶✳✸ ❉❡t❡r♠✐♥✐♥❣ t❤❡ P♦t❡♥t✐❛❧ ♦❢ ❉✐str✐❜✉t✐♦♥

❈♦♥s✐❞❡r✐♥❣ t❤❡ r❡❧❛t✐♦♥s ✭✶✽✮ ❛♥❞ ✭✷✷✮✱ t❤❡ ❣❡♥❡r❛❧

♠❛t❤❡♠❛t✐❝❛❧ ❢♦r♠ ♦❢ ❛ P❉ r❡❧❛t✐♦♥ ✐s ✇r✐tt❡♥ ❛s ❢♦❧❧♦✇s✿

PDm =
∑

ti +
∑

ai ∗ PDIi +
∑

(1− ai)× (Iiniti+

max((PDIi + Ct)− ti + Iinit, 0)) .

✭✷✸✮

■♥ t❤❡ ❛❜♦✈❡ r❡❧❛t✐♦♥✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❝❛❧❧ t♦ ❜❡ s②♥✲

❝❤r♦♥♦✉s ♦r ❛s②♥❝❤r♦♥♦✉s✱ t❤❡ ✈❛❧✉❡ ♦❢ ai ✐s ❝♦♥s✐❞❡r❡❞ ❛s

1 ❛♥❞ 0✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❣♦❛❧ ✐s t♦ ❞❡t❡r♠✐♥❡ ai✱ s♦ t❤❛t

t❤✐s ♠✐♥✐♠✐③❡s PDm ✳ ■♥ t❤❡ r❡❧❛t✐♦♥ ✭✷✸✮✱ t❤❡ ❝♦♠♠✉✲

♥✐❝❛t✐♦♥ t✐♠❡ ✐s Ct ❛♥❞ ti ✐s t❤❡ ❡st✐♠❛t❡❞ t✐♠❡ ❜❡t✇❡❡♥

t❤❡ ❝❛❧❧❡❡ ♣♦✐♥t ♦❢ Ii ❛♥❞ t❤❡ s②♥❝❤r♦♥✐③❛t✐♦♥ ♣♦✐♥t ♦❢ Si

✭✉s❡ ♣♦✐♥t✮✳

❋♦r ❡①❛♠♣❧❡✱ t♦ ♦❜t❛✐♥ PD ❢♦r ▲✐st✐♥❣ ✶✱ ✇❡ ♥❡❡❞ t♦

❝♦♠❜✐♥❡ t❤❡ ❡st✐♠❛t❡❞ t✐♠❡s ❢♦r t❤❡ ❛s②♥❝❤r♦♥♦✉s ✭r❡✲

❧❛t✐♦♥ ✷✷✮ ❛♥❞ s❡q✉❡♥t✐❛❧ ❡①❡❝✉t✐♦♥ ✭r❡❧❛t✐♦♥s ✶✺✲✶✼✮ ❛s

❢♦❧❧♦✇s✿

PDm = t0 + a1 ∗ PDR + t1+

(1− a1)× (Iinit +max(PDR − t1 + Ct + Iinit, 0)) + t2 ,

PDR = t3 + a2 ∗ PDP + t4+

(1− a2)× (Iinit +max(PDP − t4 + Ct + Iinit, 0)) + t5 ,

GTEP = t6 .

✭✷✹✮

■♥ r❡❧❛t✐♦♥ ✷✹✱ t❤❡ ❛✐♠ ✐s t♦ ❞❡t❡r♠✐♥❡ a1 ❛♥❞ a2 ✐♥ ❛

✇❛② t♦ ♠✐♥✐♠✐③❡ PDm✱ PDR ❛♥❞ PDP ✳

▲✐st✐♥❣ ✷✳ ❆ s❛♠♣❧❡ ♣r♦❣r❛♠ ❝♦❞❡

❈❧❛ss ❆ ④

P✉❜❧✐❝ ✈♦✐❞ ♠ ✭ ✮ ④

✴✴ s♦♠❡ st❛t❡♠❡♥ts ❚✶

❇ ❜❂♥❡✇ ❇✭✮❀

✐♥t r✶ ❂ ❜✳ ♠✭✮❀

♣r✐♥t ✭r✶✮❀ ✴✴❙✶

❈ ❝❂♥❡✇ ❈✭✮❀

✐♥t r✷❂ ❝✳ ♥✭✮❀

❉ ❞❂♥❡✇ ❉✭✮❀

✐♥t r✸❂ ❞✳♣✭✮❀

✴✴ s♦♠❡ st❛t❡♠❡♥ts ❚✷

✐❢ ✭r✷❂❂✶✮ ④✳✳✳⑥ ✴✴❙✷

✴✴s♦♠❡ st❛t❡♠❡♥ts ❚✸

❋ ❢❂♥❡✇ ❋✭✮❀

✐♥t r✹❂ ❢✳❣✭✮❀

■❢✭r✶❃r✷ ✫✫ r✶ ❃r✸ ✫✫ r✶❃r✹✮

④✳✳✳⑥ ✴✴ ❙✸ ❛♥❞ ❙✹

✴✴ s♦♠❡ st❛t❡♠❡♥ts ❚✹

⑥

⑥ ✴✴ ❝❧❛ss

❈❧❛ss ❇ ❡①t❡♥❞s ❆④

st❛t✐❝ ✐♥t ♠✭✮ ④

✴✴ s♦♠❡ st❛t❡♠❡♥ts ❚✺

⑥

⑥ ✴✴ ❈❧❛ss

❈❧❛ss ❈ ❡①t❡♥❞s ❆④

st❛t✐❝ ✐♥t ♥✭✮ ④

✴✴ s♦♠❡ st❛t❡♠❡♥ts ❚✻

⑥

⑥ ✴✴ ❈❧❛ss

❈❧❛ss ❉ ④

✐♥t ♣✭ ✮ ④

❉ ❞❂♥❡✇ ❉✭✮❀

✐♥t r❂❞✳♣✭✮❀

Pr✐♥t ✭r✮❀ ✴✴❙✺

❋ ❢❂♥❡✇ ❋✭✮❀

✐♥t r✶❂ ❢✳❣✭✮❀

■❢✭r❃r✶✮ ④✳✳✳⑥ ✴✴ ❙✻

⑥

⑥ ✴✴ ❈❧❛ss

❈❧❛ss ❋ ④

✴✴ s♦♠❡ st❛t❡♠❡♥ts ❚✼

⑥ ✴✴ ❈❧❛ss

❈♦♥s✐❞❡r✐♥❣ t❤❡ ♣r♦❣r❛♠ ❝♦❞❡ ✐♥ t❤❡ ▲✐str✐♥❣ ✷✱ PDA.m

❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ✭✷✺✮✳

✶✶

Pobrane z czasopisma Annales AI- Informatica http://ai.annales.umcs.pl
Data: 30/01/2026 07:38:41

UM
CS



❆■ ❳❱✱ ✷ ✭✷✵✶✺✮ ✼ ✲ ✶✸ ❆◆◆❆▲❊❙ ❯▼❈❙ ■◆❋❖❘▼❆❚■❈❆ ❉❖■✿ ✶✵✳✶✺✶✺✴✉♠❝s✐♥❢♦✲✷✵✶✺✲✵✵✵✺

PD(A.m) = T1 + a1 ∗ PD(B.m) + (1− a1) ∗ T (S1) + a2 ∗ PD(C.n) + a3 ∗ PD(D.p) + T2 + (1− a2) ∗ T (S2)+

T3 + a4 ∗ PD(F.g) + (1− a3) ∗ T (S3) + (1− a4) ∗ T (S4) + T4 ,

PD(B.m) = T5, PD(C.n) = T6, PD(D.p) = a5 ∗ PD(D.p) + (1− a5) ∗ T (S5) + a6 ∗ PD(F.g) + (1− a6) ∗ T (S6) ,

PD(F.g) = T7 ,

T (S1) = max(PD(B.m) + 2tc1 , 0) ,

T (S2) = max(T2 + a3 ∗ PD(D.p) + 2tc , 0) ,

T (S3) = max((PD(F.g) + 2tc4) + T3 + ((1− a2) ∗ T (S2) + T2), 0) ,

T (S4) = max((PD(F.g) + 2tc1 , 0) ,

T (S5) = max((PD(D.p) + 2tc1 , 0) ,

T (S6) = max((PD(F.g) + 2tc1 , 0) .

✭✷✺✮

❙❡q✉❡♥t✐❛❧ ❚✐♠❡
✭s❡❝♦♥❞s✮

❊①♣❡❝t❡❞ ❉✐str✐❜✉t❡❞
❚✐♠❡ ✭s❡❝♦♥❞s✮ ❙♣❡❡❞✲✉♣

380 261 1.455

❚❛❜❧❡ ✶✳ ❉✐str✐❜✉t❡❞ ❡①❡❝✉t✐♦♥ t✐♠❡s✱

s❡q✉❡♥t✐❛❧ ❡①❡❝✉t✐♦♥ t✐♠❡s ❛♥❞ s♣❡❡❞✲✉♣

❢♦r ▲✐st✐♥❣ ✷

❚❤❡ ❛✐♠ ♦❢ P❉ r❡❧❛t✐♦♥s ✐♥ ✭✷✺✮ ✐s t♦ ❞❡t❡r♠✐♥❡ a1✱ a2✱

a3✱ a4 ❛♥❞ a5 ✐♥ ❛ ✇❛② t♦ ♠✐♥✐♠✐③❡ PD(A.m)✱ PD(B.m)✱

PD(C.n)✱ PD(D.p) ❛♥❞ PD(F.g)✳ ❲❡ ✉s❡ t❤❡ ❉❛♥t③✐❣✬s

s✐♠♣❧❡① ❛❧❣♦r✐t❤♠ ❬✷✵❪ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❜✐♥❛r② ✈❛❧✉❡s ♦❢

ai ✭❢♦r s②♥❝❤r♦♥♦✉s ❝❛❧❧ t❤❡ ✈❛❧✉❡ ♦❢ ai ✐s ❝♦♥s✐❞❡r❡❞ ❛s 1

❛♥❞ ❢♦r ❛s②♥❝❤r♦♥♦✉s ❝❛❧❧s✱ t❤❡ ✈❛❧✉❡ ♦❢ ai ✐s ❝♦♥s✐❞❡r❡❞

❛s 0✮✳ ❙✐♠♣❧❡① ♠❡t❤♦❞ ✐s ❛ ♣♦♣✉❧❛r ❛❧❣♦r✐t❤♠ ❢♦r ❧✐♥❡❛r

♣r♦❣r❛♠♠✐♥❣✳ ❚❤❡♥✱ ❛❢t❡r ❞❡t❡r♠✐♥✐♥❣ P❉ ❢♦r ♠❡t❤♦❞s

m✱ n✱ p ❛♥❞ g✱ ✇❡ ♠❛❦❡ ❉❚▼❈ ❢♦r t❤❡ ♣r♦❣r❛♠ ♦❢ ▲✐st✐♥❣

✷ ❛♥❞ t❤❡♥ ✇❡ ❝♦♠♣✉t❡ t❤❡ ♣♦t❡♥t✐❛❧ ♦❢ ❞✐str✐❜✉t❛❜✐❧✐t②

✭✉s✐♥❣ r❡❧❛t✐♦♥ ✷✹✮ ❢♦r ❡❛❝❤ ♠❡t❤♦❞ ❛♥❞ t❤❡♥ ♦❢ ❝♦✉rs❡ ✇❡

✇✐❧❧ ❞❡t❡r♠✐♥❡ ❡①♣❡❝t❡❞ ♣❡r❢♦r♠❛♥❝❡ ✭r❡❧❛t✐♦♥ ✶✷✮✳ ❆❧s♦✱

t❤❡ s❡q✉❡♥t✐❛❧ ❡①❡❝✉t✐♦♥ t✐♠❡ ♦❢ t❤❡ ♣r♦❣r❛♠ ✐s ❝❛❧❝✉❧❛t❡❞

❛s ✇❡❧❧✳ ❋✐♥❛❧❧②✱ t❤❡ s♣❡❡❞✉♣ ✐s ❝❛❧❝✉❧❛t❡❞ ❜② ❞✐✈✐❞✐♥❣ t❤❡

s❡q✉❡♥t✐❛❧ t✐♠❡ t♦ t❤❡ ❡①♣❡❝t❡❞ ♣❡r❢♦r♠❛♥❝❡✳ ❋♦r r❡❧❛✲

t✐♦♥s ✭✷✺✮ ✱ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♦✈❡r❤❡❛❞ ✐s ❝♦♥s✐❞❡r❡❞ ❛s

✶ s❡❝♦♥❞ ❛♥❞ T1✱ T2✱ T3✱ T4 ❛♥❞ T5 ✭❡①❡❝✉t✐♦♥ t✐♠❡ ♦❢

♥♦♥✲❝❛❧❧ st❛t❡♠❡♥ts✮ ❛r❡ ❝♦♥s✐❞❡r❡❞ ❛s 40✱ 35✱ 45✱ 50 ❛♥❞

20 s❡❝♦♥❞s✳ ❚❛❜❧❡ ✶ s❤♦✇s t❤❡ ❡①♣❡❝t❡❞ ❞✐str✐❜✉t❡❞ ♣♦✲

t❡♥t✐❛❧ ✭✉s✐♥❣ r❡❧❛t✐♦♥ ✶✸✮✱ s❡q✉❡♥t✐❛❧✱ ❛♥❞ s♣❡❡❞✲✉♣ ❡①❡✲

❝✉t✐♦♥ t✐♠❡s ❢♦r ▲✐st✐♥❣ ✷✳ ❙✐♥❝❡ s♣❡❡❞✲✉♣ ✐s ❜✐❣❣❡r t❤❛♥

♦♥❡✱ t❤✐s ✐♥❞✐❝❛t❡s t❤❛t t❤❡ ♣r♦❣r❛♠ ✐s ❝❛♣❛❜❧❡ ♦❢ ♣❛r❛❧❧❡❧

❡①❡❝✉t✐♦♥❀ ✐✳❡✳✱ t❤❡ ♣❛r❛❧❧❡❧ ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ ♣r♦❣r❛♠ ✐s

❢❛st❡r t❤❛♥ t❤❡ s❡q✉❡♥t✐❛❧ ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ ♣r♦❣r❛♠✳

✹ ❊✈❛❧✉❛t✐♦♥ ❘❡s✉❧t

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❡✈❛❧✉❛t❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ♣r♦✲

♣♦s❡❞ ♠❡t❤♦❞✳ ❲❡ ✇❛♥t t♦ ❞❡t❡r♠✐♥❡ ✇❤❡♥ t❤❡ s♣❡❡❞✲✉♣

❛❝❤✐❡✈❡❞ ❜② ♦✉r ♠❡t❤♦❞ ✐s ❣r❡❛t❡r t❤❛♥ ♦♥❡❀ t❤❡ ❛❝t✉❛❧ ❡①✲

❡❝✉t✐♦♥ ✇✐❧❧ s♣❡❡❞ ✉♣✳ ❋♦r ❛❝❤✐❡✈❡ t❤✐s ❣♦❛❧✱ ✇❡ ✉s❡ ❥❉✐s✲

tr✐❜✉t♦r ❬✷❪ t♦♦❧✳ ❥❉✐str✐❜✉t♦r ✐s ❛ t♦♦❧ ❢♦r ❛✉t♦♠❛t✐❝ ❞✐s✲

tr✐❜✉t✐♦♥ ♦❢ t❤❡ s❡q✉❡♥t✐❛❧ ♣r♦❣r❛♠ ♦♥ t❤❡ ❤♦♠♦❣❡♥❡♦✉s

❞✐str✐❜✉t❡❞ s②st❡♠s ✉s✐♥❣ t❤❡ ❏❛✈❛ ❙②♠♣❤♦♥② ♠✐❞❞❧❡✇❛r❡

❬✶✾❪✳ ❚❤❡ ❛❧❣♦r✐t❤♠ ✉s❡❞ ✐♥ t❤❡ ❥❉✐str✐❜✉t♦r ✐s ❛ ❤✐❡r❛r✲
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